
International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:2, No:3, 2008

181

 

Abstract— Our adaptive multimodal system aims at correctly 
presenting a mathematical expression to visually impaired users. 
Given an interaction context (i.e. combination of user, environment 
and system resources) as well as the complexity of the expression 
itself and the user’s preferences, the suitability scores of different 
presentation format are calculated. Unlike the current state-of-the art 
solutions, our approach takes into account the user’s situation and not 
imposes a solution that is not suitable to his context and capacity.  In 
this wok, we present our methodology for calculating the 
mathematical expression complexity and the results of our 
experiment. Finally, this paper discusses the concepts and principles 
applied on our system as well as their validation through cases 
studies. This work is our original contribution to an ongoing research 
to make informatics more accessible to handicapped users. 

Keywords— Adaptive system, intelligent multi-agent system, 
mathematics for visually-impaired users. 

I. INTRODUCTION

n adaptive computing system is a system that is capable 
to adapt its behavior according to changes in its 

environment or on user’s situation or in parts of the system 
itself. Hence, the system can reason and react with no or very 
little human intervention.  

A multimodal system allows user to interact with more than 
one mode of interaction.  Indeed, incorporating multimodality
into a computing system makes it more accessible to a wider 
range of users, including those with impairments. With 
multimodality, the strength or weakness of a modality or 
media device is decided based on its suitability to a given 
context. For example, visual modality (screen) is not 
appropriate to visually impaired users hence tactile modality 
(Braille terminal) or speech or both (using many media 
concurrently) can replace it.  

Making mathematics accessible to visually impaired people 
is a significant challenge, due to the following reasons: First, 
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the visual mathematical representation is bi-dimensional and 
the interpretation of a mathematical expression is related to 
one’s knowledge of the expression’s spatial components. 
Second, the conversion of a multi-dimensional structure to a 
non-visual representation (e.g. Braille) requires further 
information to explain a term (for example, an exponent) so 
the blind users can understand the expression correctly. Also, 
the conversion into an audio format is often ambiguous. Third, 
the vocabulary terms used by sighted people are quite large as 
compared to the amount of data that can be made accessible to 
blind people. For example, traditional Braille1 utilizes 6-dot 
character, which allows 64 possible characters. This quantity 
of characters is not enough to represent all frequently-used 
mathematical symbols (e.g. “X” is represented by a sequence 
of two characters: “,x”). Also, large quantity of symbols is a 
challenge to a blind user.  

The current state-of-the art proposes systems and solutions 
that translate mathematical expressions into other presentation 
formats.  For instance, some systems convert a standard 
algebraic expression into its audio equivalent, while others 
convert a mathematical document into its Braille 
representation. Yet others produce mathematical expression’s 
equivalent and present them as printed document in which 
characters are embossed and meant to be touched.  

Our work has been conceptualized after having reviewed the 
current state-of-the-art systems and solutions and found out 
that most, if not all, of available systems for presentation of 
mathematical expressions to visually-impaired users do not 
provide the user with the desired autonomy; that most of these 
systems do not take into consideration the current interaction 
context in their system’s configuration and that the prevailing 
systems provide only one choice of presenting mathematical 
expressions, meaning that they are not multimodal. In other 
word, our work addresses the weaknesses that we found in the 
current state-of-the-art systems and solutions. 

In this research, we take into account the current interaction 
context and the nature of expression because we have noted 
that the choice of presentation format varied also based on the 
nature of the expression. Various previous works [1] treated 
the interaction context. In this paper, we concentrate on 
studying the complexity of an expression. We demonstrate 
here that the parameters that constitute expression context 

1 http://6dotbraille.com 
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cannot be fixed or pre-defined. They have to be learned based 
on many parameters. In this regard, our approach is based on 
observations and a mathematical model to define the
expression complexity. Once the complexity is calculated, it 
can be integrated to other contextual information in order to 
find the most appropriate presentation format for each specific 
visually impaired user. This last step is not addressed in this 
paper. 

In this paper, we present the infrastructure of a multimodal 
computing system that presents mathematical expressions to 
visually-impaired users by taking into account his interaction 
context, preferences and the nature of the expression itself. 
The rest of this paper is structured as follows. Section II 
presents related researches and highlights the novelty of our 
work; Section III presents the purpose, objectives and 
questions of the work. Section IV defines media, modality and 
presentation format.  Section V presents the design of our 
system and the contextual information. In section VI, we 
present expression components and a mathematical taxonomy. 
Section VII presents experiment protocol and running 
experiment. In section VIII, we present and argue the results 
of the experiment.  In section IX, we apply the concepts 
experimented in the previous section. Finally, we present our 
future works and conclusion in section X.  

II. RELATED WORK

To a visually-impaired user, understanding mathematical 
expression requires repeated passages over the expression, 
sometimes skipping some secondary information, only to 
reverse back to it again and again until the user fully grasps 
the expression. A complicated task like this is detailed in [2]. 
Some tools, however, have been developed to lessen the 
complexity of performing a similar task, among them being 
Mathtalk [3], Maths [4], DotsPlus [5], EasyMath [6]  and 
AudioMath [7, 8]. In Maths, and MathTalk the user can read, 
write and manipulate mathematics using a multimedia
interface containing speech, Braille and audio. VICKIE 
(Visually Impaired Children Kit for Inclusive Education) [9] 
and BraMaNet (Braille Mathématique sur InterNet) [10] are 
transcription tools that convert mathematical document 
(written in LaTex, MathML, HTML, etc.) to its French Braille 
representation. Labradoor (LaTex-to-Braille-Door) [11] 
converts an expression in LaTex into its Braille equivalent 
using the Marburg code. MAVIS (Mathematics Accessible To 
Visually Impaired Students) [12]  supports LaTex to Braille 
translation using Nemth code. DotsPlus is a tactile method of 
printing documents that incorporates both Braille and graphic 
symbols (e.g. ∏, ∑, etc.). For EasyMath  [6], the objective is 
to produce a bi-dimensional output of a mathematical 
expression, similar to the representation for sighted people, 
using Braille characters and an overlay keyboard. 

As a background, some special Braille notations have been 
developed for mathematics. Also, different Braille code 
notations for mathematics are available depending on the 
country. Some of these codes are the Nemeth Math code [13] 
which is used in the USA, Canada, New Zealand, Greece and 
India; the Marburg code [14] used in Germany and Austria, 
the French Math code [15]. 

