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Abstract—In this paper, a nonconforming mixed finite element
method is studied for semilinear pseudo-hyperbolic partial integro-
differential equations. By use of the interpolation technique instead
of the generalized elliptic projection, the optimal error estimates of
the corresponding unknown function are given.
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I. INTRODUCTION

IN this paper, we consider the following semilinear pseudo-
hyperbolic partial integro-differential equations⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

utt −∇ · (a(x, t)∇ut + b(x, t)∇u

+

∫ t

0

c(x, t, s)∇u(x, s)dτ) = f(u), (x, t) ∈ Ω× J,

u(x, t) = 0, (x, t) ∈ ∂Ω× J̄ ,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1)

where Ω is a bounded convex polygonal domain in R2 with
Lipschitz continuous boundary ∂Ω, J = (0, T ] is the time
interval with 0 < T <∞. Assume that the coefficients a(x, t),
b(x, t), c(x, t) are sufficiently smooth and bounded functions,
and 0 < a0 ≤ a(x, t) ≤ a1 < ∞, 0 < b0 ≤ b(x, t) ≤
b1 < ∞, 0 < c0 ≤ c(x, t) ≤ c1 < ∞ ,at(x, t) ≤ |b0| for
some positive constants a0, a1, b0, b1, c0, c1. u0 and u1 are
given functions, f(u) and its partial derivatives are sufficiently
smooth and nonlinear functions of u.

The pseudo-hyperbolic equations [1],[2] are a high-order
partial differential equations with mixed partial derivative with
respect to time and space, which describe heat and mass
transfer, reaction-diffusion and nerve conduction, and other
physical phenomena. In [3], a finite element method for
pseudo-hyperbolic partial integro-differential equations was
studied and The Sobolev-Volterra projection was given. In
[4] and [5], the three splitting positive definite mixed finite
element schemes were proposed for pseudo-hyperbolic equa-
tions, and semidiscrete and fully discrete error estimates were
studied. In [6], [8], two H1-Galerkin mixed finite element
method were proposed for pseudo-hyperbolic equations and
pseudo-hyperbolic integro-differential equations. In [9], the
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H1-Galerkin expanded mixed finite element method is pro-
posed for pseudo-hyperbolic equations. Liu et al. [7] proposed
a new splitting H1-Galerkin mixed finite element method for
pseudo-hyperbolic equation. In [10], a least-squares mixed
finite element methods were studied for pseudo-hyperbolic
equations.

In recent years, a lot of researchers have studied mixed finite
element methods for partial differential equation and made a
great contribution to the mixed finite element methods ([11],
[12], [13], [14], [15]), With the research and development
of the mixed finite element methods, some new mixed finite
element method were proposed, such as splitting positive
definite mixed finite element method [4], [16], nonconforming
mixed finite element method [17], [18], [19], H1-Galerkin
mixed finite element method [6], [8], [9], [20], and expanded
mixed finite element method [21]. Compared to standard
mixed finite element methods, the nonconforming mixed finite
element method uses the interpolation technique instead of
the generalized elliptic projection to obtain the optimal error
estimates of the corresponding unknown function. In this
paper, we study the rectangle nonconforming mixed finite ele-
ment method for semilinear pseudo-hyperbolic partial integro-
differential equations and obtain the semidiscrete and fully
discrete error estimates.

II. MIXED WEAK FORM AND SEMIDISCRETE SCHEME

To formulate the mixed weak form of (1), let

p = −(a∇ut + b∇u+

∫ t

0

c∇udτ),

and set d = −∇a(x, t), e = −∇b(x, t), g = −∇c(x, t). Then,
problem (1) can be written in the mixed form of the first order
system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt +∇ · p = f(u), (x, t) ∈ Ω× (0, T ],

p+∇(aut + bu) +

∫ t

0

∇cudτ

+ dut + eu+

∫ t

0

gudτ = 0, (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω× J̄ ,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

(2)

Let W = H(div,Ω) = {w ∈ (L(Ω))2; divw ∈ L2(Ω)},
normed by ‖ · ‖2H(div,Ω) = ‖ · ‖2 + ‖div · ‖2 and V = L2(Ω).
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The mixed weak form of (2) is: find {u, p} : [0, t] → V ×W
such that⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(utt, v) + (divp, v)− (f(u), v) = 0, v ∈ V, t ∈ (0, T ],

