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Robust Fuzzy Control of Nonlinear Fuzzy
Impulsive Singular Perturbed Systems with
Time-varying Delay
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Abstract—The problem of robust fuzzy control for a class of
nonlinear fuzzy impulsive singular perturbed systems with
time-varying delay is investigated by employing Lyapunov functions.
The nonlinear delay system is built based on the well-known T-S
fuzzy model. The so-called parallel distributed compensation idea is
employed to design the state feedback controller. Sufficient conditions
for globa exponentia stability of the closed-loop system are derived
in terms of linear matrix inequalities (LMIs), which can be easily
solved by LM technique. Some simulationsillustrate the effectiveness
of the proposed method.
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|. INTRODUCTION

OVER the past few decades, fuzzy logic control of nonlinear
systems has received considerable attentions because this
approach is effective to obtain nonlinear control systems,
especialy in the incomplete knowledge of the plant or even of
the precise control action appropriate to a given situation.
Among various kinds of fuzzy methods, fuzzy model- based
control is widely used because the design and analysis of the
overall fuzzy system can be systematically performed using the
well-established classical linear systems theory [1-4]. The
stability analysis and controller design for nonlinear systems
based on T-S fuzzy model are discussed in [1-3]. On the other
hand, time delay is commonly encountered and is often the
sources of instability. Recently, the robust stability analysis
problems for fuzzy time-delay systems have received
considerable attentions [5-7].In  modern science and
technology, there are natural phenomenain real world which are
characterized by the fact that some systems have alot of states,
some are quick but the othersare low. It isknown, for example,
that many fields involving complex circuit, soft robot and
communication networks. During the past few years, control of
singular perturbed systems has been extensively studied due to
the fact that they better describe physical systems than regular
ones [8-12]. In[8], Controller design and stability analysis for
fuzzy singular perturbed systems are studied.
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Heo and H, control are investigated in [9-12]. Time-delay
singular perturbed systems have been investigated in [12].

Very recently, there have been growing attentions on the
study of T-S fuzzy systems with impulse [13-16]. In [13], a
class of nonlinear fuzzy impulsive systems is defined by
extending the ordinary T-S fuzzy model and sufficient
conditions for global exponential stability of the closed loop
systems are derived. In [14], some criteria of uniform stability
and uniform asymptotic stability for T-S fuzzy delay systems
with impul se have been presented. On the other hand, there are
some interesting applications on impulsive control or
synchronization of chaotic systems based on T-S fuzzy model
[15, 16]. In the design of controller systems, one is not only
interested in global stability, but aso in some other
performances. Particularly, it is often desirable to have systems
that converge fast enough in order to achieve fast response.
Considering this, many researchers have studied the exponential
stability analysis problem for impulsive systems [17], singular
perturbed systems[18] and so on. To the best of our knowledge,
so far, the problem of global exponential stabilization for fuzzy
impulsive singular perturbed systems with time-varying delay
has not been addressed in the literature, which is still open and
remains unsolved. Motivated by the aforementioned
discussions, we investigate the problem of robust fuzzy control
for a class of singular perturbed systems with time-varying
delay. The nonlinear delay system is represented by the
well-known T-S fuzzy model. The so-called parallel distributed
compensation (PDC) idea is employed to design the state
feedback controller. Sufficient conditions for global
exponential stability of the closed-loop system are derived by
employing Lyapunov functions. The conditions are in terms of
linear matrix inequalities (LMIs), which can be easily solved by
LMI technique.The remainder of this paper is organized as
follows. In Section 2, the problem to be investigated is given
and some necessary definitions and useful lemmas are aso
presented. In Section 3, some criteria are derived to ensure the
global exponential stability of the closed-loop system. In
Section 4, an exampleis given to demonstrate the effectiveness
of the proposed method. Finaly, conclusions are drawn in
Section 5.

