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Velocity Distribution in Open Channels:
Combination of Log-law and Parabolic-law

Snehasis Kundu and Koeli Ghoshal

Abstract—In this paper, based on flume experimental data, the
velocity distribution in open channel flows is re-investigated. From
the analysis, it is proposed that the wake layer in outer region may
be divided into two regions, the relatively weak outer region and
the relatively strong outer region. Combining the log law for inner
region and the parabolic law for relatively strong outer region, an
explicit equation for mean velocity distribution of steady and uniform
turbulent flow through straight open channels is proposed and verified
with the experimental data. It is found that the sediment concentration
has significant effect on velocity distribution in the relatively weak
outer region.

Keywords—Inner and outer region, Log law, Parabolic law,
Richardson number.

I. INTRODUCTION

umerous investigations have been done to measure the
Nturbulent mean velocity profile in open channel flows.
For fully developed turbulent flows through straight rectangu-
lar open channels, the vertical distribution of mean velocity
into the inner region (y < 0.2h, where y is the distance
from bed and A is the flow depth) can be expressed well by
the log law. But the log law deviates from the experimental
results in the outer region. This deviation cannot be always
modified either adjusting the von Karman constant x or the
additive constant present in the log law [1]- [3], as the log
law measures the velocity which increases with increase of
distance from bed. Vanoni [5] claimed that for wide open
channels where aspect ratio(ratio of channel width b to water
depth h) Ar > 5, there always exists a central region where
there is no velocity dip and the log law can be extended
up to the free surface. Later on [2] proposed that for wide
open channels, in the central zone with | d/h |< (Ar —5)/2
where d = b/2 — z in which z is distance from the side wall,
the side wall effect can be neglected and the flow is two-
dimensional. The velocity distribution in this central section
of open channels is characterized by the maximum velocity
occurring at the free surface and the log law can be applied
within the limits of experimental accuracy. In a vertical region
near the side wall or in the corner zones, log law fail due to
the presence of the dip-phenomenon which occurs from the
side wall effect and reported a century ago [6]- [7]. In the
outer region, the deviation of log law from experimental data
is counted by adding the Coles’ wake function to the log law
[1], [8]. After the log law, the log-wake law is considered to
be the most reasonable extension of velocity distribution [3].
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The log-wake law is applicable in the central section [15] but
fails near the side wall regions and at the corner regions for
wide open channels due to velocity dip-phenomenon. However
flows through open channel with aspect ratio Ar < 5, due to
the strong side wall shear stress, secondary velocity cannot be
neglected and the maximum velocity always occurs below the
free surface and in this case the log law and the log-wake law
fail to predict the velocity near the free surface at the outer
region.

Flows through open channels with aspect ratio Ar < 5,
the velocity in the central section of the outer region(y >
0.2h) can be described by a parabolic law. According to [9] it
was proposed by Bazin from the experimental investigations.
But the region of applicability of the parabolic law was not
mentioned [4]. Vedula and Rao [4] proposed a general form
of parabolic law which is as follows

2
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where Umq, 1S the maximum velocity, u is the velocity at
height n from bed, u, is the shear velocity, C' is a parameter,
n(= y/h) is the dimensionless distance from bed, y is the
distance from channel bed, A is the flow depth, 14i, (= Yaip/h)
is the dimensionless distance of the maximum velocity from
bed and yg4;;, is the location of maximum velocity from bed.
According to [4] the junction point from which the parabolic
law (1) is applicable up to the free surface ranges from 0.2
to 0.3 for sediment laden flows and they showed that the
parameter C' present in the parabolic law depends on this
junction point. Later on [10] proposed the limitations and the
region of validity of the parabolic law (1). They claimed from
the experimental investigations that for the tangential parabola,
the maximum value of the junction point is 0.5 when there is
no dip-phenomenon and the value decreases with the presence
of dip-phenomenon.

At the common boundary of inner and outer region both
the laws i.e. the log law and the parabolic law are valid and
velocity is single valued [10]. Combining the log law and
the parabolic law, the binary law is proposed and verified
by [4] for open channel flows with rough bed. Sarma et al.
[10] studied the binary law for subcritical and supercritical
flows in smooth and rough open channels with finite aspect
ratios. From the previous paragraph it is clear that the region
of applicability of the parabolic law depends on the choice
of the junction point. Moreover the junction point cannot be
expressed in terms of width and aspect ratio [10] and hence
cannot be calculated from experimental data. Also to match the
log law and the parabolic law at the junction point, extra condi-
tions are needed. Therefore it is more reasonable to merge the
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log law and the parabolic law into a single composite equation
such that it can predict the velocity throughout the depth.