(p, w)− (aut + bu, divw)− (

∫ t

0

cudτ, divw) + (dut, w)

+ (eu,w) + (

∫ t

0

gudτ, w) = 0, w ∈W, t ∈ (0, T ],

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.
(3)

Let Ω be a bounded convex polygonal domain in R2 with
boundary ∂Ω parallel to the x-axis or y-axis. Th be a
rectangular mesh of Ω, Vh ⊂ Th is the space of piecewise
constant functions, Wh ⊂ Th is the nonconforming piecewise
cross-element space, that is

Vh = {u : u|k ∈ Q0,0(K), ∀K ∈ Th}, (4)

Wh = {p = (p1, p2); ∀K ∈ Th,

∫
e

[pi]ds = 0, e ∈ ∂K, i = 1, 2},
(5)

where, p1 = span{1, x, y, y2}, p2 = span{1, x, y, x2}, [pi]
denote the jump term of p on the edge of element, [pi] =
pi, (i = 1, 2), if e ⊂ ∂Ω.

Now we define the interpolation functions of u, p on the
element K: I1hu ∈ Vh: I1hu = 1

|K|
∫
K
udxdy, I2hp =

(Π1
np

1,Π2
hp

2) ∈ Wh;
∫
li
Πjnp

j
i =

∫
li
pids,i = 1, 2, 3, 4,

j = 1, 2, where |K| and li denote the area of a rectangle
and the edge of K. For any ph ∈ Wh, let us define
‖ph‖h =

∑
K

(‖ph‖2 + ‖divph‖2) 1
2 , it is straightforward that

‖ · ‖h is the norm in Wh.
The semidiscrete nonconforming mixed finite element

scheme for (3) consists in determining {uh, ph} : [0, t] →
Vh ×Wh such that
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(uhtt, vh) + (divph, vh)h − (f(uh), vh) = 0, vh ∈ Vh,

(ph, wh)− (auht + buh, divwh)h

− (

∫ t

0

cuhdτ, divwh)h + (duht, wh) + (euh, wh)

+ (

∫ t

0

guhdτ, wh) = 0, wh ∈Wh,

uh(x, 0) = I1hu0(x), uht(x, 0) = I1hu1(x),

ph(x) = I2hp(x, 0), x ∈ Ω,
(6)

where (u, v)h =
∑
K

∫
K
uvdx.

We shall demonstrate the existence and uniqueness of the
solution of (6).

Theorem 2.1: There exists a unique discrete solution to the
system (6).

Proof: In fact, if Vh = span{φ1, φ2, · · ·φr1} and Wh =
span{ψ1, ψ2, , ψr2}, let

uh =

r1∑
i=1

hi(t)φi(x), ph =

r2∑
i=1

gj(t)ψj(x)

Then (6) can be written as
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(a) A
d2H(t)

dt2
−RG(t) = B(H(t)),

(b) DG(t)− (E − J)
dH(t)

dt
− (F − L−X)H(t) = 0,

(c) H(0) = I1hu0(0), H
′(0) = I1hu1(0), G(0) = I2hp(0),

(7)
where
A = (φi, φj)r1×r2 , H(t) = (h1(t), · · · , hr1(t))′,
B(H(t)) = (f(

∑r1
k=1 hkφk), φj)r1×r1

D = (ψi, ψi)r2×r2 , E = (divψj , aφi)r2×r1 ,
F = (divψj , bφi)r2×r1 , G = (g1(t), · · · , gr2))′,
J = (ψj , dφi)r2×r1 , L = (ψj , eφi)r2×r1 ,
R = (φi, divψj)r1×r2 , X = (ψj ,

∫ t
0
c∇φids)r2×r1 .

Noting that A and D are positive definite matrices and
combing with (a) and (b) of (7), we get

A
d2H(t)

dt2
−RD−1(E − J)

dH(t)

dt
−RD−1(F − L−X)H(t) = B(H(t)),

(8)

which is a differential equation of H(t). According to
Caratheödory theorem in the theory of ODE, when t > 0,
H(t) has the unique solution. Moreover, G(t) has a unique
solution. That is, problem (6) has a unique solution.

