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Abstract—In this paper, a nonconforming mixed finite element
method is studied for semilinear pseudo-hyperbolic partial integro-
differential equations. By use of the interpolation technique instead
of the generalized elliptic projection, the optimal error estimates of
the corresponding unknown function are given.
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[. INTRODUCTION

N this paper, we consider the following semilinear pseudo-
hyperbolic partial integro-differential equations

uy — V- (a(x, t)Vug + b(z, t)Vu
+ /t c(z,t, 8)Vu(z, s)dr) = f(u), (z,t) € Q x J,
0

u(z,t) =0, (z,t) € 00 x J,
u(z,0) = ug(x), u(z,0) = uy(x),2 € Q,

)

where ) is a bounded convex polygonal domain in R? with
Lipschitz continuous boundary 99, J = (0,7 is the time
interval with 0 < 7" < co. Assume that the coefficients a(z, t),
b(z,t), c(x,t) are sufficiently smooth and bounded functions,
and 0 < ap < a(z,t) < a1 < 00, 0 < by < b(x,t) <
by < 00, 0 < ¢g < ¢e(z,t) < 1 < 00 ,ai(x,t) < |bg| for
some positive constants ag, a1, by, b1, co, 1. up and uy are
given functions, f(u) and its partial derivatives are sufficiently
smooth and nonlinear functions of .

The pseudo-hyperbolic equations M2) are a high-order
partial differential equations with mixed partial derivative with
respect to time and space, which describe heat and mass
transfer, reaction-diffusion and nerve conduction, and other
physical phenomena. In [3], a finite element method for
pseudo-hyperbolic partial integro-differential equations was
studied and The Sobolev-Volterra projection was given. In
[4] and [5], the three splitting positive definite mixed finite
element schemes were proposed for pseudo-hyperbolic equa-
tions, and semidiscrete and fully discrete error estimates were
studied. In [6], [8], two H'-Galerkin mixed finite element
method were proposed for pseudo-hyperbolic equations and
pseudo-hyperbolic integro-differential equations. In [9], the
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H'-Galerkin expanded mixed finite element method is pro-
posed for pseudo-hyperbolic equations. Liu et al. [7] proposed
a new splitting H'-Galerkin mixed finite element method for
pseudo-hyperbolic equation. In [10], a least-squares mixed
finite element methods were studied for pseudo-hyperbolic
equations.

In recent years, a lot of researchers have studied mixed finite
element methods for partial differential equation and made a
great contribution to the mixed finite element methods ([11],
[12], [13], [14], [15]), With the research and development
of the mixed finite element methods, some new mixed finite
element method were proposed, such as splitting positive
definite mixed finite element method [4], [16], nonconforming
mixed finite element method [17], [18], [19], H!-Galerkin
mixed finite element method [6], [8], [9], [20], and expanded
mixed finite element method [21]. Compared to standard
mixed finite element methods, the nonconforming mixed finite
element method uses the interpolation technique instead of
the generalized elliptic projection to obtain the optimal error
estimates of the corresponding unknown function. In this
paper, we study the rectangle nonconforming mixed finite ele-
ment method for semilinear pseudo-hyperbolic partial integro-
differential equations and obtain the semidiscrete and fully
discrete error estimates.

II. MIXED WEAK FORM AND SEMIDISCRETE SCHEME

To formulate the mixed weak form of (1), let

t
p = —(aVus + bVu + / cVudr),
0

and set d = —Va(z,t), e = —Vb(z,t), g = —Ve(x,t). Then,
problem (1) can be written in the mixed form of the first order
system:

utt+V‘p:f(U),(.T,t)€QX(O,TL
t
p+V(aut+bu)+/ Veudr
0

¢

2

+dut+eu+/gudT:(),(x,t)eQx(O,T], @
0

z,t) =0, (z,t) € 00 x J,
z,0) = uo(2), ut(z,0) = u1(x), x € Q.