None of the tools cited above, however, is complete. Studies 
were conducted evaluating these tools based on users’ needs 
[6, 16]. Results indicate that users are neither independent nor 
able to do their homework (i.e. case of students) without the 
help of sighted people. Indeed, each tool has its own set of 
limitations. For example, Aster (Audio System for Technical 
Readings) [17] uses only a LaTex document, and AudioMath 
uses only a MathML document, in its conversion to its 
equivalent vocal output. Our approach, therefore, is to get the 
strength of each tool, integrate each one of them into our work 
in order to build a system that (1) broadens the limits of 
utilization, (2) provides the user with opportunities to access 
as many document types as possible, and (3) presents data 
output in as many suitable formats as possible after 
considering user situation and the expression complexity. This 
work is an essential contribution because we offer all types of 
data presentation formats yet the system requires minimum 
explicit intervention from the user. 

Also we noted that although functional, the system’s 
effectiveness is limited as the modalities for user interaction 
are already pre-defined. In contrast, a computing system 
becomes more flexible if no pre-defined input-output 
modalities are set. In fact, the output presentation of 
information should be based on the user’s application and 
interaction context (user, system, and environment) which 
could possibly be in constant evolution. The framework for 
intelligent multimodal presentation of information [18] is an 
example of such flexible system. The system’s user interface 
also should be adaptive to these context variations while 
preserving its usability. Demeure’s work [19] exhibits 
plasticity in context adaptation. Indeed, the forms of modality 
should be chosen only based on their merits to a user’s 
interaction context. This is the approach adopted in our work.  

In [20], the use of multimodal interaction for non-visual 
application have been demonstrated. The strength of
multimodality lies in the selection of a modality over another 
after having determined its suitability for data input or output 
given a specific situation. To visually-impaired users, 
multimodality is even more important as it provides them 
greater opportunities to use informatics. In determining the 
appropriate modality, the user situation plays an important 
role. In our work, we expanded the notion of user context as 
one that includes additional handicaps and the user
preferences on the priority rankings of media devices and 
presentation formats. 

III. PURPOSE OF THE WORK

The main purpose of this paper is to provide computing 
infrastructure to visually-impaired users through 
multimodality. This is in-line with the need for improving the 
quality of existing applications and for providing visually-
impaired users autonomy as they still need assistance of 
sighted people.  

There are two main parts in selecting the suitable 
presentation format: the interaction context and the expression 
nature.  The interaction context is not our focus here (see [21]) 
so we present it briefly. However, we present our 
methodology for calculating the expression complexity based 
on the experiments. Also, we present an architectural 
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framework of an adaptive system that can reason and react 
accordingly with no or very little human intervention.  

We have been working on adaptive multimodal systems
ensuring access to mathematics for visually impaired users. 
The objectives of our works are: a) to improve the quality of 
applications that present mathematics to visually impaired 
users, b) to come up with an effective and intelligent way of 
presenting mathematics so that users can master the
application without the assistance of sighted people and c) to 
provide various suitable presentations format to users.  
In this paper, our immediate objectives are a) to provide an 
efficient method to determine the expression complexity and 
b) to provide a methodology to integrate the complexity in an 
adaptive multimodal system.  

In order to accomplish these objectives, we prepared the 
following questions: 
- What are the factors (i.e. modalities, media, context...) that 

applications need to consider in order to produce high 
quality application which present mathematics to blind 
users? 

- Why are the currently available tools not so effective? 
- Which factors and parameters determine the complexity of a 

mathematical expression? 
- How the complexity approach introduced in this study can be 

integrated in the system to select the most suitable 
presentation format? 

IV. MODALITY, MEDIA AND PRESENTATION FORMAT

A. Modality and Media 

In our work, we adopt the notions of media and modality 
that are defined by Bellik in [22].  
1. Modality is defined by the information structure as it is 
perceived by the user (e.g. text, speech, Braille, image, etc.).  
2. Media is defined as a device used to acquire or deliver 
information or data (e.g. screen, terminal Braille, mouse, 
keyboard, etc.) 

Here, Vocal and Tactile modalities are possible since we 
address visually impaired users. Also, in general, interaction is 
possible if there exists at least one modality for data input and 
at least one modality for data output. Given a modality set M = 
{Vin, Tin, Vout, Tout} wherein Vin  = vocal input, Vout = vocal 
output, Tin = tactile input and Tout = tactile output then 
interaction is possible under the following condition:   

     ��������	
���
	��� � ���� � ���� �� ����� � �����  (1) 

where the symbols � and � denote logical AND and OR, 
respectively.  

There are usually more than one media that support a 
specific modality (see Fig. 1). For example, a regular 
keyboard, an overlay keyboard and a Braille terminal are all 
devices supporting tactile input modality. Activating them all 
is plain redundancy; hence the system must select only the 
top-ranked device.  

A. Presentation Format  

MathML is an application of XML for describing 
mathematical notations and capturing its structure and content 
and aimed at integrating them into World Wide Web 

documents. MathML is used to edit mathematical expressions. 
Also, LaTex is used to do the same task. These tools present 
mathematical expression in a bi-dimensional format which is 
not appropriate for visually impaired users. There are some 
alternative formats (i.e. Braille, Audio, DotsPlus, EasyMath, 
etc.) that are addressed to this kind of users. For example, Fig. 
2 shows two specimens expression (in bi-dimensional form) 
and their equivalents representation in DotsPlus and Braille.  

Fig. 1 A sample of media devices priority table and different 
modality’s forms. 
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Fig. 2 Two sample expressions in bi-dimensional form and its 
corresponding equivalent in Braille and DotsPlus format.  

The presentation formats available in the user’s computing 
system are all inputs to the presentation format selection 
process. Based on interaction context, available media, 
modalities, expression complexity and user’s preferences, the 
system selects optimal presentation format. For this paper, 
selection of appropriate presentation format is not discussed 
(see [23] for details). 

V. ADAPTIVE MULTIMODAL COMPUTING DESIGN

In this section, we provide the infrastructure that satisfies 
the design specifications of our adaptive multimodal system. 

A. Architectural Framework 

Fig. 3 shows the layered view of our adaptive multimodal 
computing system for visually-impaired users. Adopting a 
layered architecture approach, one in which data moves from 
one defined level of processing to another, helps prevent the 
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possibility of ripple effect from propagating to other system 
components. The various layers and their functionalities are as 
follows:  
1. Physical Layer – contains all the physical entities of the 

system, including devices and sensors. The raw data from 
this layer are sampled and interpreted and forms the current 
instance of interaction context.