The main objectives of this paper are: (1) to propose a
velocity distribution equation combining the logarithmic law
in the inner region and the parabolic law in the outer region;
(2) to show that the proposed log-parabolic law is valid in
clear water, sediment-laden and quasi-neutral sediment-laden
flows; (3) to analyze the effect of sediment concentration on
velocity distribution in the outer region; and (4) to determine
the effect of sediment suspension on the model parameters in
sediment-laden flows.

II. FLOW REGIONS WITH VELOCITY MODELS
A. Logarithmic law in the inner region

Velocity distribution in the inner region where 0 < n < 0.2
is described by the log law which is as follows

“_lneB )

Us K
where u is the velocity at height n from bed, w., is the shear
velocity, x is the von Karman constant, B is the additive
constant and 7(= y/h) is the dimensionless distance from
bed and h is the flow depth. The logarithmic law is valid
throughout the inner region except on the channel bed where
n = 0. Experimentally [11], [12], [13], and [14] showed that
the log law is valid in the entire flow region and claimed
that the value of the von Karman constant decreases with
the sediment suspension. Later on [15] showed that the value
of the von Karman constant in the region near to bed is
not affected by the sediment suspension. Reference [16], and
[17] supported Coleman’s [15] argument. Therefore it can be
concluded that the log law is applicable in the inner region
with the value of the von Karman constant x = 0.4 and
when the log law is extended to the outer region, the value
of k decreases with the sediment suspension. This indicates
that sediment suspension has significant effect on the velocity
distribution in the outer region. In this study, keeping the
value of von Karman constant « as 0.4 throughout the depth,
the effect of sediment suspension on velocity distribution is
analyzed.

B. Parabolic law in the outer region

The velocity distribution in the outer region through an
uniform open channel can be described by the parabolic law.
The general forms of the parabolic law were proposed by [4]
and [10]. But the junction point from where the parabolic
law is applicable, can be extended into the inner region by
adjusting the parameter present in the parabolic law. Many
researchers pointed out that the parabolic law is applicable
only in the outer region. Therefore in this study to fit the
parabola in the outer region and to investigate the effect of
suspended sediment on the velocity distribution in the outer
region the parabolic law proposed by Bazin is taken. The
parabolic law for the outer region 7 > 0.2 according to Bazin
for a central section in open channels is as [9]

Umaz =% _ 6.3 (1 - ")2 3)

U Tdip

where Up,qy is the maximum velocity, n4:p(= Yaip/h) is the
dimensionless distance of the maximum velocity from bed and
Yaip 18 the location of maximum velocity from bed.

The log law and the parabolic law velocity profiles for
inner and outer region respectively is plotted with the exper-
imental data of Coleman [15] in Fig. 1. It should be noted
from Fig. 1 that parabolic law (3) significantly deviates from
the experimental measurements in the inner region and this
deviation is denoted by (uparqa — Umea)/Usx, Where Upgrq is
the value calculated from parabolic law (3) and e, is the
measured value and wu, is the shear velocity. It can also be
noted from Fig. 1 that beyond the inner region the velocity
still deviates from parabolic as well as logarithmic profile.
Coles’ first pointed out that the deviation of velocity from log
law in the outer region occurs due to the wake in the outer
region. The log-wake law also deviates from experimental data
near the free surface and it cannot satisfy the outer boundary
condition [18]. To investigate the deviation of the velocity
profile from the log law and the parabolic law more clearly
beyond the inner region, the log law and the parabolic law
are plotted in Fig. 2 with the data from [11], [15] and [19].
The point of deviation of parabolic law from the experimental
data is denoted as 7, in Fig. 2. From Fig. 2 it can be seen that
the values of 7, are 0.7, 0.6 and 0.46 and the aspect ratios
for the velocity profiles plotted in Fig. 2 are 2.1, 3 and 11.9
for Coleman [15], Wang and Qian [19], and Vanoni [11] data
respectively. One can observe that with the increase of aspect
ratio, the value of 7, decreases gradually. This occurs because
when the aspect ratio is small(usually less than 5), the side wall
shear stress dominates over the free surface shear stress in the
region 0.2 < 7 < 7, and as aspect ratio increases, the free
surface shear stress dominates over the side wall shear stress in
the central section. Also from Fig. 2 it is clear that the velocity
in the region 0.2 < 7 < 7, neither predicted by the log law
nor by the parabolic law. For sediment-laden flows, in the
region where 1 > 7, the effect of sediment concentration can
be neglected as the sediment concentration becomes very low.
Therefore to investigate the effect of sediment concentration
in the outer region, it is more reasonable to divide the wake
layer into two regions: relatively weak outer region where the
side wall shear stress dominates over the free surface shear
stress for narrow channels; and relatively strong outer region
where the free surface shear stress is important than the side
wall shear stress for narrow as well as wide open channels.