I1.PROBLEM STATEMENT AND BASIC ASSUMPTIONS

Consider the following nonlinear system with time-varying
delay represented by T—S fuzzy model.
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Plant Rule i investigated [11-12].
IF z(t)is Mli and,--- andz, (t) is M By using the fuzzy inference method with a singleto
THEN ExX(t) = AX(t) + B, (t —gr(t))+Cigu(t),t¢tk, fuzzification, product inference and centre average
Ax=G X(t7), k=12, (1) defuzzification, the overall fuzzy model is of iodlowing form
X(t) = ¢At), tO[t, — 70, t0] SRR _
X(tg) = Xo,ty 2 0,1 =12,-++,, B0 = LR ADAXO +BXC-TO) +CuOlt 2,
. q ~
where M} is the fuzzy set,q the number of rules, Ax(t)=> h(z(t)Gyx(t;) k=12,
i=1
2(t) =[z,(t), 2, t),---, z, ()] the premise  \where
w; (z(t 9 .
variable. E= {I rsn g 0 } ,perturbed parameter,  h;(z(t)) = ( ®) , W (2(t) = I_l M 'J (z; (1)
mxm —
ZW(Z(t)) =
X(t) OR" the state vectoru(t)OJR™ the control input, =i

X nxm X q
AOR™ , B UR™" , and C;OR™ the constant \we assume thaw (z(t))=0 and D wi(z(t))>0. Itis
matrices, 0 < 7(t) < 7, the unknown bounded time-varying i=1

. . _ clear that
delay in the state and Ax(t,)=x(t,) - x(t,) . q
X(t*)=lim, o, x(t+h) and x(t™)=lim, _xt+h),  "(&0)=20, ;hi (z(t) =1

Without  loss ~ of  generality, ~we assume that The control objective is to design a state feedblacizy
lim . x(t) = x(t), which means that the solutio(t) is  controller such that the closed-loop system is erptal

' . . = . stable, that is to say, there exist> 0, y >0 such that
right continuous at timet, , Gy OR™ is constant Y Y

coefficients, the impulsive time instant§t,} satisfy IXO)|EN|@|le?”"™ L0, t - +oo (4)
0<t, <t; <t, <---<t,, <t <---, lim,__t, =00 . We
assume that there exists a constdnt>1, such that
ty —t =Lz,

where || ¢_7 IF SUR, -7, <t<t, qu(t)H .

Based on the so-called PDC idea, the state feediiaaly
controller is designed as follows
Remark 1: In (1), i (0 =0 , then the nonlinear system Plant Rulei :

reduces to IF z(t)is M; and,--- - andzg (t) is Mg
IF z(t)is M; and ;- andz, (t) is M, THEN u(t) = F X(t), (5)
THEN Ex(t)=AXx({t)+B (t-r()).t#t,, i=12---,0,
Ax=Gyx(t ), k=1,2,-, ) where F. OR™P are constant control gains to be
X(t) = (), 100ty ~T.t] | g

X(t7) = X0t 2 0,i =12+, 0, determingd later. . _ .

By using the fuzzy inference method with a singteto
fuzzification, product inference and centre average
defuzzification, the overall fuzzy regulator is repented by

which is called the unforced fuzzy impulsive systevith
time-varying delay.
In (1), ifr(t)=0,G, =0,i=1,2,...k=1, 2, .. ., then the q
nonlinear system reduces to u(t) = z hy (z(t)) F; x(t) (6)
IF z(t)is M, and ;- andz, (t) is M, The closed-loop system of (1) and (5) is
THEN EXx(t) = Ax(t) +Cu(), ) q q
_ EX(t) = X h (Z)2_hy (AO(A +CF)xO) +Bxt -0 t £t
i=12---,q, = =1 (7)
which is a typical continuous T-S fuzzy model. 8ighof this t) = 0 NG Xt ), k=12
T-S fuzzy model has been extensively investigated 0]. o) Zh (EO)G ). '
In (1), if éki =0, k=1, 2, . . ., then the nonlinear system Before proceeding, we recall some preliminariesctvhill
be used throughout the proofs of our main results.

reduces to
IF z(t)is M] and,--- andz, (t) is M} efintion 1 [14]: Forlt ) Dty ] x RY, we define
THEN Ex(t t)+ B (t-7(t) +Cut),
KO0, oot V(602 im supL vV + e € ) V(e 1)

h- 0+

=120, Lemma 1 [18]: Suppose those matric¥sY with proper

which is a typical continuous T-S fuzzy time-delapdel.