2. Context Gathering Layer – detects current interaction 
context;  

3. Control and Monitoring Layer – controls the system, 
coordinates the detection of interaction context, the 
mathematical expression, its presentation and/or 
manipulation;  

4. Data Analysis Layer – here, the presentation format of the 
mathematical expression is selected based on available 
resources and user’s context;  

5. Data Access Layer – allows search/edit of mathematical 
expression;  

6. Presentation Layer – presents mathematical expression via 
optimal presentation format. 
An agent programming technique was chosen because the 

traditional techniques (i.e. functional or object-oriented 
programming) are inadequate in developing tools that react to 
environment events. Multi-agent systems (MAS) [24, 25] have 
been widely used, from relatively small systems such as email 
filters up to large, open, complex, mission-critical systems 
such as air traffic control [26]. Some works on MAS for 
visually-impaired users are exposed  in [20, 27]. In this work, 
however, our concern is on the correct representation of a 
mathematical expression while providing users autonomy. A 
multi-agent system is used to implement the architectural 
framework of Fig. 3. The functionalities of the various agents 
in our multimodal system are shown in Table I.  

Fig. 3 Architectural layer view of our multimodal computing system 
for visually-impaired users. 

B. Contextual Information 

Our approach is based on analysis of contextual information 
and learning techniques to design a system that is capable of 
adapting to the context (i.e. interaction context (IC) and 
complexity of expression). For this paper, interaction context is 
not discussed in detail since it is not related to this paper’s 

content. IC is formed by combining the contexts of the user, 
his environment, and his computing system.
i. The user context 

In this work, the user context (UC) is a function of user 
profile (including any handicap) and preferences. A sample of 
user profile, in generic format, is shown in Fig. 4. The user’s 
special needs determine other affected modalities (i.e. the user 
is already disqualified from using visual input/output 
modalities). For example, being mute prevents the user from 
using vocal input modality. 

TABLE I 
FUNCTIONALITIES OF VARIOUS AGENTS IN OUR ADAPTIVE MULTIMODAL 

MULTIMEDIA COMPUTING SYSTEM.

Fig. 4 A sample of user profile.  
ii. The environment context 

The environment context EC is the assessment of a user’s 
workplace condition. To a blind user, a parameter such as 
light’s brightness has no significance, while others, such as 
noise level, are significant. In this work, the environment 
context is based on the following parameters: (1) the 
workplace’s noise level – identifies if it is quiet/acceptable or 
noisy, and (2) the environment restriction – identifies whether 
a workplace imposes mandatory silence or not. EC affects the 
selection of media hence the choice of suitable format. For 
example: in a library where silence is required, sound-
producing media (e.g. speaker) needs to be muted or
deactivated. 
iii. The system context 

In our work, the system context (SC) represents the user’s 
computing device and the available media devices. The 
computing device (e.g. PC, laptop, PDA, cellular phone) also 
affects the modality selection. For example, using a PDA or 
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cell phone prevents the user from using tactile output modality 
so Braille format is not possible. 

iv. The expression complexity  
The complexity of the expression affects the choice of the 

format of presentation. In case of simple expressions (see Fig. 
2, expression (b)), the user will choose simple presentation 
format such as Braille or audio. Note that when the expression 
is complex, user has to choose more complex presentation 
format such as DotsPlus’s presentation (e.g. expression (a) in 
Fig. 2). Hence, the complexity of the expression is important 
for determining the suitable presentation format.  A 
mathematical expression consists of one or more operands and 
operators. Operators are symbols that represent a function, 
whereas operands are its arguments. Therefore we developed a 
method based on the syntax tree of the mathematical
expression to determine its complexity.  

In our work, we retain the three following parameters:  the 
depth of syntax tree, number of operands and operators. We 
also examined the impact of mathematical expression branch 
(e.g. algebra, analysis, etc.) on its complexity. In the next 
sections, we provide the details of our approach to calculate 
the expression complexity. 

VI. MATHEMATICS

A. Mathematical Taxonomy 

In the literature, mathematics are defined as the study of the 
measurement, properties, sets, shapes and motions of physical 
objects using numbers and symbols. Also we know it as a 
science of modeling, demonstration and calculation. In our 
work, we divide mathematics into 6 branches: algebra, 
arithmetic, calculus, geometry, logic and Statistics & 
Probability.  

B. Principal Branches of Mathematics:  

i. Arithmetic: This branch is also known as numbers theory. It 
deals with numbers (natural or relative) and their proprieties.  
Arithmetic does not consider the literal operands that are 
variables. Our system covers all the arithmetic expressions 
that contain symbols such as +, -, ×, ÷, /, Σ, Π, exponent.  
Example:  1+3×5=16  
ii. Algebra: It is the branch that substitutes letters for 

numbers. Algebra deals with symbols and variables. Thus we 
can consider it as an extension of arithmetic where letters, 
symbols represent variables. Also, this branch is about the 
study of quantity, relation and structure (e.g. set, group). In 
this work, we focus our experience on expressions made of 
operations and functions such as the four elementary 
arithmetic operators (+,-,*,/).  
Example:  4x3 -2x2 +x-3=0  
iii. Analysis: It is a branch which deals with numbers (real, 
complex) and their relations. It studies continuously changing 
quantities and relations which assigns to a variable another 
corresponding variable. The functions can be presented 
graphically (curve). Our topics cover the functional 
expressions such as algebraic and differential equations, 
variables and functions. On the other hand, it does not manage 
curve and figures.   