u(
u(

Let W = H(div,Q) = {w € (L@)%divw € LXQ)},
normed by || - |3y o) = I - [* + [[div - [|* and V' = L*(2).
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The mixed weak form of (2) is: find {u, p} : [0,¢] = VxW

such that
(ugt, v) + (divp, v) — (f(u),

¢
(p,w) — (auy + bu, divw) — (/ cudr, divw) + (dug, w)
0

v)=0,veVte (0,T],

¢
+(eu7w)—|—(/ gudr,w) = 0,w € W,t € (0,77,
0

w(z,0) = ug(x), ur(x,0) = uy (), € Q.
3)
Let Q be a bounded convex polygonal domain in R? with
boundary Of) parallel to the x-axis or y-axis. 7 be a
rectangular mesh of Q, V;, C T}, is the space of piecewise
constant functions, W}, C T}, is the nonconforming piecewise
cross-element space, that is

Vi ={u:ulp € Qoo(K),VK € Ty}, “)

Wi = {p=(p',p*);VK € Th,/[pi]ds =0,e € OK,i = 1,2},

€

)
where, p' = span{l,z,y,y}, p*> = span{l,z,y,2%}, [p']
denote the jump term of p on the edge of element, [p!] =
p', (i =1,2), if e C OQ.

Now we define the interpolation functions of u, p on the
element K: Ilu € Vj: I,%u_: ‘Tl(lfKudacdy, IZp =
(H;p17nl27,p2) € Wha fl1 H%pz = fhpzd&z = 1727374’
j = 1,2, where |K| and [; denote the area of a rectangle
and the edge of K. For any Ph € Wy, let us define
lonlln = S(lpnll* + ||divps||?)2, it is straightforward that

K
Il - |n is the norm in W,.

The semidiscrete nonconforming mixed finite element
scheme for (3) consists in determining {up,pr} : [0,t] —
Vi, x Wy, such that
(untes vn) + (divpn, vn)n — (f(un),vn) = 0,04 € Vj,

(Phywn) — (aunt + bup, divwp ),

t
- (/ cupdr, divwp,)p, + (dupg, wr) + (eup, wp)
0

¢
+ (/ gupdr,wp,) = 0,wy, € Wy,
0

up(x,0) = Ihuo( ), upt(x,0) = Ihul( ),
ph(' ) = Ihp(.T,O),.T € Qv

(6)
where (u,v), =Y [, uvdz.

We shall demonstrate the existence and uniqueness of the
solution of (6).
Theorem 2.1: There exists a unique discrete solution to the
system (6).
Proof: In fact, if Vj, = span{¢1, o2, -
span{i1, 2, , ¥y, }, let

Zh

“¢r, t and Wy, =

ph_zg_} 1/0

Then (6) can be written as

@ AT Raw) = ),
) e - E-n" (r L x)HE =0,
(¢) H(0) = Iuo(0), H'(0) = I u(0),G(0) = Ihp(()()7»)
where
= (i, 0j)rixrys H(t) = (ha(t), -+, by (1)),
B(H( ) = (Fis 1hk¢k)7¢j)r1><n
D= (wnwv)mxrp (diijaa(m)mxrp
F= (dlijab(z)z)rzxn? G= (gl(t) agrz))la
J ( J7d¢z)rg><117 (w‘]7e¢l)7”2><717

(¢Z7dlij)71><727 wjafo Cv¢1d5)72><71
Noting that A and D are positive definite matrices and
combing with (a) and (b) of (7), we get

d2H(t) . dH (t)
A—gp —BDTE=I) = ®)
— RD™YF — L — X)H(t) = B(H(t)),

which is a differential equation of H(t). According to
Caratheddory theorem in the theory of ODE, when ¢ > 0,
H(t) has the unique solution. Moreover, G(t) has a unique
solution. That is, problem (6) has a unique solution. |

III. SOME LEMMAS AND SEMI-DISCRETE ERROR
ESTIMATES

Setu—up = (u—Itu)+ ([tu—up) =&+, p—pp =
(p—I?p)+ (I?p — pn) = p+ 0. From [17] and [19], we can
obtain the following important lemmas.

