International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:7, No:2, 2013

A new robust stability criterion for dynamical
neural networks with mixed time delays

Guang Zhou and Shouming Zhong

Abstract—In this paper, we investigate the problem of the exis-
tence, uniqueness and global asymptotic stability of the equilibrium
point for a class of neural networks, the neutral system has mixed
time delays and parameter uncertainties. Under the assumption that
the activation functions are globally Lipschitz continuous, we drive
a new criterion for the robust stability of a class of neural networks
with time delays by utilizing the Lyapunov stability theorems and the
Homomorphic mapping theorem. Numerical examples are given to
illustrate the effectiveness and the advantage of the proposed main
results.

Keywords—Neural networks, Delayed systems, Lyapunov func-
tion, Stability analysis.

[. INTRODUCTION

N recent years, neural networks have been widely used in

solving various classes of engineering problems such as
control systems, optimization, image processing, associative
memory design and signal processing. The key feature of
the designed neural network, in such applications, is to be
convergent. When a neural network is designed to function as
an associative memory, it is desired that the neural network has
multiple equilibrium points. Therefore, there has been a great
deal of interest to the stability properties of neural networks
in the past literature. When a neural network is employed to
solve optimization problems, then the neural network must
have unique equilibrium point which is globally asymptotically
stable. But, in hardware implementation of neural networks,
some parameters associated with the dynamical behavior of
neural network may be subjected to some changes. Therefore,
in order to be able to completely characterize equilibrium
and stability properties of the neural network, we must take
into account the delay parameters and uncertainties in the
mathematical model of the neural network. In the recent
literature, many papers have studied the existence, uniqueness
and global robust asymptotic stability of the equilibrium point
for different classes of delayed neural networks and presented
various robust stability conditions [1]-[15]. In [1], the author
have applied many methods to study the existence, uniqueness
and global asymptotic stability of the equilibrium point for
the class of neural networks with multiple time delays and

This work was supported by the National Basic Research Program of
China(2010CB732501) and the National Nature Science Foundation of Chi-
na(61273015).

Guang Zhou and Shouming Zhong are with the School of Mathematics
Science, University Electronic Science and Technology of China, Chengdu
611731, PR China.

Shouming Zhong is with Key Laboratory for Neurolnformation of Ministry
of Education, University of Electronic Science and Technology of China,
Chengdu 611731, PR China. Email address: zhoguang @ 163.com.

parameter uncertainties, and got a new robust stability criteri-
on. But the paper have conservation. In the current paper, we
will present a new alternative sufficient condition for global
robust stability of delayed neural networks with multiple and
distributed time delays. At the end of this paper we will
give two numerical examples to clarify the problem which
we study.

II. PROBLEM STATEMENT

The dynamical behavior of the neural network we consider
is assumed to be governed by the following system of ordinary
differential equations:

Wl — —ciwi(t) + X7y aisfi(as(t)
+251 bl-jf]-f(x]-(t = Tij))
+ Z?Zl dij fffcr fj(xj(S))dS +u,i=1,2,--- 7(?)

Where n is the number of the neurons, z;(t) denotes
the state of the neuron ¢ at time ¢, f;(-) denotes activation
functions, a;;, b;; and d;; denote the strengths of connectivity
between neurons j and ¢; 7;; and o represent the time delay
required in transmitting a signal from the neuron i, u; is the
constant input to the neuron ¢, ¢; is the charging rate for the
neuron %.

In order to complete characterize the equilibrium and sta-
bility properties of the neural network defined by (1), it will
be assume that the parameters a;; and b;; and c; and d;; of
neural system (1) are uncertain and have bounded norms with
being defined in the following intervals:

Cr:={C =diag(c;) : 0< C < C<C,

te,0<¢ <¢<¢,i=1,2,---,n}
AI ::{A:(aij)an:0<A§A§Z7

i.e.,0<aij Saij S@,i,j:172,~~,n}
Bri={B = (bij)nxn:0< B <B<TE, )

i.e.,0< bij < bij < E,Z,] = 1,2,'“,’&}
Dy := {D = (dij)nxn :0<D<DZ< E’
ie.,0<djj <dij <dij,i,j=1,2,---,n}

In order to achieve the task of finding conditions that ensure
robust stability of neural network (1), we need to prove that
the conditions to be obtained must guarantee that the unique
equilibrium point of system (1) is globally asymptotically
stable for all C' € C;, A € A;,B € By, D € Dj. Therefor,
our main goal will be studying the dynamical analysis of
neural network (1) under the parameter uncertainties defined
by (2).
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We will assume that the functions f; are Lipschitz condi-
tions satisfying

| fz(x)_fz(y) |§ fz | r—=y |vi = 1725‘ o

Where ¢; > 0 denotes a Lipschitz constant. This class of
function is denote by f € L.