Example: ���� �  �!"√$�
iv. Geometry:  It is the science of the figures in the plan and
the forms (or volumes) in space. Trigonometry is part of the 
geometry. It makes it possible to study angles and their 
properties. In our research, we do not treat the figures as well 
as the vectors and their properties. However, we treat 
trigonometric expressions including functions such as sin, cos, 
tan.  
Example: cos2 (x)+sin2 (x)=1  
v. Logic:  it is the study for composing proofs, which gives us 

reliable confirmation of the truth of the proven proposition.  It 
is also called "science of the reasoning". It is used to approve a 
reasoning, to distinguish the truth of the forgery. This branch 
is widely used in computer science field. The logic
expressions we are considering here are propositional logic 
and first order logic.   
Example: a ��b 
vi. Statistics & Probability: Probability is the likelihood or 
chance that something is the case or will happen. Probability 
is essential to many human activities that involve quantitative 
analysis of large sets of data. Statistics is a mathematical 
science about the collection, description, analysis, 
interpretation of data and prediction. In this branch, we 
consider expressions written to describe a phenomenon but we 
do not treat graphs or histograms.  
Example:  P(x)=½     

C. Mathematical Expression  

A mathematical expression consists of several operands 
connected by operators. In a mathematical expression, 
brackets and parentheses group terms aim to simplify reading 
of expression and specify priority of calculations. Each set of 
terms ranging between two brackets (open and close) is called 
block.   
i. Operands  

An operand is defined as the element on which operations 
are carried. It can be constant or variable. In a mathematical 
expression, there is always at least one operand. The nature of 
the operand varies from a mathematical branch to another. For 
example, in arithmetic the operands are numbers. However, in 
algebra they are numbers and literal variables, and in logic, the 
operands take truth values to make predicates. Operand can be 
simple (single operand) or composed (a group of operand and 
operator enclosed in parentheses).  
ii. Operators 

An operator performs a logical or mathematical operation 
on the operands in an expression. It settles the relation 
between terms of the mathematical expression. Each 
mathematical branch has some specific operators although 
there are common symbol operators between these branches. 
The complexity of an operator depends on the number of its 
operands. Indeed, there are several types of operators:  
- Unary operator: it needs just only one operand such as the 

square root, sin, logical predicates (NOT).  
- Binary operator: it involves exactly two operands such as the 

addition (+), the multiplication (*), logical predicates (e.g. 
OR, AND), etc.  

- N-ary operators: when the operator has three operands or 
more, it is known as n-ary operator. For example, definite 
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integral has 3 arguments (i.e. f(x).dx, upper and lower
limits).  
In an expression that contains multiple operators, there are 

rules to decide the order in which operators are evaluated. 
These rules are called operator priority. Operators of higher 
priority within an expression are executed before operators of 
a lower priority. For example multiplication has a higher 
priority than addition. To increase the priority of an operator, 
we place it and its operands inside parentheses. Also, these 
parentheses or brackets contribute to read and understand the 
expression easily in dividing the expression to subsets.  
iii. The syntax tree  

To determine the complexity of a mathematical expression, 
it is necessary to consider all expression components. 
Operators and operands are easily detected while reading the 
expression. However, presence of many brackets and 
especially overlapping brackets increase the challenge and 
complicates analysis of the expression. Therefore, we 
elaborated a solution based on the principle of syntax tree of 
the expression where internal nodes are labeled by operators 
(nonterminal), and the leaf nodes represent the operands of the 
operators (terminal). Thus, the leaf nodes only represent 
variables or constants [28].  

Finally we consider the depth of tree being the number of 
connections that we encounter starting from root node (i.e. 
topmost node) to the farthest leaf. This parameter points to the 
number of groups (i.e. parentheses or brackets) in the 
expression. In this work, the tree of an expression has a unique 
root and at least one leaf.  

To build a syntax tree of the expression, we proceed in a 
similar way as the conversion of the expression into postfix 
form. We build subtrees for the subexpressions (i.e group of 
terms between 2 brackets) by creating a node for each operator 
and operands. The children of an operator node are the parents 
of the nodes representing the subexpressions constituting the 
operands of that operator. The subexpressions are determined 
based on the nature of operators and their priorities. When 
operators have identical priority, the construction of 
subexpressions is done by grouping operators and operands 
from left to right (i.e. left-associative or the order of 
evaluation). 
Consider, for example, this expression: 
  �% & '��( & ) * '�' & + & (

In this expression, parentheses in numerator identify well 
the two operands of the multiplication (2 subexpressions). 
However for the term (y+5×x), the multiplication has a higher 
priority than the addition. In this case, multiplication operator 
and its operands (i.e. 5 and x) become a subexpression and 
addition operator with its operands (i.e. y and 5×x) are another 
one. On the other hand, in the denominator, there are 2 
identical operators. Therefore we divide denominator in 2 
subexpressions according to the order of left associative. So 
the expression can also be written as follows:  �% & '��( & �) * '����' & +� & (�

Fig. 5 shows the syntax tree of that expression. Note that 
left side of the figure presents the numerator and right side 
illustrates the denominator.  

The root node represents the fraction bar.  Internal nodes 
represent operators in the expression (i.e. ×,+,+,×,/,+,+). While 
leafs correspond to variables and constants (i.e. 1, x, y, 5, x, x, 
2, y). For the depth, we count 4 connections from the root (i.e. 
/) to the farthest leaf (i.e. 5 or x). 

Fig. 5 A syntax tree of the sample expression. 

VII. THE EXPERIMENT

A. Hypothesis 

In our experiment, we have some assumptions:  
- There is a relation between the three parameters of the 

expression (operators, operands, depth) and its complexity. 
Then our tentative is to determine the function which allows 
calculating the complexity. 

- The parameters of the expression have not the same 
influence on the complexity so we have to determine the 
weight of each one of them. 

- The branch of the expression may affect its complexity. In 
probability branch, special symbols such as (∑, ∏, etc.) are 
used often and they are more complex than arithmetic 
symbol such as +,-, ×, etc. 

B. Evaluation Protocol  

Our objective of the evaluation is to establish a relation 
between the three parameters (operators, operands, depth) and 
the complexity of the expression. According to the 
mathematical taxonomy that we presented above, mathematics 
comprise 6 branches. We composed ten expressions of each 
branch, with various complexities to cover all possible degrees 
of complexity (varying the number of operators, operands and 
parentheses from one expression to another).  

We want to check if the complexity of the mathematical 
expression varies from a branch to another when both have the 
same number of parameters as well as the relation between the 
type of mathematical operators and expression complexity. 
Also, we made another test where the collection contains 
expressions of various mathematics branches.  

In our experience, the main hint to the complexity is the 
time allocated by participant for reading and memorizing the 
expression. Also, error rate during the rewriting of the 
expression gives another indication to the level of complexity.   