Lemma 3.1: If u,u; € L%(Q), then Vp, € W}, we have

(&, divpp)n =0, (&, divpy)n = 0.
Lemma 3.2: If p € H(div; 2),then Vv, € Vj,,we have
(vp, divp) = 0, (vpe, divp) = 0,
(Vntt, divp) = 0, (Vptte, divp) = 0.
Lemma 3.3: If Vu,v € H'(2),a(x) is boundedthen
(u, Iyv) < Cllull - [|v].

Lemma 3.4: If u € H?(§2),then V1 € W}, we have
(> [ wbnds < Chiuls|[0].
= Jok

Theorem 3.5: Let(u,p) be the solution of (3) and (up, pn)
be that of (6), then for u € H3(Q) (N HE(Q), p € (H(Q))?,
such that

t
[ = unll < Chlul + (/0 (lall3 =+ luell3 + luee 13

1
+ |uttt|1 + |p|1 + |pt| )dr)z],

€))
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lp —prlln < CR[(Ipl1 + ul1 + [Juellr)
t
+ O / lal2 + el + lual} (10)
0

+ Jugel§ + [plT + |pelP)dr)2].

~ Proof: Set @ = |17|fK adxdy, a; = ﬁf}( ardxdy,
b= 1 [y bdzdy, by = \qu Jx brdzdy. and combin Lemma
3.1 and Lemma 3.2 together with (2), (6), for Vv, € Vp,
Ywy, € Wy, to have

(&t + Mee, vn) + (dive, vp)n = (f(u) — f(un), vn),
(0, wr) — (an; + by, divwp)p = —(p, wn)
+ (a&t + b€, divwn)n — (d(&e +ne),wn) + (e(§ + 1), wn)

t t
ds, di d
([ et s, v+ ([ gle +mds. )
t
—‘,—;/(Sg(aut—i—bu—&—/o cudr)wy, - nds.

(11

Let vy, = an; + I} (bn) and wy, = 0 in (11), combine the two
equations in(11) and using the lemma 3.1, we get

(e, me) + (6, 0)
= —(p,wn) + (a&; + &, div0), — (§4t, any)
— (&t + e, Iy (b)) — (d(& + 12, 0) + (e(€ 4+ 1), 0)

([ e+ mds.divd),+ () = ). am + 14 (6m)

+(/0 g(f"’n)dsﬁ)ﬂ-;/(m(aut—i-bu
10

¢
+/ cudr)f - nds = Z B;.
0

i=1
(12)

Using Holder’s inequality and Young’s inequality combining
with Lemma 3.1-3.4, inverse inequality, average value tech-
nique in [18], and the boundedness of f(u) and Lipschitz
continuity, we get
By + Bs + Bg + Bio
<C(llpll + lEll + lnDNON + Cligeell - el
<C(lInl* + lIn2ll*) + Ch2(Iplt + Juli
+ [ufd + w3 + fuel?) + €017,

By =(a&;, + b€, divl);, = ((b — b)¢, dive), + (b, dive),
+ ((a —@)&, dive),, + (@&, divl)y
=((b— b)¢,divl) + ((a — @)&, dive)y,
<Ch|&|l - 1011 + Ch||&| - 16]1
SCR2(Julf + |ul?) + |01,

By = (& + e, I (bn))
<Cll& +neel - 109l < CUMI + lI9eell?) + Chludli,

Bs =(d(& +nt),0) < Cll&e + el - 1|0]]
<C|nell + Ch*ul} +<|6]?,

¢ t ¢
B7 + By :(/ c§dr+/ cndT,divé’)h+(/ g(& +n)dr,0)
0 0 0
¢ t
<C d dr) - |6
< (H/O &l T+||/O nlldr) - 16]]

t t
<0 / lelldr + / lnlldr) - 1161 < Ch?Juf?
+Cllnl? + <6,

Bg = (f(u) = f(un), ane + Ly (bn)) < C(IEI1* + Inl1* + e 1)
Then, we obtain
1d

5 717+ (8,0) < C(lnll® + llmell* + llmee]*)
+CR(Ipl? + l[ull3 + luell3 + Juee?)-

13)

