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Abstract—The objective of the research is to study and compare 

response surface designs: Central composite designs (CCD), Box-
Behnken designs (BBD), Small composite designs (SCD), Hybrid 
designs, and Uniform shell designs (USD) over sets of reduced models 
when the design is in a spherical region for 3 and 4 design variables. 
The two optimality criteria (D  and G ) are considered which larger 
values imply a better design. The comparison of design optimality 
criteria  of the response surface designs across the full second order 
model and sets of reduced models for 3 and 4 factors based on the 
two criteria are presented. 
 

Keywords—design optimality criteria, reduced models, response 
surface design, spherical design region 

I. INTRODUCTION 

N real world application of response surface methodology  
 (RSM), the second order model is widely used as an 

approximating model to the response model because it is easy 
to estimate parameters (β ’s) in the second order model which 
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final response surface model usually ends up with a reduced 
model. Hence, the aim of this research is to compare 3 and 4 
factor response surface designs in a spherical design region by 
studying design optimality criteria (D , G )over sets of reduced 
models.   

II.  MATERIALS AND METHODS 

A. Design Optimality Criteria  

Design optimality criteria are primarily concerned with 
optimality properties of the ′X X matrix for the design matrix 
X . By studying the optimality criteria, the adequacy of 
proposed experimental design can be assessed prior to running 
it. In addition, if several alternative designs are proposed, their 
optimality properties can be compared to aid in the choice of 
design. The D and G design optimality measures used in  this  
research and calculated over the full second order model and 
sets of reduced models as:  
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Where X  is the design matrix, p  is the number of model 

parameters, N  is the design size, 2
maxσ  is the maximum of 

1(x)( ) (x)−′ ′f X X f  approximated over the set of candidate 

points. The values of the two criteria were calculated using 
Matlab software [1]. 

B. Reduced Models  

The set of reduced models is consistent with the definition 
of weak heredity given in Chipman [2]. That is, (i) a quadratic 

2
ix  term is in the model only if the ix  term is also in the model 

and (ii) an interaction i jx x  term is in the model only if the ix  

or jx  or both terms are also in the model. Let 1' s and 0 's 

indicate, respectively, the presence or absence of the term ix  

in the reduced model, p indicates the number of model 

parameters, dv  indicates the number of design variables 
present in the model, and , ,l c and q  indicate the number of 

linear, cross-product, and quadratic terms in the model, 
respectively. Based on weak heredity structure, there are 44 
and 224 models for 3,4k = design variables, respectively. An 

example of a set of reduced models (3k = ) is shown in Table 
I.  

 
TABLE I  

REDUCED MODELS ( 3)k =  

Model p  dv  l  c  q  1x  2x  3x  

1 10 3 3 3 3 1 1 1 
2 9 3 3 2 3 1 1 1 
3 9 3 3 3 2 1 1 1 

M          
44 2 1 1 0 0 0 0 1 

 
TABLE I    
CONT’D 

 Model 1 2x x  1 3x x  2 3x x  2
1x  2

2x  2
3x  

1 1 1 1 1 1 1 
2 1 1 1 0 1 1 
3 0 1 1 1 1 1 

M        
44 0 0 0 0 0 0 

C. Spherical Region  

    In RSM, there are variety of response surface designs in 
cuboidal, spherical, and polyhedral region. In this article, 
response surface designs in a spherical region are studied 

where 2

1

k

i
i

x k
=

≤∑ ; x  is a design variable and k  is the number 

of input variable. That is, all ; 1,2, ,ix i k= K  values are inside 

of a sphere of radius k . 
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III.  RESULTS AND DISCUSSIONS 

A. Optimality Criteria for the Full Second Order Model 

In this section, the D and G optimality criteria comparisons 
of the 7 response surface designs for 3 design variables: CCD, 
BBD, SCD, USD, hybrid 310, 311A, and 311B designs and  
the 7 response surface designs for 4 design variables: CCD,  
BBD, SCD, USD, hybrid 416A, 416B, and 416C designs of 
the full second order model will be summarized in Table II 
and  Table III.  For theD andG  criteria, larger values imply a 
better design (on a per point basis). Let sr indicates the 

replication of star points of the design, 0n indicates the number 

of center points of the design, and N  is the design size. 
 