To measure the error rate, we took a metric that is similar to 
a common metric of the performance of a speech recognition 
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system and machine translation system. That metric is known 
as word error rate (WER) [29] . It is derived from Levenstein 
distance. The distance between two sentences is the minimum 
number of insertions, deletions and substitutions required to 
transform one sentence into the other. Here, we assign the 
same weight to these three operations. Also, we use
expressions instead of sentences and terms (operator and 
operand) instead of words. The WER is the distance between 
an expression reference and its corresponding expression 
written by the participant. Formally, the WER is defined as: 

,-. � / & 0 & 12
Where I is the number of the insertions, D is the number of the 
deletions, S is the number of substitutions and N is the number 
of operators and operands in the expression reference.   

C. Experiment Running 

The participant must take his time to read and memorize the 
expression shown on-screen. When participant think that he 
knows well the expression, he hide it and try to write the 
expression on a sheet. At the end, the participant assigns a 
digit (from 1 to 5) to the expression to indicate its complexity 
according to his experience and values of Table II. In this 
experiment, participant considers the expression that takes a 
long time to be memorized as very complex.  

TABLE II 
THE COMPLEXITIES AND ITS SUITING VALUES. 

Complexity  Value  
Very Simple  1  

Simple  2  
Average  3  
Complex  4  

Very Complex  5  
The purpose of the experiment is to verify if the participants 

have the same tendency to classify expressions or the order 
varies from one person to another. In this way, we can 
determine the relationship between the profile of the reader 
(i.e. participant) and the complexity of the mathematical 
expression. The expressions are presented to the participants 
in a random order of complexity.  

The expressions are presented on a screen of a computer in 
order to measure the time for reading, memorizing and 
rewriting the expression. However, the rewriting of
expressions is made by hand.  The participants in this 
experiment are university graduates in different studies, such 
as computer science, mathematics, chemistry, literature, etc. 
We choose this degree of studies because the types of the 
operators used in this experiment are not recognized by 
college students. The participants are skilful to use computer 
therefore we did not encounter problems of this kind during 
tests. There were 50 participants. A test of ten expressions 
takes in average 15 minutes. After each test passed by the 
participant, we collected information by noting times taken for 
each expression, and by checking the syntax of the expression 
written by this participant. The error rate for each expression 
is then calculated. 

VIII. RESULTS OF EXPERIMENTS AND DISCUSSIONS 

In this section, we present for each branch of mathematics 
the data collected during our experiments and the 
corresponding results. Results are shown in the following 
tables and graphs. The first column in these tables presents the 
mathematical expression number, the second column shows 
the number of operands, the third is the number of operators 
and the fourth is the depth of the syntax tree of the expression. 
These data are easily extracted from the syntax tree of the 
expression. The last four columns of the tables are results of 
our experiments. We calculated the average time taken by all 
participants for each expression.  The rate column is the 
average of the error rates of all the participants. Complexity 
row shows in which complexity level the participant has 
placed the expression (there are 5 levels).  

On graphs, R. Time and W. Time mean average time taken 
by all participants to read and write an expression
respectively. 

A. Arithmetic  

Table III presents the results for arithmetic expressions. The 
number of operands varies between 1 and 8. The number of 
operators varies between 2 and 9. Here, the depth of the syntax 
tree is not more than 4 as the depth is always less than the 
number of operators.  

Let us take expressions 2 and 4 (see appendix). They have 
the same number of operands "5" and operators "4" but their 
tree depths are different ("3" and "4"). The average time for 
reading and memorizing expression 2 was 13.06 seconds. On 
the other hand, expression 4 took almost 24.87 seconds. In the 
same way, the error rate passed from 1.48% to 8.15%, and the 
majority of the participants gave complexity 4 and 3 to 
expression 4 and 2 respectively. We can say that it is due to 
the fact that expression 4 includes several brackets. Thus, the 
depth has an influence on the complexity of the expression 
and should be taken it in to account it in the other branches of 
mathematics.  

TABLE III 
EXPERIMENT’S RESULTS OF ARITHMETIC BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1  3  2  2  5.01  6.67  0.00  1.64  
2  5  4  3  13.06  11.47  1.48  2.67  
3  4  3  3  7.27  4.40  0.00  1.81  

4  5  4  4  24.87  16.73  8.15  4.33  
5  4  4  4  10.27  8.20  1.90  2.53  
6  8  7  3  23.47  10.67  11.11  3.73  

7  4  3  3  9.13  5.87  0.00  1.87  
8  6  9  4  20.00  13.80  1.33  4.04  
9  7  7  4  28.60  12.20  19.05  4.67  
10  1  2  2  2.20  3.73  0.00  1.01  

Fig. 6 illustrates reading time that reaches its high with 
expressions 4, 6, 8 and 9. These expressions have the most 
operators, operands and depth (i.e. 4).  
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Fig. 6 Curves representing reading and writing times taken by 
participants during experiment of arithmetic branch. 

B. Algebra  

Table IV and Fig. 7 represent test results for algebra branch. 
We notice that the tendencies of participants continue in the 
same direction to confirm our assumption that the complexity 
of mathematical expressions depends on these three 
parameters (i.e. operators, operands, depth). For example, 
expression 7 has higher parameters than other expressions. 
Experiments classify this expression as the most complex 
expression among all expressions in this branch. 

In Fig. 7, we notice that expression 7 takes the highest 
reading time (26.82 seconds).  

TABLE IV 
EXPERIMENT’S RESULTS OF ALGEBRA BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1 4 4 4 4.80 7.13 0.00 1.99 
2 6 7 4 17.62 12.07 1.54 3.69 
3 7 6 4 8.73 7.62 9.23 3.62 

4 5 6 4 12.93 10.02 6.06 3.40 
5 3 2 2 2.20 2.18 0.00 1.52 
6 9 8 4 12.61 11.13 5.49 3.87 

7 8 11 5 26.82 16.20 15.19 4.93 
8 4 3 2 4.92 4.62 0.00 1.29 
9 2 1 1 2.13 4.73 0.00 1.07 
10 5 5 3 6.64 7.87 12.67 2.87 
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Fig. 7 Curve representing reading and writing times taken by 
participants during experiment of algebra branch. 

C. Analysis    

Let us take the two expressions, 6 and 9, which are 
considered complex by participants. As shown in Table V, 
parameters of expression 6 are higher than the ones of 
expression 9. Then, expression 6 must take more time and 
should be considered the most complex among all expressions 
in this experiment. However, the experimental results 

illustrated in Fig. 8 shows the contrary (20.53 seconds for 
expression 6 and 22.94 for expression 9). In fact, there are 
some participants not familiar with the mathematical function 
"log", and then reading time increased for this expression.   