Noting that (0) = 0, 7:(0) = 0, integrating (13) with respect
to ¢t and using Gronwall’s inequality, we have

t t
ll? + / 16]2dr < C / (nll2 + el )
0 0 (14)

t
L on? /0 (o2 + l[ull3 + luell3 + e 2)dr.

Noting that n = fg n:d7 and using Gronwall’s inequality as
well as (14), we have

t t
Il <c / el P + O / (Ipl2 + Jlul2
0 0 (15)

+ [uell3 + e T)dr.

Differentiating the second equation in (11) with respect to ¢,
we get

(0, wn) — (aene + ang + by + ben, divey)p,
= — (pe,wn) + (ap&s + a&sr + bEy + be&, divaoy ),
+ (de(&e +ne) + d(Eet 4 1et), wn) + (e (€ +n)
+e(& +m), wn) — (e(§ +n), divws)n — (9(€ +n), w)
— Z/ (auy + arue + buy + byu + cu)wy, - nds.
< Jox
(16)

Take wy, = 0 in (16) and vy, = awme + any + I} (bne + ben) in
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the first equation of (11) and add the two equations to have  Differentiate the first equation of (11) with respect to ¢ to get
1d
2t
=—(pt,0) + (as&s + ass + b&; + b€, divO)y + (et (€ + 1)
+e(& +m), 0) + (G, anee) + (e + e, I (b + ben)
+ (f(w) = fun), asne + ang + Iy (b + ben))

8,0) + (1, ) (§eet + Meees vn) + (dive, vn)n = ([f(u) = f(un)]e, vn). (20)

Choose v, = nyt + I} (ben + b)) in (20) and w,, = 6 in (16)
and add the two equations to obtain

1 240,90
— (&t + ey aeme) + (de (& +me) + d(E +112), 0) 5“771%” + (6:,6)
~ el vt — (a6 +.0) = Y [ (o = (P O (ke o 06 b, A
o JoK + (di&s + d&p, 00) + (deme + diye, 04) + (e (€ + 1)
; 1 b +e(& +m), 0:) — (c(§ +n),divey)n — (9(§ +1n),64)
+ e+ bt bt w9 nds = D ([ ()~ FCun)]ormue + T (b + b)) = Eoues )
an = (&uuts I (bem + be)) + (mese, Iy (bem + b))
We will obtain the estimates from D; to D1y
Dy + D5 < CllpP + 101 + 112 + Il + 2+ 101, =3 (o ovn b + e ) - s
K
Dy 12
:(atft + aé‘tt + bnt + btn,diVG)}L = ZlEh
=((ar — @)& + (by — b)€ + (b — b)&, divl), + (aly, dive), 1)
SCh([|ell + [1&:N + lEDIO < CUIEN? + N1 + N1011%),
where

E1+Es < C(llpel P4 IEI1P+ €12+ nll> + 1me]12) + €162,
Dy + Ds <C([|Eclllimeell + €ee + neell - Cllnll + [[me]]))

<ClEnll® + Il + llnell® + el ), By =((a — )¢, + (a — @) + (0= )&,
+ (b — b)&, divly ) < Ch(|IEIl+ [[&]] + 1€ee D)0 ]y
Dg =(f(u) — f(un), aene + ame + I, (bne + bem)) SCUEN? + 1€ + 1€ 1) + <1621,
<C(lIN+ MInll) - (el + lmeell + [Inl])
Es+ £, <C + + + o
SC(H§H2+ ||77H2+ ||77tH2+ HnttH2)7 3 4 (HntH Hntt” HgtH Hftt”) H t”

