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Abstract—In this paper, the bio-mechanical analysis of human 

joints is carried out and the study is extended to the robot 
manipulator. This study will first focus on the kinematics of human 
arm which include the movement of each joint in shoulder, wrist, 
elbow and finger complexes. Those analyses are then extended to the 
design of a human robot manipulator. A simulator is built for Direct 
Kinematics and Inverse Kinematics of human arm. In the simulation 
of Direct Kinematics, the human joint angles can be inserted, while 
the position and orientation of each finger tips (end-effector) are 
shown. Inverse Kinematics does the reverse of the Direct Kinematics. 
Based on previous materials obtained from kinematics analysis, the 
human manipulator joints can be designed to follow prescribed 
position trajectories.  
 

Keywords—Kinematics, Human Joints, Robotics, Robot 
Dynamics, Manipulators.  

I. INTRODUCTION 
HIS study focuses on the kinematics analysis of human 
arm and extends it to the human manipulator. 

The representation of the robot’s end-effector position and 
orientation through the geometries of robots (joint and link 
parameters) are called Direct Kinematics. Using Direct 
Kinematics, the mathematical model is developed to compute 
the position and orientation of each fingertip (end- effector’s) 
based on the given human joint position. Each human joint is 
considered as revolute joint. The homogenous transformation 
of the fingertip related to the base frame (arm upper limb) is 
formulated using Denavit-Hartenberg (D-H) method. [3] 

Inverse Kinematics analysis is a formulation to compute a 
set of joint variables from the given end effector or tool piece 
pose. In the present study, an articulated finger consists of a 
set of rigid segments connected with joints. Each finger joint 
angles will be computed by the given fingertip position and 
orientation. Varying the angles of the joints yields an 
indefinite number of configurations. Geometric approach will 
be used to solve this problem.  

Jacobians are time-varying linear transformations. In the 
field of robotics, Jacobians (J(θ)) is relating the joint 
velocities to Cartesian velocities of the tip of the arm. In the 
present study, the procedure of Jacobians matrix of the human 
finger motion is formulated, each of which has three revolute 
joints There are several methods may be used to derive 
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Jacobians matrix. The method used in the study is called 
“Velocity propagation from link to link.”  

Manipulator dynamics is the manipulator motion that 
causes the torque and moments at the joint due to the externals 
loads that applied at the end effector, manipulator joint 
velocities, and accelerations. The Newton-Euler method is 
used to formulate the model. The external forces acting at the 
fingertip, and due to this, the force and moment transferred to 
each joint are estimated using the Newton-Euler method. 

The design of the control system will be introduced here. A 
primary concern of a position control system is to 
automatically compensate for errors in knowledge of the 
parameters of a system, and to suppress disturbances which 
tend to perturb the system from the desired trajectory.  

II. THEORETICAL WORK 
A. Direct Kinematics of Human Arm 
First, the human arm will be modeled by using Direct 

Kinematics principal.  
The steps to solve the problems are:[1] 
1. Attach an inertial frame to the human arm joint. 
2. Attach frames to links, including the finger tip. 
 

 
 

Fig. 1 Affixing the Frames to Each Joint 
 

3. Write out the Denavit-Hartenberg Table 
 

TABLE I 
D-H TABLE 

i αi-1 ai-1 di θi 
1 0 0 0 θ1 
2 0 L1 0 θ2 
3 0 L2 0 θ3 
4 0 L3 0 θ4 
5 0 L4 0 θ5 
6 0 L5 0 θ6 
7 0 L6 0 0 
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4. Determine the homogenous transformation between each 
frame by applying the general formula. 
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5. Apply the set of transforms sequentially to obtain a final 
overall transform. 

