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Multiple positive periodic solutions to a

predator-prey system with harvesting terms and

Holling II type functional response
Pan Wang and Yongkun Li

Abstract—In this paper, a periodic predator-prey system with
harvesting terms and Holling II type functional response is consid-
ered. Sufficient criteria for the existence of at least sixteen periodic
solutions are established by using the well known continuation
theorem due to Mawhin. An example is given to illustrate the main
result.
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I. INTRODUCTION

RECENTLY, the existence of positive periodic solutions

for biological models has been widely studied by many

researchers. Models with harvesting terms are often consid-

ered. Generally, the predator-prey model with harvesting terms

is described as follows:

{

ẋ = xf(x, y)− h,
ẏ = yg(x, y)− k,

where x and y stand for the population of the prey and the

predator, respectively; h and k are harvesting terms standing

for the harvests (see [1]). Particularly, the ratio-dependent type

predator-prey model with harvesting terms is described by the

following system of ordinary differential equations















ẋ = x

(

a− bx−
cy

my + x

)

− h,

ẏ = y

(

− d+
fx

my + x

)

− k,
(1)

where a, c, d, f,m are the prey intrinsic growth rate, cap-

ture rate, death rate of predator, conversion rate, and half

saturation-parameter, respectively. Moreover, on account of the

biological background of model (1), we always assume that

all of the parameters are positive constants. For the detailed

biological meanings, we refer to [2-5] and the references cited

therein.

Considering the inclusion of the effect of changing en-

vironment, Zhang and Hou [6] investigate the following

ratio-dependent predator-prey system with multiple harvesting
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terms:















ẋ(t) = x(t)

(

a(t)− b(t)x(t)−
c(t)y(t)

m(t)y(t) + x(t)

)

− h1(t),

ẏ(t) = y(t)

(

−d(t) +
f(t)x(t)

m(t)y(t) + x(t)

)

− h2(t),

(2)

where the parameter in system (2) are positive continuous ω
-periodic functions. By using the coincidence degree theory,

the authors established the existence of at least four positive

periodic solutions.

The main purpose of this paper is by using continuation

theorem to establish new criteria to guarantee the existence of

at least sixteen periodic solutions of the periodic predator-prey

system with harvesting terms and Holling II type functional

response:















































































































ẋ1(t) = x1(t)

(

r1(t)− a11(t)x1(t)

− a12(t)x2(t)
m(t)x2(t)+x1(t)

)

− h1(t),

ẋ2(t) = x2(t)

(

r2(t) +
θ1(t)a12(t)x1(t)
m(t)x2(t)+x1(t)

−a22(t)x2(t)−
a23(t)x3(t)

n(t)x3(t)+x2(t)

)

− h2(t),

ẋ3(t) = x3(t)

(

r3(t) +
θ2(t)a23(t)x2(t)
n(t)x3(t)+x2(t)

−a33(t)x3(t)−
a34(t)x4(t)

α(t)x4(t)+x3(t)

)

− h3(t),

ẋ4(t) = x4(t)

(

r4(t) +
θ3(t)a34(t)x3(t)
α(t)x4(t)+x3(t)

−a44(t)x4(t)

)

− h4(t),

(3)

where xi(t) stands for the density of the ith species; ri(t)
represents the ith species intrinsic growth rate; aii(t) denotes

the intra-specific competition rate of the ith species; θ1(t),
θ2(t), θ3(t) are the nutrition conversion rates for the first

species to the second species, the second species to the third

species, the third species to the fourth species, respectively;

hi(t) is the harvesting term for the ith species. Moreover,

r
i
(t), aii(t), a12(t), a23(t), a34(t),m(t), n(t), α(t), θ1(t), θ2(t),

θ3(t) are continuous, bounded and strictly positive ω-periodic

functions defined on [0,∞) (i = 1, 2, 3, 4).
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II. EXISTENCE OF MULTIPLE POSITIVE PERIODIC

SOLUTIONS

We recall some basic tools in the framework of Mawhin’s

coincidence degree [7] that will be used to investigate the

existence of periodic solutions.

Let X and Z be two Banach spaces, L : DomL ⊂ X → Z
be a linear mapping and N : X → Z be a continuous mapping.

The mapping L will be called a Fredholm mapping of index

zero if dimker L = co dim Im L < +∞ and ImL is closed

in Z. If L is a Fredholm mapping of index zero, then there

exist continuous projectors P : X → X and Q : Z → Z
such that ImP = ker L and ImL = ker Q = Im(I −Q). It

follows that L|DomL∩ker P : (I −P )X → Im L is invertible.