From the above discussion in the foregoing paragraphs it is
evident that, the flow region may be divided into three regions:
inner region which comprises 20% of the flow depth from the
channel bed i.e., where 0 < 5 < 0.2, the relatively weak
outer region which roughly can be taken as 0.2 < 7 < n,
and the relatively strong outer region where 7, < n < 1 in
which 7, is the point of divider. In the inner region logarithmic
law is applicable and in the relatively strong outer region the
parabolic law is applicable. Fig. 3 indicates the regions clearly.

C. Log-Parabolic law in the whole flow region

The log law and the parabolic law are two asymptotic
expressions for velocity distribution in inner and relatively
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strong outer region respectively. At the relatively weak outer
region, the velocity cannot be predicted either by the log law
or by the parabolic law. To merge these two expressions (2)
and (3) into a single composite equation which can also predict
the velocity in the relatively weak outer region, the following

model is proposed
A\ P
1+(2)
Ui

where ¥(n) =1 —n/nqip is a function of 7, n(=y/h) is the
dimensionless distance from bed, C' is a parameter determined
from the maximum velocity condition u = Upqz at 7 = Ngip,
parameters « and A(> 0) are determined with B, C' and k,
and B(> 0) is the shape parameter used to determine the shape
between two asymptotes (2) and (3) of (4) in the relatively
weak outer region. It is clear from Fig. 1 and Fig. 2 that the
parabolic law (3) predicts velocity accurately in the relatively
strong outer region and significantly overestimates the velocity
in the inner region. So to diminish the value in the inner region
the last term in the right hand side of (4) is subtracted from
the parabolic law (3) and hence o > 0.

In the inner region for small value of 7, the function ¥(n)
is approximated as ¥(7n) ~ 1. From the proposed model it is
clear that in the inner region near to the bed, 7 is very small

ug =C—-63[(n)]*—aln

*

U(n)(L—n) 4)

and for a fixed value of A, % is very large and one can

approximate the third term on the right hand side of (4) as

=3

and (4) tends to the form for the inner region

In U(n)(1—n) — Blln A —Inn] (5)

i:04511177—1—0—6.3—ozﬁln)\ (6)
U
Imposing the boundary condition © = Upaee at 1 = Ngip
into (4) and comparing (2) with (6) one gets the value of
the parameters C, a and A respectively as

C = Umazx (7)
Usx
1
a=_5 ®)

A= exp {n (L —6.3—B>] 9)

U
From (8) and (9) it is clear that & > 0 and A > 0 which we
have mentioned earlier.
Similarly, for the outer region when n — 1

()

i.e., (4) matches asymptotically to the parabolic law (3) in the
relatively strong outer region.

Substituting the values of C' and « from (7) and (8) into
(4) one can write the velocity equation in the defect form as

=3

In U(n)(1l—n)—0 (10)

Y(n)(1—mn)
1)

Umaz — U 2 1
— =63V —1
” (e + 5 n

In this study (11) is referred as the log-parabolic law which
is the main contribution of this study. Equation (11) matches
asymptotically with the log law when 7 is very small nearer
to bed and with the parabolic law when 7 is nearer to 1 at
the free surface. Like the log law, (11) is invalid at the solid
boundary where 1 = 0. The first term on the right hand side
represents the parabolic law and the second term represents
the log law. The velocity profile is calculated from (11) for
open channel flows throughout the depth if the value of the
parameters are given. To complete the investigation, it now
remains to evaluate the parameters B, u., 7qip, A and .