 

B. Inverse Kinematics of Human Fingers 
 

 
Fig. 2 Flexion Angles of Fingers 

 
First of all we previously compute forward kinematic of the 
fingers. [2] 

1 1 2 1 2 3 1 2 3cos cos( ) cos( )x l l lθ θ θ θ θ θ= + + + + +           (1) 

1 1 2 1 2 3 1 2 3sin sin( ) sin( )y l l lθ θ θ θ θ θ= + + + + +           (2) 

And we know that  

 
1 2 3=( )φ θ θ θ+ +                                  (3) 

For inverse kinematic, we are given Cartesian coordinates, x, 
y, and φ . We will be finding the value for 1θ , 2θ , 3θ . 

First step is substituting eqn (3) into (1) and (2) and 
3θ  is 

eliminated. And we are left with two equations and two 
unknown 

1 2,θ θ .  

3 1 1 2 1 2cos cos cos( )x l l lφ θ θ θ− = + +         (4) 

3 1 1 2 1 2sin sin sin( )y l l lφ θ θ θ− = + +      (5) 

The variables in left side are all given, while the 
1 2,θ θ  are 

unknown in this case.  

or convenience calculating purpose, we let 

3' cosx x l φ= − and 3' siny y l φ= − . And we square both 
side for equation (4) and (5) and sum them together 

2 2
1 1 2 1 2( ' cos ) ( cos( ))x l lθ θ θ− = + +  

2 2
1 1 2 1 2( ' sin ) ( sin( ))y l lθ θ θ− = +  

Sum them together and we will get a single nonlinear equation 
in 

1θ  

2 2 2 2
1 1 1 1 1 2( 2 ')cos ( 2 ')sin ( ' ' ) 0l x l y x y l lθ θ− + − + + + − =       (6)                   

At first we have 3 unknowns 
1 2 3, ,θ θ θ , while in equation (4), 

(5), we have eliminated 
3θ . While in equation (6) we have 

further eliminate 
2θ . And we are left with 

1θ .  

Equation (6) is in similar form of  

      cos sin 0P Q Rα α+ + =                (7) 

and by using that there are two solutions for 1θ : 

      2 2 2 2
1 1 2

1 2 2
1

( ' ' )cos
2 '

x y l l
l x y

θ γ σ −
⎡ ⎤− + + −

= + ⎢ ⎥
+⎢ ⎥⎣ ⎦

         (8) 

Where,  
2 2 2 2

' 'atan2 ,
' ' ' '

y x
x y x y

γ
⎡ ⎤−

= ⎢ ⎥
+ +⎢ ⎥⎣ ⎦

and 1σ = ± . 

So there are two solutions for 1θ , one is from 1σ = − , while 
another solution is from 1σ = + . 

Substituting the solution back into equation (4) and (5) will 
give us: 

     1 1
1 2

2

' coscos( ) x l
l

θθ θ −
+ =  , 1 1

1 2
2

' sinsin( ) y l
l

θθ θ −
+ =  

This will allows us to solve the solution for 2θ  by using 
atan2 function. 

1 1 1 1
2 1

2 2

' sin ' cosatan2 ,y l x l
l l

θ θθ θ
⎡ ⎤− −

= −⎢ ⎥
⎣ ⎦

 

For each solution of 1θ , there is a solution for 2θ .And finally 
we will be able to calculate 

3θ  by using  

3 1 2θ φ θ θ= − −  

C. Jacobians of Human Fingers 
A manipulator is a chain of bodies, each one capable of 

motion relative to its neighbors. Based on the structure, the 
velocities of each link can be computed in order starting from 
the base. The velocity of link i+1 will be that of link I, plus 
whatever new velocity components were added by joint i+1. 
Similarly, the human fingers have same theory with 
manipulator.[1] 

Assume each joint of the finger as a rigid body with linear 
and angular velocity vectors describing its motion. Further, 
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express these velocities with respect to the link frame itself 
rather than with respect to the base coordinated system (palm). 
Rotational velocities may be added when both ω vectors are 
written with respect to the same frame. Therefore, the angular 
velocity of link i+1 is the same as that of link i plus a new 
component caused by rotational velocity at joint i+1.  