We denote the inverse of the map L|DomL∩ker P by KP . If

Ω is an open bounded subset of X , the mapping N will be

called L-compact on Ω× [0, 1] if (QN)(Ω× [0, 1]) is bounded

and KP (I − Q)N : Ω × [0, 1] → X is compact. Since ImQ
is a isomorphic to ker L, there exists an isomorphism J :
Im Q → kerL.

Lemma 1. (Continuation Theorem ([7])) Let L be a Fredholm

mapping of index zero and let N be L -compact on Ω. Suppose

(1) for each λ ∈ (0, 1), every solution x of Lx 6= λN(x, λ)
is such that x ∈ ∂Ω ∩DomL;

(2) QN(x, 0) 6= 0, for each x ∈ ∂Ω ∩ ker L;

(3) deg(JQN(x, 0),Ω ∩ ker L, 0) 6= 0.

Then the equation Lx = Nx has at least one solution in

DomL ∩ ∂Ω.

For convenience, we denote

f =
1

ω

∫ ω

0

f(t) dt, fL = min
t∈[0,ω]

f(t), fM = sup
t∈[0,ω]

f(t),

where f(t) is a continuous ω -periodic function.

We need the following assumptions:

(H1) rL1 > 2
√

aM11h
M
1 +

aM12
mL

;

(H2) rL2 > 2
√

aM22h
M
2 +

aM23
nL

;

(H3) rL3 > 2
√

aM33h
M
3 +

aM34
αL

;

(H4) rL4 > 2
√

aM44h
M
4 .

For the sake of convenience, we also introduce some nota-

tions as follows:

l±1 =
rM1 ±

√

(rM1 )2 − 4aL11h
L
1

2aL11
,

l±2 =
(rM2 + aM12)±

√

(rM2 + aM12)
2 − 4aL22h

L
2

2aL22
,

l±3 =
(rM3 + aM23)±

√

(rM3 + aM23)
2 − 4aL33h

L
3

2aL33
,

l±4 =
(rM4 + aM44)±

√

(rM4 + aM44)
2 − 4aL44h

L
4

2aL44
,

v±1 =
(rL1 −

aM

12

mL )±

√

(rL1 −
aM

12

mL )2 − 4aM11h
M
1

2aM11
,

v±2 =
(rL2 −

aM

23

nL )±

√

(rL2 −
aM

23

nL )2 − 4aM22h
M
2

2aM22
,

v±3 =
(rL3 −

aM

34

αL )±

√

(rL3 −
aM

34

αL )2 − 4aM33h
M
3

2aM33
,

v±4 =
rL4 ±

√

(rL4 )
2 − 4aM44h

M
4

2aM44
.

Lemma 2. ([8]) Let x > 0, y > 0, z > 0 and x > 2
√
yz,

for the functions f(x, y, z) =
x+

√
x2

−4yz

2z and g(x, y, z) =
x−

√
x2

−4yz

2z , the following assertions hold.

(1) f(x, y, z) and g(x, y, z) are monotonically increasing

and monotonically decreasing on the variable x ∈
(0,∞), respectively;

(2) f(x, y, z) and g(x, y, z) are monotonically decreasing

and monotonically increasing on the variable y ∈
(0,∞), respectively;

(3) f(x, y, z) and g(x, y, z) are monotonically decreasing

and monotonically increasing on the variable z ∈
(0,∞), respectively.

Theorem 1. Assume that (H1)-(H4) hold, then system (3)
has at least sixteen ω-periodic solutions.

Proof: Since we are concerned with positive solution of

(3), we make the change of variables

xi(t) = eui(t) (i = 1, 2, 3, 4),

the system (3) is rewritten as



































































u̇1(t) = r1(t)− a11(t)e
u1(t)

− a12(t)e
u2(t)

m(t)eu2(t)+eu1(t)
− h1(t)e

−u1(t),

u̇2(t) = r2(t) +
θ1(t)a12(t)e

u1(t)

m(t)eu2(t)+eu1(t)
− a22(t)e

u2(t)

− a23(t)e
u3(t)

n(t)eu3(t)+eu2(t)
− h2(t)e

−u2(t),

u̇3(t) = r3(t) +
θ2(t)a23(t)e

u2(t)

n(t)eu3(t)+eu2(t)
− a33(t)e

u3(t)

− a34(t)e
u4(t)

α(t)eu4(t)+eu3(t)
− h3(t)e

−u3(t),

u̇4(t) = r4(t) +
θ3(t)a34(t)e

u3(t)

α(t)eu4(t)+eu3(t)

−a44(t)e
u4(t) − h4(t)e

−u4(t).