TABLE II 

THE OPTIMALITY CRITERIA FOR 3k =  

Designs 
sr

 
0n  N

 
D     G  

CCD 1 1 15 71.12 66.67 
2 1 21 67.31 47.61 
1 3 17 70.04 89.20 
2 3 23 68.59 76.47 

BBD - 1 13 69.58 76.91 
- 3 15 67.31 66.65 

SCD 1 1 11 59.07 32.79 
2 1 17 56.66 33.38 
1 3 13 55.79 27.74 
2 3 19 56.58 29.87 

USD - 1 13 69.59 76.92 
- 3 15 67.31 66.67 

310 - 0 10 62.17 47.38 
- 1 11 60.63 45.01 
- 3 13 55.01 38.95 

311A - 1 11 67.60 78.62 
- 3 13 63.84 69.01 

311B - 1 11 70.99 90.90 
 - 3 13 67.05 77.40 

 

Table II and Table III indicate the following general results: 
1. Replicating star points (increasingsr ) tends to reduce the 

D and G  criteria for the CCDs. Similar results are true of the 
SCDs except for the D criterion when 3k = , 0 3n =  and for 

the G criterion when 4k = . 
2. Increasing center points (increasing0n ) tends to  reduce 

the D and G  criteria except for the G criterion of the CCDs 
when 3,4k =  whether or not star points are replicated, and for 

the G criterion of the BBD when 4k = . 
 

TABLE III 
THE OPTIMALITY CRITERIA FOR 4k =  

Designs 
sr

 
0n  N

 
D     G  

CCD 1 1 25 76.72 60.00 
2 1 33 73.48 45.45 
1 3 27 76.44 95.23 
2 3 35 74.55 81.47 

BBD - 1 25 76.72 60.00 
- 3 27 76.44 95.23 

SCD 1 1 17 65.03 29.37 
2 1 25 61.59 32.68 
1 3 19 62.60 26.27 
2 3 27 61.36 30.26 

USD - 1 21 72.40 71.42 
- 3 23 71.13 67.55 

416A - 1 17 70.01 74.30 
- 3 19 67.14 69.10 

416B - 1 17 73.52 70.06 
 - 3 19 68.94 62.86 
416C - 1 16 74.94 77.49 
 - 3 17 73.86 72.93 

 
The results of these tables suggest replication affects the 

different criteria in very different ways. That is, what improves 
one criterion may detrimental to a different criterion. In 
addition, the results of replicating star and center points for the 
CCD in a spherical design region are consistent with the 
results for the CCD in a hypercube design region [3]. 

B. General results for the reduced models 

To study the robustness of 3 and 4 factor spherical response 
designs across the set of reduced models, the 7 response 
surface designs for 3 design variables: CCD, BBD, SCD, 
USD, hybrid 310, 311A, and 311B designs and the 7 response 
surface designs for 4 design variables: CCD, BBD, SCD, 
USD, hybrid 416A, 416B, and 416C designs are considered. 
Summaries based on computed values for theD andG criteria 
for the set of reduced models are as follows: 

C. Removing an 2
ix term from a model 

For 3k = with 3dv = :  
  (a)  ForD : D tends to increase for BBDs and hybrid 310.    

For other designs, the effects onD vary. 

  (b) ForG : removing an 2
ix  term has varying effects onG . 

For 4k = with 4dv = : 
  (a) ForD : D tends to decrease for CCDs and BBDs, 

increase for the hybrid 416C, whereas  the effects onD vary 
for the other designs. 

  (b)  ForG : G tends to decrease for SCDs. The effects on 
G vary for the other designs. 

D. Removing an i jx x  term from a model 

For 3k = with 3dv = :  
   (a)  ForD : D tends to increase except for the hybrid 310. 
   (b)  ForG : The effects on G vary for all designs. 
For 4k = with 4dv = : 
   (a)  ForD : D tends to increase for all designs. 
   (b) ForG : G tends to decrease for BBDs and the hybrid 

416C. The effects onG vary for the other designs. 
 
Moreover, for 3k = , of the 44 reduced models considered, 

there are 34 models with 3dv =  and 10 models with 1dv = or 
2 . For 4k = , of the 224 models considered, there are 170 
models with 4dv =  and 54 models with 1,2dv = or3. Table 

IV and Table V show the number of models theD and 
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G criteria values are greater than or smaller than the full 
second order model criteria values when 3k = and 4 factors, 
respectively. 

 

TABLE IV 
THE  NUMBER  OF  MODELS  THE  D AND G CRITERIA VALUES ARE  GREATER  
THAN ( 3dv = ) OR  SMALLER  THAN ( 1,2dv = ) THE  FULL  SECOND ORDER 

MODEL CRITERIA VALUES  WHEN 3k =  

   3dv =  1,2dv =  

   (maximum = 33) (maximum =10) 
Designs 

sr

 
0n

 