In order to obtain our robust stability result, we will need to
make use of some commonly used vector and matrix norms.
Let v = (v1,v2,---,v,)T be a vector of dimension n and
Q=(gi;)nxn be areal n x n matrix. For v = (v, vg, - - o)
and Q=(¢;j)nxn. | v | will be denote | v |= (| vy |, v2 |,---,]
v [)T and | S | will be denote | Q |= (| ¢ij |)nxn- Then, we
consider the following norms:

v lh= 320 [,
v fla= {0y [ v: 235,
| v [loo= maxi<i<n | vi |,
| @ lli=maxi<i<n 5 | gji |,
| Q ll2= Pmaz(QTQ)]2,
[ Q [loo=maxi<i<n 37—y [ gij | -
Lemma 1 [2]. If the map H(x) € C° satisfies the following
conditions:
() H(z) £ H(y)forallz #y,
(1) | H(z) [|= ocas || H(z) [|— oo,
then, H(z) is homeomorphism of R".
Lemma 2 [3]. Let A be any real matrix such thatA € A; with
Aj being defined as
Ar i={A=(aij)axn : 0< A< A<A,
i.e.,0 <ay <ay <agj,4,5 =1,2

,n,Vr,y € R,x # y.

n}
Then, the following inequality holds:
I Allz<Il A ll2

where A = (dij)nxn With a;; = max{]| agj || @ |}

Lemma 3 [4]. Let A be any real matrix such that A € Ay
with A; being defined as
AI = {A = (aij)nxn 10 < A S A S Z7
t.e.,0 < aj; <aij; <agy,4,j=1,2,---,n}
Then, the following inequality holds:
1A < VITAS 3+ 1T Ac 3 +2 1 AT | A (2

where A* = 1(A+ A), A, = 1(A- A).
Lemma 4 [4]. Let A be any real matrix such that A € A;
with A; being defined as
AI = {A: (aij)nxn:O<A§A§Z7
ie., 0 <aij <ai <ag,i,j = 1,2,---,n}.

Then, the following inequality holds:
A 2=l A [z + I A« |2

whereA* = L(A+ A), A, = 3(A—A).

Lemma 1 is very important for the prove of the existence
and uniqueness of equilibrium point of the neural network
defined by (1). And others define different upper bound norms
for the interval matrices, which will play key roles in the
following proofs.

III. MAIN RESULT

Now, we can studying the robust stability of the equilibrium
point defined by (1).

1. Existence and uniqueness of equilibrium point.

Theorem 1. For the neural network defined by (1), assume that
the network parameters satisfy (2) and f € £. Then, the neural
network model (1) has a unique equilibrium point for every
input vector v = [u1, Uz, -+ -, uy]?, if the following condition

holds:
e=cm—Lu | Qll2 —Lary/ll B 1]l B Il

“Amaz(D*) >0

where ¢, = min(c;), £y = max(¢;), || @ [l2= min{|| A* |2
+ | A H2,\/H A B+ TAB +2 AT A ]Iz, | A 123,
with 4* = 1(A+ A), A, —7(A A), A = (aij)nxn> Gij =
max{| a a;; I, | @ |}, B= ( i )nxn, With bu = maz(] b
bij [), D* = (df;)nxn, dij = w, A is eigenvalue
Of D*, and /\maz = maxlgign{/\i},i = 1,2, e, n

Proof: In order to proceed with proof of the existence
and uniqueness,we consider the following mapping associated
with system (1).