Let X = Z = {u = (u1(t), u2(t), u3(t), u4(t))
T ∈

C(R,R4) : u(t + ω) = u(t), t ∈ R} with the norm defined

by ‖u‖ =
∑4

i=1 maxt∈[0,ω] |ui(t)|, u ∈ Z or X , then X and

Z are Banach spaces. Let

N(u, λ) =













r1(t)− a11(t)e
u1(t)

r2(t) +
λθ1(t)a12(t)e

u1(t)

m(t)eu2(t)+eu1(t)
− a22(t)e

u2(t)

r3(t) +
λθ2(t)a23(t)e

u2(t)

n(t)eu3(t)+eu2(t)
− a33(t)e

u3(t)

r4(t) +
λθ3(t)a34(t)e

u3(t)

α(t)eu4(t)+eu3(t)

− λa12(t)e
u2(t)

m(t)eu2(t)+eu1(t)
− h1(t)e

−u1(t)

− λa23(t)e
u3(t)

n(t)eu3(t)+eu2(t)
− h2(t)e

−u2(t)

− λa34(t)e
u4(t)

α(t)eu4(t)+eu3(t)
− h3(t)e

−u3(t)

−a44(t)e
u4(t) − h4(t)e

−u4(t)












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Lu = u =
du(t)

dt
, Pu =

1

ω

∫ ω

0

u(t) dt, Qz =

1

ω

∫ ω

0

z(t) dt, u ∈ X, z ∈ Z, λ ∈ (0, 1). Thus it follows

that kerL = R4, ImL = {z ∈ Z :
∫ ω

0
z(t) dt = 0} is closed

in Z, dimker L = 4 = co dim Im L, and P , Q are continuous

projectors such that

ImP = ker L, ImL = kerQ = Im(I −Q).

Hence, L is a Fredholm mapping of index zero. Furthermore,

the generalized inverse (to L) KP : ImL → DomL ∩ ker P
is given by

KP (z) =

∫ t

0

z(s) ds−
1

ω

∫ ω

0

∫ t

0

z(s) dsdt.

Then

QN(u, λ) =









1
ω

∫ ω

0
f1(s) dsdt

1
ω

∫ ω

0
f2(s) dsdt

1
ω

∫ ω

0
f3(s) dsdt

1
ω

∫ ω

0
f4(s) dsdt









and

KP (I −Q)N(u, λ)

=











∫ t

0
f1(s) ds−

1
ω

∫ ω

0

∫ t

0
f1(s) dsdt

∫ t

0
f2(s) ds−

1
ω

∫ ω

0

∫ t

0
f2(s) dsdt

∫ t

0
f3(s) ds−

1
ω

∫ ω

0

∫ t

0
f3(s) dsdt

∫ t

0
f4(s) ds−

1
ω

∫ ω

0

∫ t

0
f4(s) dsdt

+( 12 − t
ω
)
∫ ω

0
f1(s) ds

+( 12 − t
ω
)
∫ ω

0
f2(s) ds

+( 12 − t
ω
)
∫ ω

0
f3(s)ds

+( 12 − t
ω
)
∫ ω

0
f4(s)ds









,

where

f1(s) = r1(s)− a11(s)e
u1(s) −

λa12(s)e
u2(s)

m(s)eu2(s) + eu1(s)

−h1(s)e
−u1(s),

f2(s) = r2(s) +
λθ1(s)a12(s)e

u1(s)

m(s)eu2(s) + eu1(s)
− a22(s)e

u2(s)

−
λa23(s)e

u3(s)

n(s)eu3(s) + eu2(s)
− h2(s)e

−u2(s),

f3(s) = r3(s) +
λθ2(s)a23(s)e

u2(s)

n(s)eu3(s) + eu2(s)
− a33(s)e

u3(s)

−
λa34(s)e

u4(s)

α(s)eu4(s) + eu3(s)
− h3(s)e

−u3(s),

f4(s) = r4(s) +
λθ3(s)a34(s)e

u3(s)

α(s)eu4(s) + eu3(s)
− a44(s)e

u4(s)

−h4(s)e
−u4(s).

Obviously, QN and KP (I−Q)N are continuous, and KP (I−
Q)N(Ω̄) is compact for any open bounded set Ω ⊂ X by

using the Arzela-Ascoli theorem. Moreover, QN(Ω̄) is clearly

bounded. Thus, N is L-compact on Ω̄ with any open bounded

set Ω ⊂ X .

In order to use Lemma 1, we have to find at least sixteen

appropriate open bounded subsets in X . Corresponding to the

operator equation Lu = λN(u, λ), λ ∈ (0, 1), we have














u̇1(t) = λf1(t),
u̇2(t) = λf2(t),
u̇3(t) = λf3(t),
u̇4(t) = λf4(t).