The equations that will be used throughout this chapter 
are:[1] 

 
1 ^

1 1
111

i
i i i

iii i iR Zω ω θ
+•

+ +
+++ = +              (9) 

 1 1
1 1( )i i i i i

i i i i iV R v Pω+ +
+ += + ×             (10) 

    The rotational velocity and linear velocity at frame {4} is 
found out to be: 
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To find the velocities with respect to the nonmoving base 
frame, rotate them with the rotation matrix 0

4 R . 
0 4

4 4 4
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Most manipulators have values of θ where the Jacobian 
becomes singular. Such locations are called singularities of the 
mechanism or singularities for short. All manipulators have 

singularities at the boundary of their workspace, and most 
have loci of singularities inside their workspace.  

To find the singular points of a mechanism, the determinant 
of its Jacobian must be examined. This can be done by 
computing the determinant of J and setting it to zero. 

 

[ ]
1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123( ) 0
1 1 1

L s L s L s L s L s L s
DET J L c L c L C L c L s L cθ

− − − − − −
= + + + =

 

The expression for the determinant of the Jacobian, can be 
simplified using trigonometric identities to: 

1 2 2sinJ L L θ=  

This means that the Jacobian is singular only when 2θ  is 
either 0 or 180 degrees. Physically, this corresponds to the 
middle phalanx being completely extended or complete 
flexed. 

D. Dynamics of Human Fingers 
One method of controlling a manipulator to follow a 

desired path involves calculating these actuator torque 
functions using the dynamic equations of motion of the 
manipulator. A second use of the dynamic equations of 
motion is in simulation. The dynamic equations of motion 
may be developed to control or simulate the motion of 
manipulators[9] [1]. 

To consider the problem of computing the torques that 
corresponds to a given trajectory of a manipulator. The 

position, velocity, and acceleration of the joints ( , ,θ θ θ
• ••

) will 
be assumed to be known. With this knowledge, and with 
knowledge of the kinematics and mass distribution 
information of the robot, the joint torques required to cause 
this motion can be calculated [1].  

The complete algorithm for computing joint torques from 
the motion of joints is composed of two parts. First, link 
velocities and accelerations are iteratively computed from link 
1 out to link n and the Newton-Euler equations are applied to 
each link. Second, forces and torques of interaction and joint 
actuator torques are computed recursively from link n back to 
link 1. The equations are summarized below for the case of all 
joints rotational. [8] 
 
Outward iterations: i: 0→5 
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Inward iterations: i: 6→1 
1 1

1
i i i i

i i i if R f F+ +
+= +  

1 1 1 1
1 1 1i

i i i i i i i i i
i i i i C i i i in N R n P F P R f+ + + +

+ + += + + × + ×

i T i
i i in Zτ

∧

=  
 
The effect of gravity loading on the links can be included 

quite simply be setting 
0

0v
• =G, where G is the gravity vector. 

This is equivalent to saying that the base of the robot is 
accelerating upward 1 G acceleration. This fictitious upward 
acceleration causes exactly the same effect on the links as 
gravity would. Therefore, the gravity effect is calculated. 

When the Newton-Euler equations are evaluated 
symbolically for any manipulator, they yield a dynamic 
equation which can be written in the 

form ( ) ( , ) ( )M V Gτ θ θ θ θ θ
•• •

= + +  [7] 
Where ( )M θ is the n x n mass matrix of the manipulator, 

( , )V θ θ
•

is an n x 1 vector of centrifugal and Coriolis terms, 
and ( )G θ is an n x 1 vector of gravity terms. Each element of 

( )M θ and ( )G θ is a complex function which depends onθ , 
the position of all the joints of the manipulator. Each element 

of ( , )V θ θ
•

is a complex function of both θ  and θ
•

. 
 