H(z)=—-Cx+ Af(x)+ Bf(x)

bij ||

+Djf0 x(s))ds +u

3)

Let 2* be an equilibrium point of Eq.(1),then we have

H(z*)=—-Ca*+ Af(z*)+ Bf(z*)+ Do f(z*) +u=0

Note that H(x) = 0 is an equilibrium point of (1). Therefor,
it follows from Lemma 1 that, for the system defined by (1),
there exist a unique equilibrium point for every input vector u
if H(z) is homeomorphism of R"™. We now prove that H(x)
is homeomorphism of R™. we choose two vectors xz,y € R"
such that « # y. For H(x) defined by (3), we can write

H(z) - H(y) = =C(z —y) + A(f(z) — f(y))
+B(f(x) = f(y) + Do(f(x) = f(y))

Next, we multiply both sides by (z —y)7, we get

(z—y)"(H(zx) - H(y) = —(x —y)"Clz —y)
+@—y)TA(f(z) = f(y)) + (x —y)" B(f(z) - f(y))
+( y)"Do(f(z) = f(y))

Z =1 Cz(xz - yz)2 + (ZE - y)TA(f( ) f(y))
+21 1 Z _1 bij (i — yi) (f5(25) — f3(5))
+(z - )TDU( flx) = f(y))

“
We can write the following inequalities
= Yim cilwi — yi)? < =2 cilwi —vi)® )
< —cpy Zi:1(xi - yi)2 = —Cm H r—y H%
We also get that
(z =T A(f(z) = f(y))
<l Alal ey lal f@ - f@) 2 g

<ty Alllz—y H%
<Uu | Qlallz—y I3
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and
> i ;L 1bu($z i) (fi(@5) — f3(y;))
<Z _1 i i —wi |l fi(zg) = £i(y) |
SZZ,1Z |bu|£ lzi —yi |l 25—y |
<l Yoy X b | 5(y ‘Ign\\:o( zi = yi)?

Blloo
e

=5l i Z;l:1(‘ bij | 4/ ||HBB||‘L1€
+ b | ) i — 0)?

B Bl
< 30s(ll B lloo /TBE+ 11 B 1 (/28) 2 -y 13
=t VTBT Bl 2 -y I3

From (2), it is easy to get ||B|; < |B]: and ||Blls <
| B||oo- So,we obtain the following inequalities

Doimy 2oy bij (i = yi) (fi(25) — fi(y5))
< Lo \/ 1Bl || Bllsoll2 — w3

)

)TDU(f( ) fw)
Z — —yi)dijo(fi(x5) — fi(y5))
> Z, |xz yi ll dij | o | fi(25) — f3(y;) |
i 12?:1|17i_yi I dij | ot [ @i —yi |
(xlyl ’ | 21— w1 |
A

| 22 — yo | | 22 — ya |

|~rn,_yn| ‘xn_yn|
D*) lz—yl3
(3
Then, using (5)-(8) in (4) yields
(z —y)"(H(z) - H(y)) <
|| Qll2llz — yl3 + Car
+Amaz (D) |z — yll3
—(em = tm||Qll2 — £n
Amaz(D*)) |z = ylI3
—ellz — yll3-

*Cm”m*yH%
IBll11Bllscllz — yl3

VBl Bl

For x # y and € > 0, we got
(x—y)"(H(z) — H(y)) <0 ©

Thus, from which we can conclude that if - # y, then H (z) #

H(y).
Let y = 0 in (9), we have

ol (H(z) - H(0)) < —¢||]3.
Taking the absolute value of both sides, we have
| & (H (z) — H(0)) |> |3
Since,

| 2 (H () -

H(0)) [< l|#lloo [ H () = H(O)|1-

#[loo | H () — H (0[] > el|[I3.

And,|[z]loo < ||z, so

1H(z) = HO)[[1 = ellz[]2

Then, we have
[H (@)[lx + [H(0)]l1 = el
1H(2)[lx = ellz|l2 — [[H(0)]]-

Since,||H(0)||; is finite, we can get the conclusion that if
lz|| = oo, that || H (z)|| — oo. By Lemma 1, it is easy to know
that H(x) is homeomorphism of R". So, we have completed
the proof of the existence and uniqueness of the equilibrium
point for the neural networks defined by (1). |

2. Stability of equilibrium point.

In the section 2, we have completed the proof of the exis-
tence and uniqueness of the equilibrium point for the networks
defined by (1). Next, we begin to proof stability of equilibrium
point for the system (1). We will first simplify system (1) as
follows: we let z;(-) = x;(-) — 2z}, i = 1,2,---,n, and note
that the z;(-) are governed by:

Zi(t) = —cizi(t) + 307 aijg;(2(t))
+ 20521 bijg (25 (t — 745))
+ 30 dij [, 93(z(8))ds
i=1,2,--.m

where g;(2;(+)) = fi(zi(-) + 27) — fi(z}),i =1,2,---,n,
and g; € L. We also note that

Here, note that z — 0 implies that z — z*. It is sufficient to
prove the stability of the transformed system (10) instead of
considering the stability of * of system (1).