) ) ) SC([IEN + [1ell® + Imell® + [meell®) + €ll6:]12,
D7 < Cll&e +neell - 1nell < CUEeell® + Nmaell* + Nlmel*)s

Eg =~ ((c—2)(§ +n),divey) < Ch(|IE]| + [|n]])16: 1
2 2 2
Ds <C(&] + 11Eeell + llmell + lneel) - 6] <O+ llnll™) =+l
SCOIEN? + 1€l + llmell* + eI + 116112,

Dy < Ch(|IE]| + [Inll) - 1011 < C(IEIP + [Inll* + [|16]), Bs =([f(w) = f(un)les e + I (ben + b))
Dlo < C(||£ + 77”) ! H‘9H < C(||£H2 + ||77H2 + H9||2)7 :(fu(u Ut — f’u(uh)uhtv’r]tt + I}ll(btﬁ + b’l]t))

:(fu(u)£t + fu(uh)nt + (fu(“) - fu(uh)li{ut?

Duy <Ch(fuge + [uls + fur]2) - [16] e+ T3 (e + b))

2 2

SOR*(Jul§ + [urlf + Juael3) + CHOIP. <CEI + 1€ + Il + el + e,
Substitute the above inequalities into (17), integrate with Eg + Ero <C([I&seell - [1mecl + [|Eeeell - 1o + brne]])
respect to ¢, and use Gronwall ’s inequality to have SCIEeel® + Il + mell® + [1meel|®),

t ¢
2 2 2 2 2 2 d
H9|| SCA (||77H +||nt” )dT+Ch /0 (|p|1+|pt|l Ell = —%(nthl}{(btn"_bnt))"_(nttng(bttn"_thnt"_bntt)
+[ull3 + lluel |3 + [uge|3)dr. (18)

d
< = e, Ty (Bem b)) + C Ul + [1me | + [l ),

. t
Noting that 1 = [ n.d7, we have Era <Ch(lugels + |uglz + [ul2) - [6:]]

01 <0 [ niPar + €2 [+ + 1 SORuls + il + uelz) + ellel™

hS | "aT + + + ||u

o o TP 19) Note that (e I3 b + bm)) < Ol + el + <l
+ [Jue] 3 + |uee|3)dr. substitute these inequalities into (21) and integrate with
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respect to ¢ to have To approximate the integral, we introduce the composite
trapezoid formulaplgh

t
el <C Il + ) + C / (nll? + llme ]

At n—1
2 2 o 1 e » (22) An = [¢( i) + étis1)] / (s

el + 101y + €2 [ (ol + i

A ||l |3+ we])? 4 Juge|? + | |3)dr. and the quadrature error satisfies
Noting that n = fot ndT, 1y = fg nyd7, using Gronwall’s tn 2
inequality combing with (14), (15), (18) and (22), we have |An = [ ¢(s) < 5 max o(t)]- @7

0 0<t<tm
612+ [l 11 + Il + 161
t
We define
<O [l + o+ a5+ o+ )
(23) 1 1

Take vy, = divé in the first equation of (11) to get Anyrje = §(An +Ant1); Aniaja = §(An+1/2 +An_1/2)-

[divO]|* = — (& + nee, dive) + (f (w) — f(un), dive)

< C(||€H2 + H77H2 + ‘|£tt‘|2 + Hntt||2) + SHdiV9H2. Let U™ and Z™ be the approximations of w and p at t = ¢,,
, respectively, which through the following implicit scheme.
We determine a sequence of pairs {U™, Z"} € V,, x Wj,n =
1,2,--- | N, satisfying