III. SOME LEMMAS AND SEMI-DISCRETE ERROR
ESTIMATES

Set u − uh = (u − I1hu) + (I1hu − uh) = ξ + η, p − ph =
(p− I2hp) + (I2hp− ph) = ρ+ θ. From [17] and [19], we can
obtain the following important lemmas.

Lemma 3.1: If u, ut ∈ L2(Ω), then ∀ph ∈Wh, we have

(ξ, divph)h = 0, (ξt, divph)h = 0.

Lemma 3.2: If p ∈ H(div; Ω),then ∀vh ∈ Vh,we have

(vh, divρ) = 0, (vht, divρ) = 0,

(vhtt, divρ) = 0, (vhttt, divρ) = 0.

Lemma 3.3: If ∀u, v ∈ H1(Ω),a(x) is boundedthen

(u, I1hv) ≤ C‖u‖ · ‖v‖.
Lemma 3.4: If u ∈ H2(Ω),then ∀ψ ∈Wh, we have

|
∑
K

∫
∂K

uψ · nds ≤ Ch|u|2||ψ||.

Theorem 3.5: Let(u, p) be the solution of (3) and (uh, ph)
be that of (6), then for u ∈ H3(Ω)

⋂
H1

0 (Ω), p ∈ (H1(Ω))2,
such that

‖u− uh‖ ≤ Ch[|u|1 + (

∫ t

0

(‖u‖22 + ‖ut‖22 + ‖utt‖22
+ |uttt|21 + |p|21 + |pt|21)dτ)

1
2 ],

(9)
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‖p− ph‖h ≤ Ch[(|p|1 + |u|1 + ‖utt‖1)

+ Ch(

∫ t

0

‖u‖22 + ‖ut‖22 + ‖utt‖22
+ |uttt|21 + |p|21 + |pt|21)dτ)

1
2 ].

(10)

Proof: Set a = 1
|K|
∫
K
adxdy, at = 1

|K|
∫
K
atdxdy,

b = 1
|K|
∫
K
bdxdy, bt =

1
|K|
∫
K
btdxdy. and combin Lemma

3.1 and Lemma 3.2 together with (2), (6), for ∀vh ∈ Vh,
∀wh ∈Wh to have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ξtt + ηtt, vh) + (divθ, vh)h = (f(u)− f(uh), vh),

(θ, wh)− (aηt + bη, divwh)h = −(ρ, wh)

+ (aξt + bξ, divwh)h − (d(ξt + ηt), wh) + (e(ξ + η), wh)

+ (

∫ t

0

c(ξ + η)ds, divwh)h + (

∫ t

0

g(ξ + η)ds, wh)

+
∑
K

∫
∂Ω

(aut + bu+

∫ t

0

cudτ)wh · nds.
(11)

Let vh = aηt + I1h(bη) and wh = θ in (11), combine the two
equations in(11) and using the lemma 3.1, we get

(ηtt, ηt) + (θ, θ)

=− (ρ, wh) + (aξt + bξ, divθ)h − (ξtt, aηt)

− (ξtt + ηtt, I
1
h(bη))− (d(ξt + ηt, θ) + (e(ξ + η), θ)

+ (

∫ t

0

c(ξ + η)ds, divθ)h + (f(u)− f(uh), aηt + I1h(bη))

+ (

∫ t

0

g(ξ + η)ds, θ) +
∑
K

∫
∂Ω

(aut + bu

+

∫ t

0

cudτ)θ · nds =
10∑
i=1

Bi.

(12)

Using Hölder’s inequality and Young’s inequality combining
with Lemma 3.1-3.4, inverse inequality, average value tech-
nique in [18], and the boundedness of f(u) and Lipschitz
continuity, we get

B1 +B3 +B6 +B10

≤C(‖ρ‖+ ‖ξ‖+ ‖η‖)‖θ‖+ C‖ξtt‖ · ‖ηt‖
≤C(‖η‖2 + ‖η2‖2) + Ch2(|p|21 + |u|21
+ |u|22 + |ut|22 + |utt|21) + ε‖θ‖2,

B2 =(aξt + bξ, divθ)h = ((b− b)ξ, divθ)h + (bξ, divξ)h
+ ((a− a)ξt, divθ)h + (aξt, divθ)h