Stability of this T-S fuzzy model has been exteelgiv dimensions, and a positive definite mafsixthen the following
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condition holds DV(t) = X" () ETPx(t) + X' (t) PEX(t)
XTY +YTX < XTSIX +YTSY -y T AT T
= (29) hi(AD{x (YA P+PA +(CF))’ P+PCFIx(t)
Lemma 2 (Halanay Lemma, [19]): Let m(t) be a scalar ;;h : A A : :
positive function and assume that the followingditian holds + X' ()PBX(t —7(t)) + X' (t - 7(t) B PX(1)}

D*m(t) < —am(t) + bm(t), t=t, =~ax (OETPx(D) + bx' (L~ T(O)ETPx(t-7(1)
where constants>b >0. Then, there exitsr >0, such * 2.2 WA h(A){x"([AP+PA +(CF))'P

i=1j=1

that for allt > t, +PGF; +aE" PIx(t) + X () PBX(t - 7(t)) + X" (t - 7(t)) BT PX(t)
m(t) < m(t,)e " —bx" (t —7(t)) EPx(t - 7(1))}
here, m(t) =su m(s d a>0 ti 11
ere, M(t) =SUR_r,coe (M9} an salsly L1, we have
a-a+be’ =0. D*V(t) = x" (1)ETPx(t) + X" (t)PEX(t)

Lemma 3 [20]: Suppose that matrices =—ax" ()ETPx(t) + bxT (t - 7(t))ET Px(t - 7(t))

M, OR™",i=12---,r, and a positive semi-definite + i Zq: hi (z())h, (Z ) {x" (D[AT P + PA; +(C,F)TP
matrix POR™" are given. |fzir:1pi =land0<P <1, + ;&ﬁ:lj +aE T P]x(t)
then + xT (1)PB; x(t = 7(t)) + x' (t - 7(t)) B/ Px(t)

r T r r T —bxT(t-r(t)ETPx(t - (1))}
QL PM)TPQ RM) < >0 RM{TPM, = —ax" (t)ETPx(t) + bxT (t = 7 () ET Px(t - 7(t))
9 49 X(t)
I1l.  DESIGN OF CONTROLLER AND STABILITY ANALYSIS * .Z:; g‘l hy (z()h, (Z(t))( x(t - r(t))

Now, we present the design of controller and stgbil | ATP + PA, + (CiFj)T P+PCF, + aE"P PB,
analysis for the nonlinear fuzzy impulsive systein (ith B'P -bETP
timevarying delay. ( x(t) )

Theorem 1: If there exist symmetric and positivdirie X(t = z(t)
matrix X , and some matricés, such that the following LMIs (12)
hold Pro- and Post- multiplying both sides of (Q)Eﬁ_l 0_1} ,

XET =EX 20 ®) 0 X
_XAT +ATX +YjTCiT +CY, +axe" B, X . © we hTave ] ]
I XBT bXET {A P+ PA +(CiFj)TP+PCiFJ-+aE P PBiT }
i:lz,...q1 J:]_,Z,q Bi P -bE'P
0 (13)

2XE" +2XG;, ET~+ 2EG X —2A4 XE" XG} XGLET from (12) and (13), we have

Sék); —OX —Ox <0 w0 D*\/Ex(t)) < —aV (x(t)) + bV (x(1)) (14)
1=12...9 k=12... WhereV (X(1)) = SUR,<ed V(X(S)}-

Whereg >b>0 .and a >0 is the unique positive root of - S 0, such that for alt O[t, , t,), k = 12,...
the following equation

a—a+be™ =0 V(X(t)) <V (X(t,_,)e ) (15)

The parametersl, are specified by the designer, where Wherea satisfiesa —a+be™ =0.
e < ) <@/l | =12 P=X"1 Then the On the other hand, wheérF t, , by Lemma 3, we have

- kK = ] - yeee - 1
. . . . q ~
T-S fuzzy system (1) with time-varying delay is lgib V(x(t)) = X" (t)ETPx(t,) = X" (t)(1 + D h(2(4,))Gy)"
exponential stable via the state feedback fuzzyrother (5). In a i=1
this case, the control feedback gainsfare: Y, X ™. ETP(I + > h;(2(t,))Gy ) X(ty)
j=1

Proof: Consider the Lyapunov function candidate : N N

V(x(t)) = X"ET Px, taking the Dini derivative oW/ (x(t)), S22 (ZEX ()1 +Gy) ETP(1 +Gy)x(t,)
i=1

. q _ - _ _
for t[l[tk_l,tk), we obtain :Zh (Z(tk))XT (tl:)(ETP+GEETP+ET PGki +Gl-<I; ET PGk| )X(tl:)
i=1