that is

t
\MWQPSCh%W%m?+hﬁ-FA(@ﬁ*ﬂmﬁ

, , , , 24 (U, ) = (ug,vp), ”
+ [[ull3 + [Jwell3 4 lueels + |weel3)dr (29 wp) = (p(0), wp), Y(vn,wn) € Vi x Wi, 28)
Applying the inequality with (23) and (24), we complete the
proof. - (5 at 2,0n) + (divZ3, op)a
By the proof of Theorem 3.5 as well as [17], Theorem 3.6 5 (29)
can be obtained. — f% UY, o) + (——8,u(0), vy,
Theorem 3.6: Let(u,p) be the solution of (3) and (up, pn) (f2(U),vn) (At u(0), o)
be that of (6), then for any u € H3(Q)HLQ) ,
p € (H'(R))? , such that (Z%,wp) — (a28,U2 +b2U?  divwy, )y + (d20,U 7, wy,)
¢ +(e2 U2, wp) + (A1 (cU), divwy ), + (A1 (gU),wp) =0,
o = unal <O+ (ul + f os) 2 2 (30)
B+ lf + 19+ R, GO+ @2 g = (), o € Vi

0o , (Z™Y4 ) — (a™8,U™, divwy, ), — (B"U™Y4, divwp, ),
l[uee — wneell < Chlluels + (/0 (lllz + fluellz (26) +(dO,U™ wy) + (U™ wy) — (Api1ya(cU), divwy )
el + el + I + D)), FSmaloln) =0 € T

IV, FULLY-DISCRETE ERROR ESTIMATES For the fully discrete error estimates, we split the error

Let 0 =ty < t; < --- <ty = T be a given partition n 1 1 " " "
of the time interval [0,77] with step length A ¢ = T//N, for ultn) =U" = ulty) = yulta) + Lyults) —U" =€" + 0",
some positive integer N and define ¢,, = nAt. For a smooth
function ¢ on [0, 77, let p(tn) — Z™ = p(ty) — IPp(ty) + IPp(ty,) — Z™ = p™ + 0™
On , Noting that (28)-(32) together with (6), we obtain the error

equations for ™ and 6™ for v, € V}, and wy, € W,

1 n
b= Bltn)s 6" = L (Gu i), By /2 = Lt O

0 Pnt1/2 = Pn-1/2  Gpg1 — Pn1
%" = 2 - 2At

0, + (divez,
82¢n _ at¢n+1/2 — at¢n71/2 B ¢n+1 o 2¢n +¢n_1 (Alt tn 1) ( 1V vh)h
1P = At - At2 ) :(fi(u) — F2(U),vp) — (K1,vn) 33)
B/ = %(¢n+1/2 +gr/2y = (¢n+1 +2¢n + n-1). (Atatgz o), Yon € Vi, n > 0.
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(9% wh) (aéaﬂ]% —Q—b%n% divwp)p
— (P2, wn) = (9=, wp) — (en?,wp) + (a2 0¢7
+b%g% divwn)p — (d2 8,2 ,wy) — (€2€7 ,wp,)
— (A1 (c§),divwn)n — (A (en), divwn)n
+ (Ka,divwy) 4+ (K3, wp) + (K4, wp,)
— (A1 (98),wn) = (Ax(gn), wn) = (71, wn)

1,0
- E / (a%u +bruz + A1 (cu))wp, - nds.
 Jorc © 20 >

(34)
(div&’“”‘ﬂ Uh)h

(/4 ) -

(8Enn7vh) -
(Offn,vh) + (Kfnvh) +

fn;1/4(U)’ Uh)~
(35)

(014 wy) — (™0™ + byit/4, divwy)p

P ) + (a"BE™ + bEM A divay, ),

— (A" (0™ + Den™),wp) — (" (€™M 4 "), wp,)
Kg, divw), + (K7, wp) + (Kg, divwy,)
Api1ya(c§), divwon ), — (Dp;1ya(en), divws)n

- (An 1/4(95) wp) — (An 1/4(gn),wh) — (T2, wp)

Z/ n+1_un 1
OK

+ Ap;1ya(cu))wy, - nds.