Theorem 2. For the neural network defined by (1), assume
that the network parameters satisfy (2) and f € £. Then, the
neural network model (10) is globally asymptotically stably if
the following condition holds:

e=cm—Lu | Qllz —Lary/ll B 1]l B Il

—Amaz(D*) >0

(10)

where ¢, = min(c;), £y = max(¢;), || @ [l2= min{|| A* |2
+ 1l A |27\/H A3+ H A3 +2 TAT TA T2, || A |23,
with 4* = 1(A+ A), A, (A A), A = (ai)nxn> Gij =

Hl‘dX{| ng ‘ | a”b] |} B )nxna with bz] = max(\ b” ‘ |
bij 1), D* = (dj;)nxns di; = M, \; is eigenvalue
of D*, and Ao = maxi<i<cn{Ni},i=1,2,--,n.

Proof: We construct the follow positive definite Lyapunov
functional:

Vi(z(t) = 5 >0, 22(t)

+1 Zn " EM | bij | ﬁf; - zf—(s)ds
Va(z —20ftgf| 1) [" D* | (1) | dids
V(z ()) Vi(2(t) + Va(z ())

where [ are positive constants to be determined later. The
time derivative of the functional along the trajectories of
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system (10) is obtained as follows:

Vi(z(t)) = = Y20, cizf(t)
i Z;L:I aijzi(t)g;(z;(t))
+Z? 1 Z;L 1 bijzi(t)gs (2 (¢ Tl]))
+Z o1 dijzi(t) ftt 9;(zj(s))ds
+3 Zz 12; 1O | bi |B( () 23 (t = 7ij))

(11)
Then, we can write the following inequalities:
=Y ezt (t) < = iy Fi (1)
<-Xin szz() (12)
= —cm || 2(t) |13
and
Y1 Y-y aijzi(t)g;(2(8)) = 2T (1) Ag((t)
< [lz(@®)ll2llAll2llg(=(¢ ))Hz 13)
< || All2]l=(8)1I3
< u|Qll2ll=()13
and
> i Z;'l:1 bijzi(t)g; (2 (t — 7i5))
< Z?:l Zn 1] bljzl( )95 (2 (t — 755)) |
SZLZ Lo b | z(0) 1] 2 (8= 7ig) |
< %KM Zn 12] 1| bi | (52 (t —7i) + Z 7(1))

Thus,we can get

Zz IZ L bigzi(t)g; (= (t — sz))
+3 Zz 123 1L | i |6( (t) Z?(t Tij))
**EMZZ 1 g1 (] by | B2 ()+|b” |% (1))
=50 320 2 (5 | i [ +8 1 i )2 (1)

Let 8 = %H”T , we have

Zz IZ] leJZZ( )gJ(ZJ(t 7-1]))
+3 Zz 12; 1O | g | Bz () 2( - Tij))
= Son(/1El= 1B + “B“l L |[Blloo)[12(2)113
O/ BILBllsoll2(t ||2

< lar\/ | Bl lIBll< l12(2)113

(14)
then
Y X dignt) f) 9 zj< 5))ds
—ZZ IZJ lft a"z Hdlj‘glzj |d8
| 21(2) | | z1(s
¢ | z2(t) | b \22
= t—o .
| 2n(t) | \Zn
| 21(2) | | 21(2)
| 22() | |2 (1)
t *
< t—a%( :
| zn(t) | | zn(t) |
(15)

| z1(s) | | z1(s) |
. \ 29(8) | D | z2(s) | )ds
: : (16)
| zn(s) | | 2n(s) |
=31z |7 D | 2(t) |
+o [, | 2(s) [T D* [ 2(s) | ds
VQ(z(t» =312 [" D] 2(0) | a7

) [T D* [ 2(s) | ds

25 Jio | 2(5)

Using (11)-(16), we have

V(z(1) = Va(=(t)) + Va(2(1))
= —cm || 2(8) 13+ [1 Q [l2]] 2(2) [13
o/ B llill B lloo || () 13 + | 2(t) " D* | 2(t) |
< —cm || 2(8) 113 +0ar | Q ll2fl 2(t) 113