A. Geometry / Trigonometry 

In this branch, expressions cover all trigonometry functions. 
Test results are presented in Table VI and Fig. 9. 

Expressions 2 and 9 have the same number of operands, but 
expression 9 has one more operator. However, the complexity 
of the expression 9 is higher than the expression 2. We asked 
participants about that difference. They think that it is because 
of the presence of numbers in the expression. They also found 
that expression 2 is similar to arithmetic expression. In 
addition, for scientific participants, these 2 expressions had the 
same complexity, but for other participants the expression 9 
was more complicated. 

TABLE V 
EXPERIMENT’S RESULTS OF ANALYZE BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1  5  5  3  8.45  7.53  0.00  2.56  
2  2  2  2  2.80  3.31  0.00  1.09  
3  3  1  1  2.82  5.04  0.00  1.01  
4  4  3  3  4.87  4.35  0.00  1.72  
5  6  7  4  14.61  11.42  18.97  3.97  
6  7  10  5  20.53  16.41  5.88  4.53  

7  4  4  3  14.07  5.82  4.17  2.80  
8  8  7  3  12.73  11.67  4.44  3.93  
9  5  8  5  22.94  13.13  9.23  4.67  
10  7  6  4  17.02  11.92  7.18  3.59  

0

5

10

15

20

25

1 2 3 4 5 6 7 8 9 10

S
e
c
o
n
d
e
s

Expressions

R.Time
W.Time

Fig. 8 Curves representing reading and writing times taken by 
participants during experiment of analysis branch. 

TABLE VI 
EXPERIMENT’S RESULTS OF TRIGONOMETRY BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1 3 4 3 6.47 6.21 0.00 1.51 
2 5 5 4 15.36 7.87 0.00 2.53 
3 6 7 4 19.53 9.32 1.54 3.64 
4 4 6 4 17.51 8.24 1.34 3.13 
5 2 5 3 8.34 9.72 4.76 2.04 
6 1 3 3 6.72 4.28 0.00 1.13 

7 7 12 5 37.73 16.42 1.41 4.61 
8 8 9 5 24.92 12.26 9.42 4.58 
9 5 6 5 22.27 9.04 6.06 4.24 
10 7 8 5 30.40 12.82 12.02 4.47 
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Graph in Fig. 9 shows that expressions 7, 8, 9 and 10 are the 
most complex among all expressions, and this is due to the 
largest number of parameters of these expressions. 

0

5

10

15

20

25

30

35

40

1 2 3 4 5 6 7 8 9 10

S
ec

on
de

s

Expressions

R.Time

W.Time

Fig. 9 Curves representing reading and writing times taken by 
participants during experiment of trigonometry branch. 

B. Logic  

During our tests, we prepared a summary of this branch to 
explain it to participants who had not enough knowledge in 
this field.   

Even with this assistance, we can notice, in Table VII and 
Fig. 10, that participants took longer time to read logic 
expressions comparing to other branches like arithmetic even 
with the same number of operands and operators. 

In the same way, expressions with a higher number of 
operators and operands need a longer reading time. For 
example, expression 8 took more than one minute for reading. 
This is due to the high number of terms.  

TABLE VII 
EXPERIMENT’S RESULTS OF LOGIC BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1  4  2  2  9.40  6.46  0.00  1.92  
2  8  6  4  21.73  17.81  1.91  2.87  
3  2  3  3  10.52  5.88  0.00  1.59  

4  7  6  3  26.61  20.32  0.00  4.15  
5  6  7  3  22.24  18.53  1.03  3.94  
6  3  4  3  19.07  11.34  13.31  2.48  

7  5  5  3  22.62  16.41  3.34  3.46  
8  9  10  5  61.53  28.12  27.72  4.92  
9  5  8  6  37.12  32.47  22.56  4.71  
10  6  7  4  26.34  15.21  6.15  3.52  
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Fig. 10 Curves representing reading and writing times taken by 
participants during experiment of logic branch. 

C. Statistics & Probability  

In this mathematical branch, we use often operators which 
are "tri-nary" such as the summation. This will increase the 
quantity of information to be memorized and therefore the 
reading time.  This hypothesis was confirmed during
evaluations, as shown in Table VIII and Fig. 11. 

For example, participants took on average of 56.72 seconds 
to memorize expression 10. This time is justified by the 
appearance, in the expression, of a rarely used function (i.e. 
VAR) and the large number of parameters compared to other 
expressions.   

A. Combination  

In this section, the set of expressions is a collection of 12 
expressions of all mathematical branches. Here, our objective 
is to verify experiment results when expressions are a 
combination of various mathematical branches. To do so, the 
same participants of previous experiments realized this test. 
Table IX and Fig. 12 show the test results.  

TABLE VIII 
EXPERIMENT’S RESULTS OF STATISTICS & PROBABILITY BRANCH. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1  7  9  5  40.42  18.52  18.33  4.28  
2  5  4  3  22.23  15.47  11.11  2.64  
3  3  1  1  5.87  5.41  0.00  1.04  

4  9  7  5  33.87  23.02  7.08  3.85  
5  2  1  1  2.03  3.52  0.00  1.02  
6  4  6  4  18.81  11.46  4.04  2.53  

7  6  5  5  35.04  19.81  5.15  3.87  
8  6  3  3  24.93  12.72  5.19  3.33  
9  4  2  2  9.41  7.03  0.00  1.53  
10  8  12  6  56.72  21.53  14.68  4.83  
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Fig. 11 Curves representing reading and writing times taken by 
participants during experiment of probability and statistics branch. 

The results of this test confirmed that the tendencies of 
participants remained the same as the previous experiments. 
We noticed that expressions with higher parameters were 
classified among the most complex expressions such as 
expressions 5, 11 and 12.  

According to the parameters, these expressions were really 
the most complicated in this test. In fact, the depth (10) of 
expression 5 is more significant than the one of expression 12 
(6). Also, expression 5 has a very high number of overlapping 
blocks that affects significantly the complexity of expression 
5.   
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TABLE IX 
EXPERIMENT’S RESULTS OF A COLLECTION OF 12 EXPRESSIONS. 

N
o. 