 
Fig. 3 Finger with Point Masses at Distal End of Joint 

 
The assumptions for the calculation are: 
1. Assume point masses at distal end of links: 

1
11 1cP L X

∧

=  
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3
33 3cP L X

∧

=  
2. The inertia tensor written at the center of mass for each link 
is the zero matrixes 

1
1 0C I =  

2
2 0C I =  

3
3 0C I =  

3. There are no forces acting on the end-effector, so  
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4. The base of the finger is not rotating, so 
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5. To include gravity forces, 

0
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• ∧

=  

The result of the dynamic analysis of human fingers: 
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2 2 2 2 2 2
1 1 2 2 2 23 3 2 3 23 3 3 3 2 3 3 2 2 3 3 3 3 2 3 3 1 3 3 2 3

2
2 1 3 23 2 3 2 2 3 3 3 1 2 2 3 3 3 1 3 3 2 3

1 2 2 233 2 3 2 2 3 3 2 2

2 3 3 1 3 3 23

2
2

( ) 2
(1 ) ( ) (1 )

( (1 ) )

2

L m ms c m s m ccc m Lm Lcm L LLc Lm LLc LLmss
L Lmc ss L cm Lm LLssm c LLmss

LL c c cm ssm c mc
LLc LLms

L

+ + + + + + + + +
+ + + + + + +

+ − + + + +
+ +

2
3 3 1 23 3 2 3 3 3 3 2 3 3 2 2 3 3 3 3 2 3 3

2 3 3 1 2 233 2

3 3 1 23 3 2 3 3 3 3 2 3 3

2
( )

0

Lm Lc m Lcm Lm Lcm L LLc Lm LLc
LLc LL c c

Lm Lc m Lcm Lm Lcm

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

+ + + + + + +⎢ ⎥
⎢ ⎥+ + − +⎢ ⎥
⎢ ⎥
⎢ ⎥+ + +⎣ ⎦

 

 

  ( , )V θ θ
•

= 

2 2
1 22 3 3 2 3 3 1 2 2 3 2 3 3

2
2

11 3 23 2 3 1 2 2 233 1 23 23 3 23 2 3 3 2 2 2 1 2 2 2

2 2
1 2 1 2 3 1 2 32 2 2 2 3 3 1 3 23 3

1 22 3 3

( )( )

[ (1 ) ( ) ( ) ]

( ) ( ) ( )

( )( ) [

L s m L s c LL s m L s c

Lm s s s LL s c L s c m s c c m s c m Lc m s

L s m L L s LL s m

L s m L

θ θ

θ

θ θ θ θ θ θ θ θ

θ θ

• •

•

• • • • • • • •

• •

− − + +

+ − + − + − + + −

− + − + + − + +

+ +
2

1 1 2 31 3 23 1 2 2 23 3 23 3 2 3 3

2

1 2 12 3 3 1 3 23

( )] ( )

( )

m s LL s c c s c L L s

L s m Lm s

θ θ θ θ

θ θ θ

• • • •

• • •

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

+ − + − + +⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

+ +⎢ ⎥⎣ ⎦

 

( )G θ =

123 3 2 3 2 12 2 3 123 2 123 3 1 1 1

1 3 2 3 123 123 1 2 12 2 1 3 2 123 3 1 2 12 2

123 3 2 12 2 3 123 2 123 3

123 3

(1 )
( )

gc m s s L c g L L gs L gc c L m gc
L gc c m s c L m s gs L gs c s m L m c c g

gc m L c g L L gs L gc c

gc m

− + + + +⎡ ⎤
⎢ ⎥+ + + + +⎢ ⎥
⎢ ⎥
⎢ ⎥+ + +⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

E. Controller System of Robot Manipulator 

 
Fig. 4 High-level Block Diagram of a Robot Control System 

 
Based on previous materials, the means to calculate joint-

position time histories that correspond to desired end-effector 
motions through space are obtained.[5] 

The manipulator will be modeled as a mechanism which is 
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instrumented with sensors at each joint to measure the joint 
angle, and an actuator at each joint to apply a torque on the 
neighboring link. 

Since the manipulator joints have to follow prescribed 
position trajectories, but the actuators are commanded in terms 
of torque, some kind of control system must be used to 
compute appropriate actuator commands which will realize 
this desired motion. Normally, these torques are computed by 
using feedback from the joint sensors to compute the torque 
required. 