0/l B Il B lloo | 2() 13 +Xmaa(D*) || 2(2) 113
—(em = | Q ll2 =Lar\/ll B Ihll B oo

_)\maa(D*)) || Z(t) H%
=—cll2(t) I3

From which we can observe that V(z(t)) < 0, for all
z(t) # 0.Assume that z(t) = 0, we can get V(z(t)) < 0
easily. If 2(¢) = 0 and z;(t — 7;) = 0 for all 4, j implying
that V(z(t)) = 0, and V(2(t)) < 0 otherwise. It is easy to
prove that V' (z(t)) is radially unbound since V' (z(t)) — oo as
|lz(t)|| = oo. So,from Lyapunav theorems, we can conclude
that the system (3) or equivalently the equilibrium point of
system (1) is globally asymptotically stable. |

IV. EXAMPLES

Example 1. According to the model (1), giving the the
following matrices:

1 -1 -1 -1 111 1
1 -1 -1 1| = |1 111

A=\ 1 3 4 a9 pA4=l1 111
1 -1 -1 -1 1111

1 2 2 4 -1 -2 -2 —4
— 1 2 2 4 -1 -2 -2 —4
B=11 9 9 4|85 1 9 9 4|
1 2 2 4 | -1 -2 -2 -4
11 1 1
11 1 1
D=11111
|11 11

£17€2_€37€4:101_02 C3 = 91:1,0:1.

We can calculate the follow matrices:
0 0

[en)
o

>A*:

o OO
o O O
—
— =
— =

0
0
0

o O O
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111 1 1 2 2 4
X 111 1] - 1 2 2 4
A=117 1 1 1 |B=|1 2 9 4|
111 1 1 2 2 4
1111
. 111 1
DP=11111
111 1

from which we can directly calculate the norms: || A* ||2
+ | Az flo= 4, VI[A* 5+ A3 +2 1 AT [ A [[l2 = 4,
| All2=4.S0 | g [|2= 4. We can also get that || B |,= 16,
| B [loo= 9, Amaz(D*) = 4.

Firstly, we apply the result of Theorem 1 to the neural
network employing the network parameters of this example,
we get

=cm—lu || Qll2 —lm \/ I B [l B oo = Amaz(D¥)

= ¢y — 20.

()

Thus, the constraint condition imposed on c¢,,, by Theorem 1
for robust stability of system (1) is determined to be ¢,,, > 20.

Example 2. According to the model (1), giving the the
following matrices:

0 0 0 0 111 1
-1 -1 0 0| - |00 11
A= 0 -1 0 —11'"4=|100 1]
-1 -0 -0 -1 0110
11 1 17 -1 -1 -1 -1
— 1111 -1 -1 -1 -1
B=1q1 11 1|85 1 21 21 1 |
11 1 1| -1 -1 -1 -1
111 1

11 1 1
D=17 114
|11 11

61:€2:£3:£4:1721222223:24:1’0':1.

We can calculate the follow matrices:

1 1 1 1 1 111
-1 -1 1 1 1 1 11
* 1 -1
AT =3 1 -1 1 -1 Av =3 1 111
-1 11 -1 1111
1 1 11 11 11
A 11 1 1| 4 1111
A= 1111 B= 111 1}
1111 11 11
1111
i 1111
D= 1111
1111

from which we can directly calculate the norms: || A* |2 + ||
Az 2= 3, VI[A* 3+ | A 3 +2 [ AT [ A [[lz = 3.6, |
A Jla= 4.50 || g |l2= 3. We can also get that || B [|;= 16,
| B lloo=4, Amaz(D*) = 4.

Firstly, we apply the result of Theorem 1 to the neural
network employing the network parameters of this example,
we get

= cm = O [ Q ll2 —Lary/Il B I1ill B llos = Amaz (D)

=c,m—11>0

™

Hence, ¢,, > 11 proved to be a sufficient condition for
robust stability of the neural network parameters of this
example.

V. CONCLUSION

In this letter,a improved delay-dependent global robust
exponential stability criterion for uncertain stochastic discrete-
time neural networks with time-varying delay is proposed.
A suitable Lyapunov functional has been proposed to derive
some less conservative delay-dependent stability criteria by
using the free-weighting matrices method and the convex
combination theorem. Finally, two numerical examples have
been given to demonstrate the effectiveness of the proposed
method.
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