(4)

Assume that u ∈ X is an ω-periodic solution of the system

(4) for some λ ∈ (0, 1), then, there exist ξi, ηi ∈ [0, ω] such

that

ui(ξi) = max
t∈[0,ω]

, ui(ηi) = min
t∈[0,ω]

, i = 1, 2, 3, 4.

It is clear that u̇i(ξi) = 0, u̇i(ηi) = 0(i = 1, 2, 3, 4). From

this and (4), we have














f1(ξ1) = 0, (a)
f2(ξ2) = 0, (b)
f3(ξ3) = 0, (c)
f4(ξ4) = 0, (d)

(5)

and














f1(η1) = 0, (a)
f2(η2) = 0, (b)
f3(η3) = 0, (c)
f4(η4) = 0. (d)

(6)

According to (5) (a), we have

aL11e
u1(ξ1) + hL

1 e
−u1(ξ1)

≤ a11e
u1(ξ1) + h1e

−u1(ξ1)

= r1(ξ1)−
λa12(ξ1)e

u2(ξ1)

m(ξ1)eu2(ξ1) + eu1(ξ1)

< rM1 ,

that is, aL11e
2u1(ξ1)− rM1 eu1(ξ1)+hL

1 < 0, which implies that

ln l−1 < u1(ξ1) < ln l+1 , (7)

similarly, by (6) (a), we get

ln l−1 < u1(η1) < ln l+1 . (8)

By the same method, according to (5) (b), we obtain

aL22e
u2(ξ2) + hL

2 e
−u2(ξ2)

≤ a22(ξ2)e
u2(ξ2) + h2(ξ2)e

−u2(ξ2)

< r2(ξ2) + a12(ξ2)

< rM2 + aM12 ,

that is, aL22e
2u2(ξ2) − (rM2 + aM12)e

u2(ξ2) + hL
2 < 0, which

implies that

ln l−2 < u2(ξ2) < ln l+2 , (9)

similarly, by (6) (b), we get

ln l−2 < u2(η2) < ln l+2 . (10)
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From (5) (c), we obtain

aL33e
u3(ξ3) + hL

3 e
−u3(ξ3)

≤ a33(ξ3)e
u3(ξ3) + h3(ξ3)e

−u3(ξ3)

< r3(ξ3) + a23(ξ3)

< rM3 + aM23 ,

that is, aL33e
2u3(ξ3) − (rM3 + aM23)e

u3(ξ3) + hL
3 < 0, which

implies that

ln l−3 < u3(ξ3) < ln l+3 , (11)

similarly, by (6) (c), we get

ln l−3 < u3(η3) < ln l+3 . (12)

From (5) (d), we obtain

aL44e
u4(ξ4) + hL

4 e
−u4(ξ4)

≤ a44(ξ4)e
u4(ξ4) + h4(ξ4)e

−u4(ξ4)

< r4(ξ4) + a34(ξ4)

< rM4 + aM34 ,

that is, aL44e
2u4(ξ4) − (rM4 + aM34)e

u4(ξ4) + hL
4 < 0, which

implies that

ln l−4 < u4(ξ4) < ln l+4 , (13)

similarly, by (6) (d), we get

ln l−4 < u4(η4) < ln l+4 . (14)

On the other hand, from (5) (a), we have

aM11e
2u1(ξ1) − (rL1 −

aM12
mL

)eu1(ξ1) + hM
1 > 0,

which implies that

u1(ξ1) > ln v+1 or u1(ξ1) < ln v−1 , (15)

similarly, by (6) (a), we get

u1(η1) > ln v+1 or u1(η1) < ln v−1 . (16)

We claim that ln l+1 > ln v+1 and ln l−1 < ln v−1 . In fact, by

Lemma 2, we have

ln l+1 = f(rM1 , hL
1 , a

L
11) > f(rL1 −

aM12
mL

, hM
1 , aM11) = ln v+1 ,

ln l−1 = g(rM1 , hL
1 , a

L
11) < g(rL1 −

aM12
mL

, hM
1 , aM11) = ln v−1 .

From (7), (8), (15) and (16), we can get

ln l−1 < u1(η1) < u1(ξ1) < ln v−1

or

ln v+1 < u1(η1) < u1(ξ1) < ln l+1 ,

so, for all t ∈ R

ln l−1 < u1(t) < ln v−1 or ln v+1 < u1(t) < ln l+1 . (17)

According to (5) (b), we obtain

aM22e
2u2(ξ2) − (rL2 −

aM23
nL

)eu2(ξ2) + hM
2 > 0,

which implies

u2(ξ2) > ln v+2 or u2(ξ2) < ln v−2 , (18)

similarly, by (6) (b), we get

u2(η2) > ln v+2 or u2(η2) < ln v−2 . (19)

We claim that ln l+2 > ln v+2 and ln l−2 < ln v−2 . In fact, in

view of Lemma 2, we have

ln l+2 = f(rM2 + aM12 , h
L
2 , a

L
22) > f(rL2 −

aM23
nL

, hM
2 , aM22) = ln v+2 ,

ln l−2 = g(rM2 + aM12 , h
L
2 , a

L
22) < g(rL2 −

aM23
nL

, hM
2 , aM22) = ln v−2 .