III. DETERMINATION OF PARAMETERS AND FITTING

The main parameters in (11) are Upae, Us, Ndip, B and .
The shear velocity u, is calculated using the formula given by
[18]. For the shape parameter the method of least-squares is
used using the help of MATLAB. The value of ) is calculated
from (9). To compute the value of A the value of B is needed
and it is calculated using the least-squares method. The value
of the parameter 74;), is calculated from the formula given by
[20].

A. Least-squares method for parameter B

To accurately estimate the value of the additive parameter
in the universal log law, the least-squares method is used. The
least-squares approximation can be represented as

n ws 1 2
K3

Sf; {u —In(n;) — B (12)
in which S is the sum of the squares of the residuals, n is the
number of sample points (7;, u;) which satisfies 7; < 0.2 and
K is the given von Karman constant. The model parameter B
can be found by minimizing S i.e. by solving the following

equation

oS

e 13
3B 0 (13)
This can be written as
n
;1
3 {1 — Zln(m) — B} =0 (14)
Us K

i=1

Further (14) can be written as

; w K;ln(m)] (15)

The model parameter B can be calculated explicitly using (15)
from the data. A MATLAB programme has been written to
find the value of the parameter B.

1
B=-
n

B. Calculation of shear velocity u.

The shear velocity is an important parameter in open
channel hydraulics which is used to dimensionless mean flow
velocity, turbulence intensities etc.. It is defined u. = \/7/po
where T, is the average bed shear stress, py is the fluid density.
There are several methods to determine the shear velocity
[18]. Using the conformal mapping over the rectangular cross-
section of the channel into a half plane, [18] proposed two
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different explicit formulas for determining the shear velocity
in a central vertical depending on the value of the aspect ratio
b/h. The shear velocities are expressed as

Uy =/ghS®; when b/h <25
=4/gbS®y when b/h>2.5 (16)

where ¢ is the gravitational acceleration, & is the flow depth,
b is the width of the channel, S is the energy slope and the
functions ®; and ®, are defined as

4 oh 4 .
By = Ltante) 4 B (14 2T o
s '/T2h

in which A = 0.6691 and

1 I
dy = —sin! (tanh E) (18)
m b
The shear velocity for at the centerline is calculated from (16).
A comparison between the calculated values with the measures
values is plotted in Fig. 4.

C. Calculation of parameter 14;p

It is known from experimental investigations that the loca-
tion of maximum stream wise velocity 44;;, is mainly depends
on the lateral position z from side wall of the measured
velocity profiles in rectangular open channels. Several in-
vestigators proposed empirical relation of dependence of the
relative distance of the location of velocity dip to the water
depth, 74ip = Yaip/h with the relative lateral distance to the
water depth z/h. Wang et al. [21] obtained the following
empirical relation of linear trend of sine wave function based
on measured data from literature as

2
Naip = 044 + 0.212 (%) +0.05sin (%%) (19)

where z/h < 2.6. He added that if the aspect ratio Ar =
b/h < 5.2, the maximum velocity occurs below the free
surface and if Ar > 5.2, maximum velocity may occur at
the water surface. He remained silent about the occurrence of
velocity dip at the vicinity of side wall regions for wide open
channels. Later Yang et al. [20] proposed another empirical
relation between dimensionless velocity dip position 74;, and
relative lateral distance to the water depth, z/h as follows

1

1+ 1.3exp (f%) @0)

Ndip =
A comparison between these two empirical relations is plotted
in Fig. 5. Is is clear from the figure that they give almost
same result when z/h < 2.5. For larger value of z/h the
relation proposed by [21] deviates more from experimental
results whereas the equation proposed by [20] matches more
accurately with the experimental data of Coleman [15], Vanoni
[11], and Wang and Qian [19]. For calculating the velocity in
narrow and wide open channels from (11), the value of the
parameter 7)q;;, is therefore calculated from the relation (20).

D. Procedure for fitting the profile

1) The value of the parameter B in the log law is computed
from (15) by fitting the best straight line by least-squares
method into the inner region 1 < 0.2 .

2) With this value of B, the value of A is calculated from
).

3) The shear velocity u, is calculated from (16).

4) Then the value of the parameter 74;), is calculated from
(20).