=((b− b)ξ, divθ)h + ((a− a)ξt, divθ)h
≤Ch‖ξ‖ · |θ|1 + Ch‖ξt‖ · |θ|1
≤Ch2(|u|21 + |ut|21) + ε‖θ‖2,

B4 = (ξtt + ηtt, I
1
n(bη))

≤C‖ξtt + ηtt‖ · ‖bη‖ ≤ C(‖η‖2 + ‖ηtt‖2) + Ch|utt|21,

B5 =(d(ξt + ηt), θ) ≤ C‖ξt + ηt‖ · ‖θ‖
≤C‖ηt‖+ Ch2|u|21 + ε‖θ‖2,

B7 +B9 =(

∫ t

0

cξdτ +

∫ t

0

cηdτ, divθ)h + (

∫ t

0

g(ξ + η)dτ, θ)

≤C(‖
∫ t

0

ξ‖dτ + ‖
∫ t

0

η‖dτ) · ‖θ‖

≤C(
∫ t

0

‖ξ‖dτ +
∫ t

0

‖η‖dτ) · ‖θ‖ ≤ Ch2|u|21
+ C‖η‖2 + ε‖θ‖2,

B8 = (f(u)− f(uh), aηt + I1n(bη)) ≤ C(‖ξ‖2 + ‖η‖2 + ‖ηt‖2).

Then, we obtain

1

2

d

dt
‖η‖2 + (θ, θ) ≤ C(‖η‖2 + ‖ηt‖2 + ‖ηtt‖2)

+ Ch2(|p|21 + ‖u‖22 + ‖ut‖22 + |utt|21).
(13)

Noting that η(0) = 0, ηt(0) = 0, integrating (13) with respect
to t and using Gronwall’s inequality, we have

‖ηt‖2 +
∫ t

0

‖θ‖2dτ ≤ C

∫ t

0

(‖η‖2 + ‖ηtt‖2)dτ

+ Ch2
∫ t

0

(|p|21 + ‖u‖22 + ‖ut‖22 + |utt|21)dτ.
(14)

Noting that η =
∫ t
0
ηtdτ and using Gronwall’s inequality as

well as (14), we have

‖η‖2 ≤C
∫ t

0

‖ηtt‖2dτ + Ch2
∫ t

0

(|p|21 + ‖u‖22
+ ‖ut‖22 + |utt|21)dτ.

(15)

Differentiating the second equation in (11) with respect to t,
we get

(θt, wh)− (atηt + aηtt + bηt + btη, divwh)h
=− (ρt, wh) + (atξt + aξtt + bξt + btξ, divwh)h
+ (dt(ξt + ηt) + d(ξtt + ηtt), wh) + (et(ξ + η)

+ e(ξt + ηt), wh)− (c(ξ + η), divwh)h − (g(ξ + η), wh)

−
∑
K

∫
∂K

(autt + atut + but + btu+ cu)wh · nds.
(16)

Take wh = θ in (16) and vh = atηt + aηtt + I1h(bηt + btη) in
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the first equation of (11) and add the two equations to have

1

2

d

dt
(θ, θ) + (ηtt, aηtt)

=− (ρt, θ) + (atξt + aξtt + bξt + btξ, divθ)h + (et(ξ + η)

+ e(ξt + ηt), θ) + (ξtt, aηtt) + (ξtt + ηtt, I
1
h(bηt + btη))

+ (f(u)− f(uh), atηt + aηtt + I1h(bηt + btη))

− (ξtt + ηtt, atηt) + (dt(ξt + ηt) + d(ξtt + ηtt), θ)

− (c(ξ + η), divθ)h − (g(ξ + η), θ)−
∑
K

∫
∂K

(autt

+ atut + but + btu+ cu)θ · nds =
11∑
i=1

Di.