From (9), (10), (18) and (19), we can get

ln l−2 < u2(η2) < u2(ξ2) < ln v−2

or

ln v+2 < u2(η2) < u2(ξ2) < ln l+2 ,

so, for all t ∈ R,

ln l−2 < u2(t) < ln v−2 or ln v+2 < u2(t) < ln l+2 .

By (5) (c), we obtain

aM33e
2u3(ξ3) − (rL3 −

aM34
αL

)eu3(ξ3) + hM
3 > 0,

which implies

u3(ξ3) > ln v+3 or u3(ξ3) < ln v−3 , (20)

similarly, by (6) (c), we get

u3(η3) > ln v+3 or u3(η3) < ln v−3 . (21)

We claim that ln l+3 > ln v+3 and ln l−3 < ln v−3 . In fact, in

view of Lemma 2, we have

ln l+3 = f(rM3 + aM23 , h
L
3 , a

L
33) > f(rL3 −

aM34
αL

, hM
3 , aM33) = ln v+3 ,

ln l−3 = g(rM3 + aM23 , h
L
3 , a

L
33) < g(rL3 −

aM34
αL

, hM
3 , aM33) = ln v−3 .

From (11), (12), (2.19) and (2.20), we can get

ln l−3 < u3(η3) < u3(ξ3) < ln v−3

or

ln v+3 < u3(η3) < u3(ξ3) < ln l+3 ,

so, for all t ∈ R,

ln l−3 < u3(t) < ln v−3 or ln v+3 < u3(t) < ln l+3 .

By (5) (d), we obtain

aM44e
2u4(ξ4) − rL4 e

u4(ξ4) + hM
4 > 0,

which implies

u4(ξ4) > ln v+4 or u4(ξ4) < ln v−4 ,

similarly, by (6) (d), we get

u4(η4) > ln v+4 or u4(η4) < ln v−4 . (22)

We claim that ln l+4 > ln v+4 and ln l−4 < ln v−4 . In fact, by

Lemma 2, we have

ln l+4 = f(rM4 + aM34 , h
L
4 , a

L
44) > f(rL4 , h

M
4 , aM44) = ln v+4 ,

ln l−3 = g(rM4 + aM34 , h
L
4 , a

L
44) < g(rL4 , h

M
4 , aM44) = ln v−4 .



International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:5, No:12, 2011

2056

From (13), (14), (2.22) and (22), we can get

ln l−4 < u4(η4) < u4(ξ4) < ln v−4

or

ln v+4 < u4(η4) < u4(ξ4) < ln l+4 ,

so, for all t ∈ R,

ln l−4 < u4(t) < ln v−4 or ln v+4 < u4(t) < ln l+4 . (23)

Clearly, ln l±1 , ln l±2 , ln l±3 , ln l±4 , ln v±1 , ln v±2 , ln v±3 , ln v±4
are independent of λ. Now, let

Ω1 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l−2 , ln v
−

2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l−4 , ln v
−

4 )
}

,

Ω2 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l−2 , ln v
−

2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l+4 , ln v
+
4 )

}

,

Ω3 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l−2 , ln v
−

2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l−4 , ln v

−

4 )
}

,

Ω4 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l−2 , ln v
−

2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l+4 , ln v

+
4 )

}

,

Ω5 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l+2 , ln v
+
2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l−4 , ln v
−

4 )
}

,

Ω6 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l+2 , ln v
+
2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l+4 , ln v
+
4 )

}

,

Ω7 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l+2 , ln v
+
2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l−4 , ln v

−

4 )
}

,

Ω8 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l−1 , ln v
−

1 ), u2 ∈ (ln l+2 , ln v
+
2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l+4 , ln v

+
4 )

}

,

Ω9 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l−2 , ln v

−

2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l−4 , ln v
−

4 )
}

,

Ω10 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l−2 , ln v

−

2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l+4 , ln v
+
4 )

}

,

Ω11 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l−2 , ln v

−

2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l−4 , ln v

−

4 )
}

,

Ω12 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l−2 , ln v

−

2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l+4 , ln v

+
4 )

}

,

Ω13 = {u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l+2 , ln v

+
2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l−4 , ln v
−

4 )
}

,

Ω14 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l+2 , ln v

+
2 ),

u3 ∈ (ln l−3 , ln v
−

3 ), u4 ∈ (ln l+4 , ln v
+
4 )},

Ω15 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l−2 , ln v

−

2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l−4 , ln v

−

4 )
}

,

Ω16 =
{

u = (u1, u2, u3, u4)
T ∈ X :

u1 ∈ (ln l+1 , ln v
+
1 ), u2 ∈ (ln l+2 , ln v

+
2 ),

u3 ∈ (ln l+3 , ln v
+
3 ), u4 ∈ (ln l+4 , ln v

+
4 )

}

.