(16)

Sincea>b>0, by Lemma 2 and (14), there exits a
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Takinge™ < A, <™ %'t 'we have = _max { sup V(X(1)),V (x(t, ) e %
Kk ~ToStste ¢ —ro<tst,
q ~
Vo) = Xh @K G)E P+GEP < MaX Ay A Ao ETPYA] €7,
=l - - e —Tost=ty
+ ETT PG, +9-<riET_PGKi - AE"PIx(t,) 17) Ay - A A A AET p)MZe-ﬂ(tk-to)}e-a(t—tk)
+ X (tk )/]kE P)(tk) < max {/1 A /‘ /1 A (ET P)Ha‘ze_a(tk_to)

Pro- and Post- multiplying both sides of (10) by t-rst<t, k=17 Tk max '
— —|12 4 —r(t—

0 0 0 <Ay A A A ET P)MZe‘"“k‘to’e‘”““k)
[2ETP+2G]E"P+2PEG, ~24,E'P G[P GJE' Therefore ,

PGy -P 0 <0 V(X)) S Ay A A (ETP)g e,
_p-l

- =G ° ? 1) Sincee™ < A, <e 't thus

Applying Schur complement Lemma to (18), we obtain 0< A"ttt <1,

2ETP+ 2(3T ETP +2PEG, +G, PP'PG, (19) Therefore fort O[t, ,t,.,)

~TpET T
+ le E PEGk| - 2A E' P<O /]min (ET P)||X(t)||2 SV(X(t))
1, t _ —12 (L — —a(t—
Applying Lemma 1, we ge < gMo(t 1)/L/]maX(ET P)"(”" gt/ Lgmalt-t)/L

2E" P +2G, E"P + 2PEG, + G, PEG,
+GJE"PG, - 24,ETP<0
From (8) and (20), we can see Let M = /A0 (ETP)/ Ay (ETP)|jgf| and y = a(L-1)/ L,
E'P+GLE'P+E'PG, +G_E"PG, -A,E"P<0 (21)
Then, from (17) and (21), we have
V(x(t)) = AV (x(t,) (22)
By mathematical induction, one can show that

(20) < gL/ L/]maX(ET P)"(ZHZe—m(L—l)/ L

It is easy to see that
[x®)] < Mgle™ ), t=t,

Therefore the T-S fuzzy singular perturbed syst&jmth
time-varying delay is global exponential stable the state

V(X)) < A, - A A Ao (ET P)||¢J|| at)  (23)  feedback fuzzy controller (5).
tOM. -t k=12 Remark 2: Theorem 1 provides sufficient conditiémrsthe
[t b, Tee global exponential stability of the T—S fuzzy sitagyperturbed
Indeed, whenk =1 system (1) with time-varying delay. The conditiomg heorem
since|x(t)] =[ext)] < || . t Dlto =75, to], 1 are all in terms of LMIs, which can be efficignierified via
h solving the LMIs numerically by interior point. Anthe
e have ) feedback gains can also be obtained via solvind kfis.
V(X()) £ A (ETPYX®)[* < A (ET P)”@” , Corollary 1: If there exist symmetric and positigefinite
matrix P, such that the following LMIs hold
tO[ty — 74, to] T
E'P=PE=0 (24)
renee '"P+PA +aE'P  PB
\/ T —2 A + +al i <0 2
V (X(te)) < Ama(E"P)] { BTP CbETP (25)
V(X(1) <V (X(t)e ™ < Ay, (ETP)gf e, i=12-q,
tO[ty,t,) E'P+GIE"P+E"PG, +GLE"PG, -AETP<0 (26)
Thus, (23) holds whek =1 i=12,...,9, k=212...,
Next, assume that (18) holds fo m, m=1. Then, we wherea>b>0 anda >0 is the unique positive root of the
need to show (22) still holds whier= m+1. following equation

By (15) and (22) and the above induction assumptioa has a—-a+be?™ =0
V(X(t) < AV (X(t)) € A, - Ay A A (ET P)HgZHZe‘”(t“o), The parametersl, are specified by the designer, where
for t O[t,,t.,) e’ < A <™t k=12 . Then the T-S fuzzy
singular perturbed system (1) with time-varyingagyeis global