(17)
We will obtain the estimates from D1 to D11

D1 +D3 ≤ C(‖ρt‖2 + ‖θ‖2 + ‖ξt‖2 + ‖η‖2 + ‖ηt‖2 + ‖θ‖2),
D2

=(atξt + aξtt + bηt + btη, divθ)h
=((at − at)ξt + (bt − bt)ξ + (bt − b)ξt, divθ)h + (aξtt, divθ)h
≤Ch(‖ξtt‖+ ‖ξt‖+ ‖ξ‖)|θ|21 ≤ C(‖ξ‖2 + ‖ξt‖2 + ‖θ‖2),

D4 +D5 ≤C(‖ξt‖‖ηtt‖+ ‖ξtt + ηtt‖ · (‖η‖+ ‖ηt‖))
≤C(‖ξtt‖2 + ‖η‖2 + ‖ηt‖2 + ‖ηtt‖2),

D6 =(f(u)− f(uh), atηt + aηtt + I1h(bηt + btη))

≤C(‖ξ‖+ ‖η‖) · (‖ηt‖+ ‖ηtt‖+ ‖η||)
≤C(‖ξ‖2 + ‖η‖2 + ‖ηt‖2 + ‖ηtt‖2),

D7 ≤ C‖ξtt + ηtt‖ · ‖ηt‖ ≤ C(‖ξtt‖2 + ‖ηtt‖2 + ‖ηt‖2),

D8 ≤C(‖ξt‖+ ‖ξtt‖+ ‖ηt‖+ ‖ηtt‖) · ‖θ‖
≤C(‖ξt‖2 + ‖ξtt‖2 + ‖ηt‖2 + ‖ηtt‖2 + ‖θ‖2),

D9 ≤ Ch(‖ξ‖+ ‖η‖) · |θ|1 ≤ C(‖ξ‖2 + ‖η‖2 + ‖θ‖2),
D10 ≤ C(‖ξ + η‖) · ‖θ‖ ≤ C(‖ξ‖2 + ‖η‖2 + ‖θ‖2),

D11 ≤Ch(|utt + |u|2 + |ut|2) · ||θ||
≤Ch2(|u|22 + |ut|22 + |utt|22) + C||θ||2.

Substitute the above inequalities into (17), integrate with
respect to t, and use Gronwall ’s inequality to have

‖θ‖2 ≤C
∫ t

0

(‖η‖2 + ‖ηt‖2)dτ + Ch2
∫ t

0

(|p|21 + |pt|21
+ ||u||22 + ||ut||22 + |utt|22)dτ. (18)

Noting that η =
∫ t
0
ηtdτ , we have

‖θ‖2 ≤C
∫ t

0

‖ηt‖2dτ + Ch2
∫ t

0

(|p|21 + |pt|21 + ||u||22
+ ||ut||22 + |utt|22)dτ.

(19)

Differentiate the first equation of (11) with respect to t to get

(ξttt + ηttt, vh) + (divθ, vh)h = ([f(u)− f(uh)]t, vh). (20)

Choose vh = ηtt + I1h(btη+ bηt) in (20) and wn = θt in (16)
and add the two equations to obtain

1

2
‖ηtt‖2 + (θt, θt)

=− (ρt, θt) + (atξt + aξtt + bξt + btξ, divθt)h
+ (dtξt + dξtt, θt) + (dtηt + dηtt, θt) + (et(ξ + η)

+ e(ξt + ηt), θt)− (c(ξ + η), divθt)h − (g(ξ + η), θt)

+ ([f(u)− f(uh)]t, ηtt + I1h(btη + bηt))− (ξttt, ηtt)

− (ξttt, I
1
h(btη + bηt)) + (ηttt, I

1
h(btη + bηt))

−
∑
K

∫
∂K

(autt + atut + but + btu+ cu)θt · nds

=

12∑
i=1

Ei,

(21)

where
E1+E5 ≤ C(‖ρt‖2+‖ξ‖2+‖ξt‖2+‖η‖2+‖ηt‖2)+ε‖θt‖2,
E2 =((at − at)ξt + (a− a)ξtt + (b− b)ξt

+ (bt − bt)ξ, divθt)h ≤ Ch(‖ξ‖+ ‖ξt‖+ ‖ξtt‖)|θt|1
≤C(‖ξ‖2 + ‖ξt‖2 + ‖ξtt‖2) + ε‖θt‖2,

E3 + E4 ≤C(‖ηt‖+ ‖ηtt‖+ ‖ξt‖+ ‖ξtt‖) · ‖θt‖
≤C(‖ξt‖2 + ‖ξtt‖2 + ‖ηt‖2 + ‖ηtt‖2) + ε‖θt‖2,