Fig. 4 shows the relationship between the trajectory 
generator and the physical robot. The robot accepts a vector of 
joint torques,τ , from the control system. The manipulator’s 
sensors allow the controller to read the vector of joint 

positions,θ , and joint velocities, θ
•

. All signal lines in Fig. 4 
carry N x 1 vectors [6] (where N is the number of joints in the 
manipulator). 

III. EXPERIMENTAL WORK 
A. Simulation  
The Virtual Reality Toolbox is a solution for interacting 

with virtual reality models of dynamic systems over time. It 
provides a flexible MATLAB interface to virtual reality 
worlds. After creating MATLAB objects and associating them 
with a virtual world, the virtual world can be controlled by 
using functions and methods. 

From MATLAB, the user can set the positions and 
properties of VRML objects, create callbacks from graphical 
user interfaces (GUIs), and map data to virtual objects. The 
user can also view the world with a VRML viewer, determine 
its structure, and assign new values to all available nodes and 
their fields. 

The Virtual Reality Toolbox includes functions for 
retrieving and changing the virtual world properties and for 
saving the VRML files corresponding to the actual structure 
of a virtual world. MATLAB provides communication for 
control and manipulation of virtual reality objects using 
MATLAB objects. 
    The mathematical model formulated in previous section is 
implemented in the simulation. A MATLAB Graphical User 
Interface is created to enable the user to select the rotation 
axes and insert each joint angle. After the user clicks the 
“Calculate” button, the final position of each finger tip will be 
calculated and shown on the textfields. A simulation of the 
human arm motion will then be shown on the screen. Refer to 
Fig. 5 and Fig. 6. 

 

 
Fig. 5 A GUI for Direct Kinematics Calculation 

 
Fig. 6 VRML for Direct Kinematics Simulation 

 
The mathematical models formulated in previous section 

are implemented in the simulation here. The user can select 
different diameter of cylinder range from 30mm up to 70mm. 
After press the “Calculate” button, the joint angles for each 
finger will then be calculated and shown on the GUI. The 
appearance of each finger will be shown in the VRML. Refer 
to Fig. 7, Fig. 8 and Fig. 9. 

 

 
Fig. 7 A GUI for Inverse Kinematics Calculation 

 

 
Fig. 8 VRML for Inverse Kinematics Calculation 

 

 
Fig. 9 VRML for Inverse Kinematics Calculation 

IV. CONCLUSION 
This paper presents the bio-mechanical analysis of human 

joints. The discussion is limited to the human shoulder, elbow, 
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wrist and fingers. The research is then extended to the study 
of human manipulator. 

Kinematics is the science of motion. In human movement, it 
is the study of the positions, angles, velocities, and 
accelerations of body segments and joints during motion. The 
body segments are considered to be rigid bodies for the 
purposes of describing the motion of the body.  

Forward kinematics is to compute the position and 
orientation of finger tip (end-effector) by using given a set of 
joint angles. The position and orientation computed is relative 
to the arm (base frame). The simulation of human arm forward 
kinematics is performed through MATLAB Graphical User 
Interface and VRML. 

Inverse kinematics does the reverse of forward kinematics. 
It is used to compute all possible sets of joint angles by using 
given position and orientation of the finger tip. In the thesis, 
first joint angle θ1 is also assumed to be known, the angles to 
be computed are θ1 and θ3. The simulation of human arm 
inverse kinematics is performed through MATLAB Graphical 
User Interface and VRML. 

In addition to dealing with static positioning problems, the 
human fingers in motion are analyzed. In performing velocity 
analysis of a mechanism, a matrix quantity will be defined. It 
is called the Jacobian of the manipulator. The Jacobian 
specifies a mapping from velocities in joint space to velocities 
in Cartesian space. The nature of this mapping change as the 
configuration of the manipulator varies. A certain points 
which are called singularities will be found out. At this point, 
the mapping is not invertible. 

Dynamics is to study the forces required to cause motion. A 
complex set of torque which are applied to the finger joints 
are computed. By calculating these torque functions, the 
desired path followed by the human fingers can be found out.  
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