< \ / —a(t-t) < V| t —-a(t-t)
VX)) =V (x(t)e tkf{:gﬁtk{ (x(D)}e exponential stable wheu{t) =0.
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IV. SMULATIONS The time delay is chosen to li¢t) = 0.7sin?(t + 77/3). The
Consider a continuous stirred tank reactor nonfirsgatem impulsive matrices are as follows:
[17]. As in [17], the system model is given by tioelowing for mON,i = 123
equations ' ’~’
-1 if kK =4m, thenG,, =diag{0.101} ;
% === (t) + D, L=, (1)) o -
A % (1) 1 if k=4m+1, thenG,, =diag{-0.1,-01} ;
2 ~_ - ) = .
x exp%1+ ()] Vo)) + (/1 D, (t - 7(t)) if k=4m+2 then (_iki =diag{0.1,-0.1} ;
. 1 if k=4m+ 3 thenG,; =diag{-0.101} .
X =5+ B)x () + HD, =X (1) ‘

The design parameters are chosen as follows:

x exp(xzi(t)) + (& —1)x, (t - 7(t)) + Au(t) At =t —t,,=1k=12---;7,=08L =11
A+xO/y) A a=1b=05a =0.34242962s the unique positive root of
X =q@t), tO[-71,0], =12 (27) the equation
Where y, =20 H =8 D, = 0072 A=08 and 5= 03. a—-a+be™ =0

The statex () corresponds to the conversion rate of theg?™ < ), =1.3610=e% <e™'", k=12,

reactor 0< X, (f)<1 and X,(t) is the dimensionless Using MATLAB LMI toolbo, WhenED[1/432 434 ,
temperature. Assume that only the temperature eandasured Tha | Mis (8)-(10) hold.

on line, that isx(t) =[x, (t), X, (t)]" .

Considering the impulsive effect and the differeatiance
ratio of the system states (27) and using the TeSlaiing Fy :[_ 3-7530-_44-9239115 =[-3.3831-485589
approach developed in [17], we can obtain the faiig T-S  andF, =[- 0.7792-47.284( , Simulation results are shown

fuzzy model with impulse to represent system (27). in Fig.1 and Fig.2 under initial condition:
Plant Rulei

IF x,(t) is M} xt)=at)=[2 -3 .t0[-7, 0.

THEN EX(t) = AX(t) + B (t - 7(t)) + Cu(t),t #t,, . —5
X(t) = @t), tO[-1,.0],i =12,---,q, o
_[-14274 00757

‘[— 14189 —0.9442} ’
A, :[— 2.0508 0.3958} A :[ - 45279 0.3167}

A.Let & = 0.8, weobtain that

>

-6.4066 1.6268|' "3 |-262228 0.9387

0 2 4 6 8 10
Time t
B, =B, =B, :[035 035} , C,=C, = C3 = [093} , Fig.1 Responses of system states
25
_la)| _[1 0 20
ﬂt)—[%(t) E=lg )
The membership functions are selected as follows = °
1 X, <0.8862 0
-0.8862
M3 (X, (1)) = 1—w, 0.8862< x, < 2.7520
2.7520-0.8862 0
0, X, 22.7520 o < L B 12
_mM3 Fig. 2 Control input u
M2(x, (1)) = 1 M23(x2 t)), x,=27520 ) .
1-MZ(x, (), X, =27520 B. Let& = 008, we obtain that
0, X, < 2.7520 F, =[- 28225-263951, F, = [-2.4825-30.3895
M 3 (x, (t)) = X, —2.7520 27520< x. < 47052 andF; = [— 1.1772,—34.2972 , Simulation results are shown
22 4.7052- 27520 L in Fig.3 and Fig.4 under initial condition:
L X, 24,7052 xt=gt)=[2 -3 ,to[-7, q].
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— %O
1 ()

6] 2 4 6 8 10
Time t

Fig. 3 Responses of system states

80
"
< 40
20
% 2 4 6 a8 10

Time t

Fig. 4 Control input u

V.CONCLUSIONS

We have investigated the problem of robust fuzaytrcd for
a class of nonlinear systems with time-varying deased on
Lyapunov method and LMI technique, some criteriaehlaeen
proposed to guarantee the global exponential #ialof the
closed-loop system. Numerical simulations have heeoded
to demonstrate the effectiveness of the proposettalter.
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