N
 

D  G  D  G  

CCD 1 1 15 33 15 9 9 
2 1 21 28 28 8 4 
1 3 17 24 0 10 10 
2 3 23 23 3 9 10 

BD - 1 13 33 4 9 10 
- 3 15 33 4 10 10 

CD 1 1 11 26 23 7 0 
2 1 17 26 19 7 3 
1 3 13 24 23 7 0 
2 3 19 23 19 7 3 

USD - 1 13 30 1 9 10 
- 3 15 22 1 10 10 

310 - 0 10 32 8 9 8 
- 1 11 31 8 9 8 
- 3 13 32 8 9 8 

311A - 1 11 30 1 9 10 
- 3 13 23 1 10 10 

311B - 1 11 28 1 9 10 
 - 3 13 22 1 10 10 

E. Comparison of design optimality criteria of reduced 
models 

For the set of reduced models for 3 and 4 factor spherical 
response surface designs, three comparisons are performed: (i) 
across the full set of 44 reduced models for 3k =  and 224 
reduced models for 4k = , (ii) across the set of 32 reduced 
models for 3k = and 181 reduced models for 4k =  having at 
least one squared term, and (iii) across the set of 15 reduced 
models for 3k =  and 109 reduced models for 4k = having at 
least two squared terms. The results of comparison of design 
optimality criteria for 3k =  are shown in Tables VI-VIII and 
the results for   4k =  are shown in Tables IX-XII.   

 
TABLE V 

THE NUMBER OF MODELS  THE D AND G CRITERIA VALUES ARE  GREATER 

THAN ( 4dv = ) OR  SMALLER  THAN ( 1,2,3dv = ) THE FULL SECOND ORDER 

MODEL CRITERIA VALUES  WHEN 4k =  

    4dv =  1,2,3dv =  

    (maximum =169) (maximum =54) 
Designs 

sr  0n

 

N  D  G  D  G  

CCD 1 1 25 164 98 53 50 
2 1 33 142 156 50 30 
1 3 27 130 0 54 54 
2 3 35 111 1 50 54 

BBD - 1 25 164 98 53 50 
- 3 27 130 0 54 54 

SCD 1 1 17 146 134 44 2 
2 1 25 130 113 42 17 
1 3 19 123 138 49 2 
2 3 27 117 114 46 16 

USD - 1 21 134 1 51 53 
- 3 23 101 1 53 53 

416A - 1 17 150 1 53 54 
- 3 19 113 1 53 54 

416B - 1 17 163 5 54 53 
 - 3 19 139 5 54 53 
416C - 1 16 169 3 53 54 
 - 2 17 163 4 54 54 

 
For the comparison ranking tables, each row/column entry 

contains 3 ranks (0 1 2, ,r r r ). Each rank ranges from 1 (‘best’) to 

the number of designs to be compared (‘worst’). Ranks 

0 1, ,r r and 2r represent a design’s rank relative to the other 

designs across the full set of reduced models, across the set of 
reduced models with having at least one squared term, and 
across the set of reduced models with at least two squared 
terms, respectively. In case of ties, average ranks are shown.  

 

TABLE VI 
DESIGN CRITERIA COMPARISON RANKING FOR 3k = , 11N =  

 DESIGN 

Design Criterion SCD 310 311A 311B 

D  3, 2.5, 2 4, 4, 4 2, 2.5, 3 1, 1, 1 

G  3, 3, 3 4, 4, 4 2, 2, 2 1, 1, 1 

 

TABLE VII 
DESIGN CRITERIA COMPARISON RANKING FOR 3k = , 13N =  

 DESIGN 

Design 
Criterion 

SCD 310 311A 311B BBD USD 

D  5, 5, 4 6, 6, 6 4, 4, 5 3, 3, 2 2, 2, 3 1, 1, 1 

G  5, 5, 5 6, 6, 6 4, 4, 4 2, 1, 1 3, 3, 3 1, 2, 2 
 

TABLE VIII 
 DESIGN CRITERIA COMPARISON RANKING FOR 3k = , 15N =  

 DESIGN 

Design Criterion CCD BBD USD 

D  1, 1, 1 2, 2.5, 3 3, 2.5, 2 

G  1, 1, 1 3, 3, 3 2, 2, 2 
 

TABLE IX 
DESIGN CRITERIA COMPARISON RANKING FOR 4k = , 17N =  

 DESIGN 

Design Criterion SCD 416A 416B 416C 

D  3, 1, 1 4, 4, 4 2, 3, 3 1, 2, 2 

G  4, 4, 4 2, 2, 2 3, 3, 3 1, 1, 1 
 

TABLE X 
DESIGN CRITERIA COMPARISON RANKING FOR 4k = , 19N =  

 DESIGN 

Design Criterion SCD 416A 416B 

D  2, 1, 1 3, 3, 3 1, 2, 2 

G  3, 3, 3 1, 1, 1 2, 2, 2 
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TABLE XI 
DESIGN CRITERIA COMPARISON RANKING FOR 4k = , 25N =  

 DESIGN 

Design Criterion BBD or CCD SCD 

D  1, 1, 1 2, 2, 2 

G  1, 1, 1 2, 2, 2 

 

TABLE XII 
DESIGN CRITERIA COMPARISON RANKING FOR 4k = , 27N =  

 DESIGN 

Design Criterion BBD or CCD SCD 

D  1, 1, 1 2, 2, 2 

G  1, 1, 1 2, 2, 2 
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