+

—~ o~ o~

bnun;1/4

(36)
where

1 2 1
Ky =ug + E(ut(O) - atu%), Ky = a(uy — Owu}),

1 t1
K3 = d(us — O} ), K4:/ 2 cudsz%(cuh),
0

n;l/4 2 n;1/4
Ks = uyy . _ Ofuy, Ke=alu, '~ — Orup),

nil/4
K7 = d( mil/a _ atuh)a Kg = / cudt — A'rL;1/4(Cu)7
0

td tn;1/4
T = / gudr—A 1 (gun), T2 = / qudT =1 74(gun),
0 0

O 3] o+ [T a(syan).

tn;1/4 1 tn+; tn7%
[ et = 5[ o+ [ stsyan)

Theorem 4.1: Let (u™,p™) be the solution of (6) and
(U™, Z™) be that of (28)-(32). If v € H*(Q)N HL(Q),

€ (HY(Q))?, then for 0 < t < T, there exist the constant
C > 0, independent of h and t, such that

[lu" = U"|| <Ch(July + [ul2) + Ch(A8)*(Iply + [uly + [ul2)

T T
+cuoa/nmmw+/|mmww
4

re@ N+ 12+ o)),

(37

||pn;1/4 _ Zn;1/4Hh

<Ch(|uly + |p|1 + lul2) + Ch(At)2(\p\ + luly + lul2)

+C(At)? (II H+H 1t4II+IIU( )y

T
+C@w%/nmmw+/\mmww

0 0 (38)
Proof: Set v, = n™) in (35) and

adm™ + It ("
wp, = 6™* in (36) to get

(@7 ™, ad™) + (™14, 6714

=— (p"14, 0™ + (a0, + bnEN, dive™ ),
— (OF€™ + O™ I (0™ ™)) — (d™ (9™ + Den'™), 071 /4)
— (™ (gAY gty — (97" 0 Om™)

+ (b7, dive™ Y, — (I ("™, dive™H 4,

+ (K5, a"0m™ + IL (0" ™)) + (Kg, dive™'/*),

+ (K7, 0™ 4+ (Kg, dive™' /4,

+ () = YU, a0 + I (0M))

+ (Apy1/a(ct), dive™ 1/4)h — (An;1/4(cn),div9"‘l/4)h
( n; 1/4(95) o 1/4) - (An 1/4(977) 9n;1/4)
— (72

n+1 171
071 1/4 Z/
oK

+ 0" u" + An;1/4(cu))6’";1/4 -nds = Z G;.

i=1 (39)
Using Holder’s inequality and Young’s inequality combining
with Lemma 3.1-3.4, inverse inequality, average value tech-
nique in [18], and the boundedness of f(u) and Lipschitz
continuity, we get
G1 < Cllpm VA2 < Clpm 4 1? +e] |97/,
G2 < O(||0€™ 2|2 +|0pm =2 |2+ |€71/4]|7) +] 6™ 1/“H )
Gy < C(|o€™F 3|2 + (07722 + (|02 +
10212 + [[n"]?),
Gi < C(HM"*Z 12 + 110:€"72 12 + [[am™+3]2 +
10"~ 2|[2) + el|omt/4] 2,
G5 < C([lg™ 4112 + |l 4|1%) + el|6m:/4] 12,
Gs < C(llowgr*2]]> + (10" 22 + [[om™+3[]2 +
|02 [?),
Gy < /A2 + |1/ 2,
GS < CHW"HQ _1_8”9”;1/4‘ 27
Go < C(||K5|1* + |02 |2 + [[0sn™ 2 |2 + 1" ]]),
Gio+ G < C(||K6|* + || K7 |]?) +e][071/4] %,
Gra < O||Ks]” + el[6m1/4] 2,
Gua £ CUE™ P+ M0 17+l

n"%),

Gra+Gi5+G16+Gir < C(||Ana/a P+ Dnaya)|?) +
|14,
Gis < C||na|* + el |07:H/4]2,
Gig < Krhlula[[0™1/4]] < CR?|u™[3 + e[ |071/4]2.
Note that

(@ a0 = (00 3P — 94 ?).
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Then we obtain

S (1003 = a1
. 1 nol
<O A2 + 1106 H12 + Joren 4|2

mn; T l 77l
HEHE + |0 T2 (1P + [10m™ 2 |1* (40)

1™ 2+ ™42 4 K12+ (1K |2
+ 7] + | [ + (| A2
+ 1 AnaaMP + [l + B2 u”3).