E
xpression  

O
perands 

O
perators  

D
epth  

Memorizing

Average 
reading 

time  
(sec) 

Average 
writing 

time  
(sec) 

Error 
rate  

Subjective 
complexity  

1  7  6  4  20.56  7.19  2.41  2.75  
2  4  3  3  19.88  7.75  3.57  1.66  
3  1  4  4  15.25  11.02  0.00  1.37  

4  7  9  4  31.75  21.51  5.08  3.63  
5  6  11  10  66.38  36.31  16.18  4.57  
6  3  1  1  8.75  5.38  0.00  1.05  

7  4  2  2  18.44  12.63  4.17  1.58  
8  5  7  5  27.04  14.75  5.21  3.24  
9  9  5  4  47.69  23.63  9.38  4.71  
10  2  10  6  45.88  30.52  6.25  4.19  
11  8  5  3  38.15  22.77  6.25  4.06  
12  10  16  6  46.13  32.31  13.22  4.89  
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Fig. 12 Curves representing reading and writing times taken by 
participants during experiment of the 12 expressions. 

IX. RESULTS AND APPLICATION

A. Results Analysis   

According to the results obtained above, our assumption is 
confirmed that expression complexity depends on the three 
parameters as well as the mathematical knowledge of
participants. We know that the three parameters have a 
significant impact on the complexity of the expression, but we 
do not know the weight of each one. Then we try to find these 
weights by examining graphs and the collected data.  

We noted that the three variants follow the same curve. In 
fact, when the complexity of an expression increased, the 
reading and writing time increased. However error rate is null 
when expression is categorized very simple or simple and 
becomes more significant when expression is more complex. 
So in this experiment we work on the variant named 
“subjective complexity”.       

The principle of this evaluation is to observe complexity of 
the similar expressions (same number of operands, operators 
and depth). Table X presents 4 similar expressions that have 
the same parameters (operands=6, operators=7, depth=4). In 
this work, we say that these 4 expressions are of model 
M(6,7,4).  

Expressions shown on Table X come from 4 different 
mathematical branches (i.e. algebra, analysis, statistics & 
probability and combination). The data of the last column 
show the average of all complexities estimated by the 
participants during the evaluations and the data in the last cell 
is the average of all averages of these complexities.  

Since our objective is to find this complexity in a systematic 
way, it is necessary to find the relation between these 
parameters (operands, operators, depth). 

TABLE X 
4 SIMILAR EXPRESSIONS AND ITS AVERAGE COMPLEXITY. 

Branch Operands Operators Depth complexity 

Algebra 6 7 4 3.69 

Analysis 6 7 4 3.97 

Probability 6 7 4 3.52 

Combination 6 7 4 3.64 

  Average 3.71 

We note here that the subjective complexity follows a linear 
curve then we opt to propose a linear function. Specifically, 
the idea is to associate a weight for each parameter. The 
formula that we proposed is:   
                          3 � ' * � & ( * 4 & 5 * 6                        (2) 

where C is the complexity of the expression, P the number of 
operands, F the number of operators, and D is depth of the 
tree. x, y and z are the weights of the operands, operators and 
depth respectively.   

Let us consider a mathematical expression which is of 
model M(6,7,4) then according to Table X, its average 
complexity is 3.71.  
The equation becomes: 3.71=6x+7y+4z  

Then, we take a set of similar expressions in order to have 
more data for determining the values of these unknown 
variables.  

To find the values for these variables, we follow the same 
method used to collect the data of Table X. The experiments 
count 72 different expressions which belong to 51 different 
models. We keep the model that has at least two samples of 
expressions in our experiments. We found only 13 models 
which presented in Table XI. Considering these data, we build 
a problem of 13 equations (see Fig. 13) that illustrates a linear 
programming problem. It consists of the following three parts:  
1) The linear function to be optimized is: 3 � ' * � & ( * 4 & 5 * 6;  
2) The problem constraints presented in Fig. 13; 3) the non-

negative variables x≥0, y≥0, z≥0.  

78
88
88
9
88
88
8:
+' & ( & 5���� � %;<)=' & ( & 5���� � %;<==' & +( & +5 � %;)>=' & ?( & =5 � %;@@?' & +( & +5 � %;A>?' & =( & =5 � %;BB�?' & ?( & ?5 � +;+A?' & A( & ?5 � +;>=)' & ?( & =5 � +;AA)' & )( & =5 � +;@AA' & B( & ?5 � =;B%B' & A( & ?5 � =;=+>' & B( & =5 � =;>=

C

Fig. 13 Our linear programming problem.  

Solving this problem, we get: X=0.39; y=0.10; Z=0.16. 
Then, the formula becomes: 
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                  3 � <;=@ * � & <;%< * 4 & <;%A * 6                (3) 

In Table XI, we use this formula to validate our approach. 
Column 5 (average Complexity) presents the results of 
experiments for several models of expressions. However, 
column 6 (estimated complexity) shows results of calculation 
using our formula. The last column shows if two complexities 
(average and estimated) are equivalent.   

Table XII  shows the categories of complexity (very simple, 
simple, average, complex, very complex) as we mentioned in 
the protocol of evaluation and its corresponding numeric 
value.  

The exhaustive success classification rate (for the 72 
available mathematical expressions) is 81.94%. The success 
classification rate (for the 13 models) is about 84.62%. In fact, 
expressions of model M(4,4,4) and M(7,6,4) in Table XI are 
considered as simple and average respectively according to the 
experiment, but average and complex according to our 
formula. Then the results of our approach, even if they are not 
always equivalent to the results of the evaluations, are 
coherent and acceptable. 

TABLE XI 
COMPARISON TABLE OF ESTIMATED COMPLEXITY USING OUR FORMULA AND 

AVERAGE COMPLEXITY ACCORDING TO EXPERIMENTS. 

M
odel 

O
perands 

O
perators 

D
epth 

Complexity
Valid 

hypothesis
Average Estimated 

M(2,1,1) 2 1 1 1.05 1.04 YES 
M(3,1,1) 3 1 1 1.03  1.43  YES  
M(3,2,2) 3 2 2 1.58 1.69 YES  
M(3,4,3) 3 4 3 1.99  2.05  YES  
M(4,2,2) 4 2 2 1.68  2.08 YES  
M(4,3,3) 4 3 3 1.77  2.34  YES  
M(4,4,4) 4 4 4 2.26  2.60  NOT  
M(4,6,4) 4 6 4 2.83  2.80  YES  
M(5,4,3) 5 4 3 2.66  2.83  YES  
M(5,5,3) 5 5 3 2.96  2.93  YES  
M(6,7,4) 6 7 4 3.71 3.68 YES 
M(7,6,4) 7 6 4 3.32 3.97 NOT 
M(8,7,3) 8 7 3 3.83 4.30 YES 

TABLE XII 
THE FIVE CATEGORIES OF COMPLEXITY. 