5) Taking 8 = 1 as an initial approximation the value is
improved from (11) by using least-squares technique in
MATLAB to get the best fitting equation.

6) Then the velocity is calculated from (11) using the
values of the parameter u,, 3, A and 74;;, obtained from
previous steps.

IV. TEST OF THE LOG-PARABOLIC LAW

The velocity measurements from experiments of Coleman
[15], Vanoni [11] and Wang and Qian [19] is used to verify the
applicability of log-parabolic law (11) in open channel flows.

Fig. 3 indicates that there is velocity defect in the inner
region defined as (Upara — Umea)/Us, Where Upqrq is the value
calculated from parabolic law (3) and e, 1S the measured
value taken from data and w. is the shear velocity. This
velocity defect is defined from (3) and (11) as

=—1n

AP
U K3 b (5)

To assure whether this velocity defect defined by (21) is pro-
portional to In 1 + (A/n)ﬁ] (I —n/n4ip) (1—n), as predicted
by (11) it is appropriate to investigate the relationship between
the quantities (Uparqa — Umea)/Us and In [1 + (/\/77)5] (1-
n/Naip) (1 — n). Fig. 3 shows a velocity profile taken from
RUN 2 data of Coleman’s [15] experiment where aspect
ratio Ar = 2.08. The data have been replotted in Fig. 6
in the form (Upara — Umeq)/U+ against In [pl + ()\/n)ﬁ] (1—
n/Naip) (1—n). Fig. 6 shows that the points can be represented
by a straight line with a correlation coefficient 0.85 and slope
2.6655. Also it can be seen from (21) that the slope of the
straight line in Fig. 6 is 1/(kf) = 2.6685 where k = 0.4
and $ = 0.9369. The value of the parameter 3 is taken from
the best fitting equation by least-squares method which is
clearly indicated in Fig. 3. Thus the plot in Fig. 6 indicates
that the formula (11) given in defect form for the vertical
distribution of velocity profile for the entire flow regime is
actually reasonable and Fig. 3 establishes the validity of (11)
clearly.

Fig. 7 compares velocity profiles obtained from log-
parabolic law with experimental data of Coleman [15]. Two
clear water profiles (RUN 1 and 21) and one water-sediment
mixture profile (RUN 13) is plotted in this figure in a rect-
angular scale and in a logarithmic scale in Fig. 7(a) and
Fig. 7(b) respectively. The aspect ratios for the runs 1, 13
and 21 are 2.07, 2.08 and 2.1 respectively and in all cases
maximum velocity occurs below the free surface. The value
of the parameters B, f3, 14i» and X is given in I. One can find

upara — Umea 1

V()L —n) (2D
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from the table that the shape parameter decreases with the
Richardson number whereas the parameter A increases with
Richardson number. It clearly shows that the density gradient
has significant effect on the velocity profile. From Fig. 7 it can
be concluded that, the log-parabolic law predicts the velocity
well throughout the depth with velocity dip correctly. This
indicates that log-parabolic law is applicable for clear water
and sediment-laden flows through narrow open channels.

Fig. 8 compares log-parabolic law with the experimental
data of Vanoni [11]. From all data, one profile (RUN 3) in clear
water and two profiles (RUN 18 and 21) in water-sediment
mixture is plotted in the figure in both rectangular scale and
logarithmic scale in Fig. 8(a) and Fig. 8(b) respectively. The
aspect ratios for three runs are 5.75, 5.99 and 11.9. The values
of the parameter 74;, from (16) and the values of the other
parameters /5 and A are indicated in II. From the figure it
is clear that log-parabolic law measures the velocity profiles
well throughout the depth of the channel. It indicates that log-
parabolic law is applicable for predicting the velocity profiles
in clear water and sediment-laden flows through wide open
channels.

Experimental data of Wang and Qian [19] is taken to check
the validity of log-parabolic in quasi-neutral sediment-laden
flows. Wang and Qian [19] performed experiment for three
types of particles: SF(clear water + fine plastic particle),
SM(clear water + medium plastic particle) and SC(clear water
+ coarse plastic particle). Due to uniform distribution of
plastic particles in clear water, the experiment can be treated as
quasi-neutral sediment-laden flow [22]. Fig. 9 compares log-
parabolic law with some experimental data from experiment
of Wang and Qian [19]. In all cases the aspect ratio is 3 and
hence velocity dip occurs. In this case also, log-parabolic law
predicts velocity profile well throughout the depth for narrow
open channels.