Multiplying by 2At and then summing fromn =1,2,3,..N

we obtain
1 1
10N *2 |2 — (|9 |2
N
. 1
<CR "3+ CAL Y ([[p" 4|2 + (|9, 2|2
n=1

+ (10" F |2 + [|EM VA2 + |02 || + (|02 |2
F "2+ A2 + (K2 + 1Kl + || K]
K| + 1201412 + 11 D1 ja )12 + (172 2).

Using the Granwall’s lemma, we get

1
0™+ 2|2

N
1 n -
<||0m=|)* + Ch?|u |§+CAtZ(Hp 1/4)2
n=1
+||8t£n+%”2+||8t€n7%||2+”§n;1/4”2
1™ 12+ ™42+ P+ [P+ (1K1
+||[(8H2‘i’|‘A'1’L1/4(£)H2+||An71/4(17)||2<|,H7_2H2)

Noting that 2 ([ (| — |In"[[) < [|@m"*3||, using the
Granwall’s lemma and then summing from n = 1,2,3,...N,
we obtain

™|

N
CUlIn°l| + lIn* ) + Chlu™z + C(AL)2 (1" 4|

n=1
n+i n—1 n;
0L 4 1106672 ||+ [1€741? + | K|+ [

+ |+ K|+ A pa (] + [[72])-
(43)

To estimate (33) and (34), setting v;, = az 8t772 +1} (b% %)

and wy, = 0%, we get

2 1 1 1 1
—8tr]%7 a?nz) 4+ (02,02)

<A ey
0%) + (a58t§5+b5§§,div05)h

@sz +0m?),0%) — (e2 (€2 +1?),0%)

(1% + 0, T 0 0h)) — (5;046% 0B o)

17a26f772 +IM(bEn2)) + (Ky, dive?), + (K3,07)

K, 0%) — (A3 (c€) + Ay (en), dive?),,

24068+ 2409 n),0%) — (r1,07%)

F2(u) = f2(U), a2 0m?* + I (b*n?)

lul— 0 1
/BK(CL2 SA7 +bru? + As(cu))d> - nds

o=

d

NE‘[\D

1
2

+ o+ o+

1
2

—~ (p?
—(
—(
(
(
(
—(

=

@“M

(44)

Using Cauchy-Schwarz inequality and Young inequality, we
obtain

ol + [lmll < Ch(AL([lp= || + [I€2 ]| + [ K|l + || K2|| +
[ Ks|| 4+ || Kal| + |[71]])-
To estimate the right-hand terms, we note that

33
IKq || < CAY(|| 55

o 2

il

t1

15 < C(An)} / eI,
to
3 tl

155 < C(At)} / sz |,
to

1
1Kl = H/ *cuds — Ay (cun)|| < CAJul|,

lIma]] < CAt[ul].

Using the above estimates, we get
[1mg]|+{m || < CA(AL? (|pl +|uly +lul2) +C(AD)? (1 511+

152411+ llull) + CADE [ [Jusey|ds.
Note that

T
K5 = [[u* — 2up < C(AD)? / [
0
3 T
15| + ||| <C<At>f/ e,
0
tni1/4
158l = | / cuds — Do palcun)l| < CAMJull,
0

tni1/4
Irall =11 [ guds = 8ol < Ot
0

Using (43) and the above estimates, we complete the proof of
(37).
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T
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Finally, we apply the triangle inequality to complete the
proof. ]

1070