Complexity  Category  
C<1.5  Very Simple  

1.5 ≤ C<2.5  Simple  
2.5 ≤C<3.5  Average  
3.5 ≤ C<4.5  Complex  

4.5≤C  Very complex  

B. Integration of Expression Complexity in Our System 

The analysis of a mathematical expression is explained as 
follows. Given a mathematical expression in MathML format 
for example, it is analyzed lexically using grammar rules and 
dictionary. The result yields a list of lexemes. A lexeme is a 
parameter within an expression which may be an operand or 
an operator. Given the lexemes, the parser analyzes the 
expression parameters (i.e. operands and operators and syntax 
tree) then sends parameters to the Expression Evaluator to 
determine its complexity based on equation (3). The parser 
sends then the expression to the Expression Encoder to be 
translated into its encoded format. This process is shown in 
Fig. 14.  

Fig. 14 Structure of the analysis of a MathML expression. 

As an example, Fig. 15 shows a sample of fraction (4). ' & %' D %               (4)  

As shown, in step 1, the MathML expression is sent to the 
Lexer. In step 2, using the XML grammar, the expression is 
decomposed into a list of lexemes; the list is then sent to the 
parser. In step 3, the operations and operands in the expression 
are sent to expression evaluator and encoder. Together, in step 
4, the evaluator deduces the complexity of the expression (e.g. 
simple) while the encoder produces the encoded expression. 
Finally, in step 5, the complexity of the expression is 
determined and the encoded expression becomes an input to 
the presentation format selection process.  

Fig. 15 A sample analysis of a specimen fraction. 

X. CONCLUSION

Our ongoing research focuses on providing computing
infrastructure to visually-impaired users through 
multimodality. One area of such domain is the infrastructure 
for mathematical presentation to blind users which this paper 
addresses. In this paper, we have noted the weaknesses of the 
current state-of-the art solutions. We note that the current 
available solutions present mathematical expressions in one 
presentation format. Also there is no consideration to the 
contexts of the user, his working environment and his 
computing system as well as the nature of the mathematical 
expression itself and of the user’s preferences. Moreover, 
these solutions do not provide visually-impaired users with 
autonomy as the users still need the assistance of sighted 
people.  

In this work, we have presented the architectural framework 
of our adaptive system. We provided taxonomy of 
mathematics and our methodology for determining expression 
complexity. Also, we have presented the experiment results 
and the way to integrate complexity in our system. 
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In our future works, the solution will consider various 
presentation formats to present the expression in suitable 
presentation format based on user’s situation and expression 
complexity. Also, future works involve the prototyping of this 
infrastructure and simulating its performance using several 
computing systems. Such prototype will also be tested on 
blind users with various interaction contexts.  

APPENDIX

a) Arithmetic   * �$ & E� (1) F�G * H� * IJ * � & $� (2) " * �K$ D  � (3)  * ���" *� D $� L E� (4) �ME & $�E (5) $$ $ L E" * $ (6) N
$ & N (7) 

√$ * √"√ * √H * $ (8) 

OI NN D �$$ D  "� (9) 

P√H (10) 

b) Algebra MQR$S (I) √Q * R & S * T√QR ���� (2) 

�$ & "U� DU$���� (3) ��√$ & N�√�& N���� (4) �$ & ����� (5) N & �N D �$ & N D �N & ����� (6) 

√� * MV$M�& V * √�$V ���� (7) 

N�� & N���� (8) 

√� ���� (9) √�� & N * N� (10) 

c) Analysis

���� � � & N� D N���� (1) $WXY� (2) 

Z �T�E
[ (3) 

V �  � & N (4) V � \]^�√� & N� & $ (5) 

V � √\]^�$ & � & N & �√_X\ � (6) 

V � �$ * O � (7) 

WXYN[ � & WXYN[ V�$ D V$ (8) 

MWXY�� & N�WXY√�$ D N (9) 

V � � � & $��$� D N� (10) 

d) Geometry / Trigonometry 

`ab� � NSc`V (1) 

Sc`� �  √GG (2) 

�N & Sc`$���N D `ab �� (3) �`ab$�� & √dQb� (4) 

|dQb�| � √`ab� (5) 

M|`ab�| (6) Sc`�� & V� D Sc`�Sc`V & `ab�Sc`V � [ (7) �Sc` ��$ & $Q �`ab$��$ (8) Sc`V � QSc`�R� & S� (9) ESc`�� D f� � Sc`� V & f� (10) 

e) Logic 

gha
b

aiU
(1) 

gh�Qa� �gh�Rj�U
jiN

b
ai[ (2) 

k�kl � m� (3) Fno �po q�J o F�n op� o �no q�J (4) �kpokn� o F�pon� o �no p�J (5) km � �kl � m� (6) 

kl � l �gh���r
�i[

(7) 

�l � s � m� � kFl � �s � `�J � �l � k � `� (8) k�kl � m � k�s � k`� � l� (9) k�lN � d� � kl$ � s (10) 

f) Statistics & Probability  

t√aU
ai[

& uvbv �u D b�v (1) 

Nb *wh�u�b
uiN

(2) 

wab
aiN

(3) 

wxba$bla D bayu
ai[

(4) 

qbu (5) h�n z p� D Fh�S� & h�T�J (6) 

wwh�u�h�j�U
ji[

b
uiN (7) 

wt a* jU
jiN

b
ai[

(8) 

w�ab
ai[

(9) 

{√b & N{ � N||}~��� D $|$bv * u (10) 

g) Combination $� D  �$ & N (1) � & WXYN[|� | (2) �W^�M|�|�� (3) �N & ���\]^� & _X\ ��� &  & �}^� (4) 

P�� �� &  �M|W^|�|| D $���� (5) 
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Z�T�$
[

(6) 

wbau
aiN

(7) 

|�| D
NM|�|"�

(8) 

ta�
aiN

&ww�j * u�b
ui[

U
jiN

 (9) 

_X\ �M|\]^�N���|� & _X\ �M|\]^�N�_X\ V�|� (10) 

wa�
ai[

&tjU
jiN

& WXYb��� (11) 

W^ �N�� & P�� D N� & N�M|�| * �v (12) 
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