A. Density gradient effect on the parameters [3 and A

To test the effect of density gradient on the model param-
eters 0 and A\ the experimental data of Coleman [15] and
Vanoni [11] is taken. The density gradient is quantified by
the Richardson number R; which is defined as the ratio of the
sediment suspension energy to the turbulent production [22].
The Richardson number is defined as [22]

_ ghnaip ps — po Co.os — C1

R; = 22
ui o opo 14y, 22

where g is gravitational acceleration, h is flow depth, 14, is
the dimensionless distance of the velocity dip position from
bed, u, is shear velocity, py is the mass density of water,
ps is the mass density of sediment, Cy g5 is the volumetric
sediment concentration at y = 0.05h, C is the volumetric
sediment concentration at the top of the boundary layer and
C,, is the mean sediment concentration.

The calculated values of Richardson number for all Cole-
man’s [15] and Vanoni’s [11] experimental profiles are shown
in I and II respectively. The variation of the shape parameter 3
with the Richardson number R; is plotted in Fig. 10 with the
experimental data of Coleman [15] and Vanoni [11]. It is clear

30 v
------ Log law, Eq. (2)
281 . . Parabolic law, Eq. (3) RUN 2
2%} o Coleman Data(1986) |
. i 4 g,
24 k Inner : L0 »
« < region > 1 PO
S ol a5 |
= o7 g Wake layer.
> ol - ,.’B_.D : in outer > i
- =T | region
s :
181 ¢
0
161 e : (upara_umea)/u*
14 -2 ‘—1 ‘0
10 10 10

Fig. 1. Typical velocity profile with velocity dip [data from Coleman(1986)]

from figure that Richardson number has significant effect on
the shape parameter 5. From the figure one can see that when
R; =0, 8 =1 which is consistent with respect to theoretical
aspect. A curve fitting line fitted these data well with R? value
0.7. The variation of shape parameter 3 with the Richardson
number R; can be expressed as

- 1
1+ 15.4exp (- 4% )

(23)

The values of § is irregular when R; < 5 which is due to the
difficulty of measuring very low concentration in the fluid.
Similarly, the variation of the parameter A with the Richard-
son number is plotted with the experimental data of Coleman
[15] and Vanoni [11] in Fig. 11. It can be seen that the value
of X increases with the increase of the Richardson number
R;. A linear relation exist between A\ and R;. A curve fitted
line is fitted with the data with R? = 0.74. The variation of
parameter A with the Richardson number R; can be expressed
as
A=0.1+0.006R; 24)

From this relation we have A = 0.1 when R; = 0, which
is consistent with the experimental results. The value of A
scatters when R; < 5 due to very low concentration in the
fluid.

V. CONCLUSION

The velocity distribution in steady and uniform turbulent
flow through straight open channels is reanalyzed theoretically
from the previous flume experimental investigations. The
theoretical analysis shows that:

1) The wake layer in the outer region of flow field may be
divided into two regions, relatively weak outer region
and relatively strong outer region and the parabolic
law (3) agrees well with the experimental data in the
relatively strong outer region.

2) The proposed log-parabolic law (11) is valid in clear
water, sediment-laden and quasi-neutral sediment-laden
flows throughout the depth of the channel.

3) The density gradient i.e., the Richardson number R;
has significant effect on the shape parameter 8 and the
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Fig. 2. Velocity profiles for narrow and wide open channels[data from
Vanoni(1946), Coleman(1986), and Wang and Qian(1989)]
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Fig. 3. Comparison of log law, parabolic law and log-parabolic law for
Coleman(1986) RUN 2.

parameter A for sediment-laden flows. From computed
results, empirical relations for the shape parameter [
and the parameter A with the Richardson number R; are
proposed. For clear water flows, 5 = 1 and the value
decreases exponentially with the increase of the Richard-
son number in sediment-laden flows. The parameter A
increases linearly with the Richardson number.

4) The sediment suspension has significant effect on the
velocity distribution in the relatively weak outer region.
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Fig. 5. Relation between velocity dip position n4;, and relative lateral
distance to water depth z/h for open channel flows(after Yang et al.(2004)).
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