Then Ωi(i = 1, 2, . . . , 16) are bounded open subsets of

X , Ωi ∩ Ωj = φ, i 6= j, (i, j = 1, 2, . . . , 16), thus

Ωi(i = 1, 2, . . . , 16) satisfy the requirement (1) in Lemma

1.

Now, we show that condition (2) of Lemma 1 holds, that is,

QN(u, 0) 6= (0, 0, 0, 0)T for u ∈ ∂Ωi∩kerL = ∂Ωi∩R4(i =
1, 2, . . . , 16). If it is not true, then there exists constant vector

u = (u1, u2, u3, u4)
T ∈ ∂Ωi satisfies















∫ ω

0
r1(t)dt−

∫ ω

0
a11(t)e

u1dt−
∫ ω

0
h1(t)e

−u1dt = 0,
∫ ω

0
r2(t)dt−

∫ ω

0
a22(t)e

u2dt−
∫ ω

0
h2(t)e

−u1dt = 0,
∫ ω

0
r3(t)dt−

∫ ω

0
a33(t)e

u3dt−
∫ ω

0
h3(t)e

−u1dt = 0,
∫ ω

0
r4(t)dt−

∫ ω

0
a44(t)e

u4dt−
∫ ω

0
h4(t)e

−u1dt = 0.
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In view of differential mean value theorem, there exist four

points tj ∈ [0, ω](j = 1, 2, 3, 4) such that














r1(t1)− a11(t1)e
u1 − h1(t1)e

−u1 = 0,
r2(t2)− a22(t2)e

u2 − h2(t2)e
−u2 = 0,

r3(t3)− a33(t3)e
u3 − h3(t3)e

−u3 = 0,
r4(t4)− a44(t4)e

u4 − h4(t4)e
−u4 = 0,

therefore, we have

ln l−1 < u1(t) < ln v−1 or ln v+1 < u1(t) < ln l+1 ,

ln l−2 < u2(t) < ln v−2 or ln v+2 < u2(t) < ln l+2 ,

ln l−3 < u3(t) < ln v−3 or ln v+3 < u3(t) < ln l+3 ,

ln l−4 < u4(t) < ln v−4 or ln v+4 < u4(t) < ln l+4 ,

which imply u ∈ Ωi ∩ R4, it contradicts the fact that u ∈
∂Ωi ∩ R4(i = 1, 2, . . . , 16). The condition (2) of Lemma 1

holds. Finally, we show that condition (3) of Lemma 1 is valid.

Noting that the system of algebraic equations














r1(t1)− a11(t1)e
x − h1(t1)e

−x = 0,
r2(t2)− a22(t2)e

y − h2(t2)e
−y = 0,

r3(t3)− a33(t3)e
z − h3(t3)e

−z = 0,
r4(t4)− a44(t4)e

p − h4(t4)e
−p = 0

has sixteen distinct solutions:

(x∗

1, y
∗

1 , z
∗

1 , p
∗

1) = (lnx−, ln y−, ln z−, ln p−),

(x∗

2, y
∗

2 , z
∗

2 , p
∗

2) = (lnx−, ln y−, ln z−, ln p+),

(x∗

3, y
∗

3 , z
∗

3 , p
∗

3) = (lnx−, ln y−, ln z+, ln p−),

(x∗

4, y
∗

4 , z
∗

4 , p
∗

4) = (lnx−, ln y−, ln z+, ln p+),

(x∗

5, y
∗

5 , z
∗

5 , p
∗

5) = (lnx−, ln y+, ln z−, ln p−),

(x∗

6, y
∗

6 , z
∗

6 , p
∗

6) = (lnx−, ln y+, ln z−, ln p+),

(x∗

7, y
∗

7 , z
∗

7 , p
∗

7) = (lnx−, ln y+, ln z+, ln p−),

(x∗

8, y
∗

8 , z
∗

8 , p
∗

8) = (lnx−, ln y+, ln z+, ln p+),

(x∗

9, y
∗

9 , z
∗

9 , p
∗

9) = (lnx+, ln y−, ln z−, ln p−),

(x∗

10, y
∗

10, z
∗

10, p
∗

10) = (lnx+, ln y−, ln z−, ln p+),

(x∗

11, y
∗

11, z
∗

11, p
∗

11) = (lnx+, ln y−, ln z+, ln p−),

(x∗

12, y
∗

12, z
∗

12, p
∗

12) = (lnx+, ln y−, ln z+, ln p+),

(x∗

13, y
∗

13, z
∗

13, p
∗

13) = (lnx+, ln y+, ln z−, ln p−),

(x∗

14, y
∗

14, z
∗

14, p
∗

14) = (lnx+, ln y+, ln z−, ln p+),

(x∗

15, y
∗

15, z
∗

15, p
∗

15) = (lnx+, ln y+, ln z+, ln p−),

(x∗

16, y
∗

16, z
∗

16, p
∗

16) = (lnx+, ln y+, ln z+, ln p+),

where

x± =
r1(t1)±

√

(r1(t1))2 − 4a11(t1)h1(t1)

2a11(t1)
,

y± =
r2(t2)±

√

(r2(t2))2 − 4a22(t2)h2(t2)

2a22(t2)
,

z± =
r3(t3)±

√

(r3(t3))2 − 4a33(t3)h3(t3)

2a33(t3)
,

p± =
r4(t4)±

√

(r4(t4))2 − 4a44(t4)h4(t4)

2a44(t4)
,

by Lemma 2, it easy to verify that

ln l−1 < lnx− < ln v−1 < ln v+1 < lnx+ < ln l+1 ,

ln l−2 < ln y− < ln v−2 < ln v+2 < ln y+ < ln l+2 ,

ln l−3 < ln z− < ln v−3 < ln v+3 < ln z+ < ln l+3 ,

ln l−4 < ln p− < ln v−4 < ln v+4 < ln p+ < ln l+4 ,

therefore

(x∗

1, y
∗

1 , z
∗

1 , p
∗

1) ∈ Ω1, (x∗

2, y
∗

2 , z
∗

2 , p∗2) ∈ Ω2,

(x∗

3, y∗3 , z
∗

3 , p
∗

3) ∈ Ω3, (x∗

4, y
∗

4 , z
∗

4 , p
∗

4) ∈ Ω4,

(x∗

5, y
∗

5 , z
∗

5 , p
∗

5) ∈ Ω5, (x∗

6, y
∗

6 , z
∗

6 , p
∗

6) ∈ Ω6,

(x∗

7, y
∗

7 , z
∗

7 , p
∗

7) ∈ Ω7, (x∗

8, y
∗

8 , z
∗

8 , p
∗

8) ∈ Ω8,

(x∗

9, y
∗

9 , z
∗

9 , p
∗

9) ∈ Ω9, (x∗

10, y
∗

10, z
∗

10, p
∗

10) ∈ Ω10,

(x∗

11, y
∗

11, z
∗

11, p
∗

11) ∈ Ω11, (x
∗

12, y
∗

12, z
∗

12, p
∗

12) ∈ Ω12,

(x∗

13, y
∗

13, z
∗

13, p
∗

13) ∈ Ω13, (x∗

14, y
∗

14, z
∗

14, p
∗

14) ∈ Ω14,

(x∗

15, y
∗

15, z
∗

15, p
∗

15) ∈ Ω15, (x∗

16, y
∗

16, z
∗

16, p
∗

16) ∈ Ω16.

Since kerL = ImP , we take J = I , a direct computation

yields that

deg(JQN(x, 0),Ωi ∩ kerL, (0, , 0, 0, 0)T )

= sign









−a11(t1)x
∗ + h1(t1)

x∗
0

0 −a22(t2)y
∗ + h2(t2)

y∗

0 0
0 0

0 0
0 0

−a33(t3)z
∗ + h3(t3)

z∗
0

0 −a44(t4)p
∗ + h4(t4)

p∗









= sign

[(

− a11(t1)x
∗ +

h1(t1)

x∗

)(

− a22(t2)y
∗ +

h2(t2)

y∗

)

×

(

− a33(t3)z
∗ +

h3(t3)

z∗

)(

− a44(t4)p
∗ +

h4(t4)

p∗

)]

together with the fact


















r1(t1)− a11(t1)x
∗ + h1(t1)

x∗
= 0,

r2(t2)− a22(t2)y
∗ + h2(t2)

y∗
= 0,

r3(t3)− a33(t3)z
∗ + h3(t3)

z∗
= 0,

r4(t4)− a44(t4)p
∗ + h4(t4)

p∗
= 0,

then

deg(JQN(x, 0),Ωi ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x
∗)(r2(t2)− 2a22(t2)y

∗)

×(r3(t3)− 2a33(t3)z
∗)(r4(t4)− 2a44(t4)p

∗)],

i = 1, 2, . . . , 16.
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Thus

deg(JQN(x, 0),Ω1 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p−)]

= 1,

deg(JQN(x, 0),Ω2 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p+)]

= −1,

deg(JQN(x, 0),Ω3 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p−)]

= −1,

deg(JQN(x, 0),Ω4 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p+)]

= 1,

deg(JQN(x, 0),Ω5 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p−)]

= −1,

deg(JQN(x, 0),Ω6 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p+)]

= 1,

deg(JQN(x, 0),Ω7 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p−)]

= 1,

deg(JQN(x, 0),Ω8 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x−)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p+)]

= −1,

deg(JQN(x, 0),Ω9 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p−)]

= −1,

deg(JQN(x, 0),Ω10 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p+)]

= 1,

deg(JQN(x, 0),Ω11 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p−)]

= 1,

deg(JQN(x, 0),Ω12 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y−)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p+)]

= −1,

deg(JQN(x, 0),Ω13 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p−)]

= 1,

deg(JQN(x, 0),Ω14 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z−)(r4(t4)− 2a44(t4)p+)]

= −1,

deg(JQN(x, 0),Ω15 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p−)]

= −1,

deg(JQN(x, 0),Ω16 ∩ kerL, (0, , 0, 0, 0)T )

= sign[(r1(t1)− 2a11(t1)x+)(r2(t2)− 2a22(t2)y+)

×(r3(t3)− 2a33(t3)z+)(r4(t4)− 2a44(t4)p+)]

= 1.

So far, we have proved that Ωi(i = 1, 2, . . . , 16) satisfies (1)-

(3) of Lemma 1. Hence, system (3) has at least sixteen positive

ω-periodic solutions. The proof of Theorem 2.1 is complete.
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III. AN EXAMPLE

Consider the following four-species predator-prey with har-

vesting terms:






























































































ẋ1 = x1

(

3 + sin t− 4+cos t
10 x1 −

1

15+cos t
x2

(2+cos t)x2+x1

)

− 9+cos t
20 ,

ẋ2 = x2

(

3 + sin t+
2+sin t

10
×

1

15+cos t
x1

(2+cos t)x2+x1

− 6+cos t
10 x2

−
1

11+sin t
x3

(4+cos t)x3+x2

)

− 2+cos t
9 ,

ẋ3 = x3

(

3 + cos t+
2+sin t

9
×

1

11+sin t
x2

(4+cos t)x3+x2

− 4+sin t
10 x3

−
1

10+sin t
x4

(3+sin t)x4+x3

)

− 4+cos t
10 ,

ẋ4 = x4

(

3 + cos t+
2+sin t

12
×

1

10+sin t
x3

(3+cos t)x4+x3

− 4+cos t
10 x4

)

− 2+cos t
10 .

In this case, r1(t) = 3 + sin t, a11(t) = 4+cos t
10 , a12(t) =

1
15+cos t , m(t) = 2 + cos t, h1(t) =

9+cos t
20 , r2(t) = 3 + sin t,

θ1(t) = 2+sin t
10 , a22(t) = 6+cos t

10 , a23(t) = 1
11+sin t

, n(t) =

4 + cos t, h2(t) =
2+cos t

9 , r3(t) = 3 + cos t, θ2(t) =
2+sin t

9 ,

a33(t) =
4+sin t

10 , a34(t) =
1

10+sin t
, α(t) = 3 + sin t, h3(t) =

4+cos t
10 , r4(t) = 3 + cos t, θ3(t) = 2+sin t

12 , a44(t) = 4+cos t
10 ,

h4(t) =
1+cos t

10 . Since rL1 = 2, aM11 = 1
2 , aM12 = 1

14 , mL = 1,

hM
1 = 1

2 , rL2 = 2, aM22 = 7
10 , aM23 = 1

10 , nL = 3, hM
2 = 1

3 ,

rL3 = 2, aM33 = 1
2 , aM34 = 1

9 , αL = 2, hM
3 = 1

2 , rL4 = 2,

aM44 = 1
2 , hM

4 = 1
5 , then

rL1 = 2 > 2

√

1

2
×

1

2
+

1

14
= 2

√

aM11h
M
1 +

aM12
mL

,

rL2 = 2 > 2

√

7

10
×

1

3
+

1

30
= 2

√

aM22h
M
2 +

aM23
nL

,

rL3 = 2 > 2

√

1

2
×

1

2
+

1

18
= 2

√

aM33h
M
3 +

aM34
αL

,

rL4 = 2 > 2

√

1

2
×

1

5
= 2

√

aM44h
M
4 .

According to Theorem 1, it is easy to see the above system

has at least sixteen positive 2π-periodic solutions.
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