E6 =− ((c− c)(ξ + η), divθt) ≤ Ch(‖ξ‖+ ‖η‖)|θt|1
≤C(‖ξ‖2 + ‖η‖2) + ε‖θt‖2

E7 ≤ C‖ξ + η‖ · ‖θt‖ ≤ C(‖ξ‖2 + ‖η‖2) + ε‖θt‖2,

E8 =([f(u)− f(uh)]t, ηtt + I1h(btη + bηt))

=(fu(u)ut − fu(uh)uht, ηtt + I1h(btη + bηt))

=(fu(u)ξt + fu(uh)ηt + (fu(u)− fu(uh)I
1
hut,

ηtt + I1h(btη + bηt))

≤C(‖ξ‖2 + ‖ξt‖2 + ‖η‖2 + ‖ηt‖2 + ‖ηtt‖2),

E9 + E10 ≤C(‖ξttt‖ · ‖ηtt‖+ ‖ξttt‖ · ‖btη + bηt‖)
≤C(‖ξttt‖2 + ‖η‖2 + ‖ηt‖2 + ‖ηtt‖2),

E11 = − d

dt
(ηtt, I

1
h(btη + bηt)) + (ηtt, I

1
h(bttη + 2btηt + bηtt)

≤ − d

dt
(ηtt, I

1
h(btη + bηt)) + C(‖η‖2 + ‖ηt‖2 + ‖ηtt‖2),

E12 ≤Ch(|utt|2 + |ut|2 + |u|2) · ||θt||
≤Ch2(|u|22 + |ut|22 + |utt|22) + ε||θt||2.

Note that (ηtt, I
1
h(btη + bηt)) ≤ C(‖η‖2 + ‖ηt‖) + ε‖ηt‖2,

substitute these inequalities into (21) and integrate with
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respect to t to have

‖ηtt‖2 ≤C(‖η‖2 + ‖ηt‖2) + C

∫ t

0

(‖η‖2 + ‖ηt‖2

+ ‖ηtt‖2 + ‖θ‖2)dτ + Ch2
∫ t

0

(|p|21 + |pt|21
+ ||u||22 + ||ut||21 + |utt|22 + |uttt|22)dτ.

(22)

Noting that η =
∫ t
0
ηtdτ , ηt =

∫ t
0
ηttdτ , using Gronwall’s

inequality combing with (14), (15), (18) and (22), we have

‖ηtt‖2 + ‖ηt‖2 + ‖η‖2 + ‖θ‖2

≤Ch2
∫ t

0

(|p|21 + |pt|21 + ||u||22 + ||ut||22 + |utt|22 + |uttt|21)dτ.
(23)

Take vh = divθ in the first equation of (11) to get

‖divθ‖2 = −(ξtt + ηtt, divθ) + (f(u)− f(uh), divθ)

≤ C(‖ξ‖2 + ‖η‖2 + ‖ξtt‖2 + ‖ηtt‖2) + ε‖divθ‖2.
that is

‖divθ‖2 ≤Ch2(‖utt‖21 + |u|21 +
∫ t

0

(|p|21 + |pt|21
+ ||u||22 + ||ut||22 + |utt|22 + |uttt|22)dτ.

(24)

Applying the inequality with (23) and (24), we complete the
proof.

By the proof of Theorem 3.5 as well as [17], Theorem 3.6
can be obtained.

Theorem 3.6: Let(u, p) be the solution of (3) and (uh, ph)
be that of (6), then for any u ∈ H3(Ω)

⋂
H1

0 (Ω) ,
p ∈ (H1(Ω))2 , such that

‖ut − uht‖ ≤Ch[|ut|1 + (

∫ t

0

(‖u‖22 + ‖ut‖22
+ ‖utt‖22 + |uttt|21 + |p|21 + |pt|21)dτ)

1
2 ],

(25)

‖utt − uhtt‖ ≤ Ch[|utt|1 + (

∫ t

0

(‖u‖22 + ‖ut‖22
+ ‖utt‖22 + |uttt|21 + |p|21 + |pt|21)dτ)

1
2 ].

(26)

IV. FULLY-DISCRETE ERROR ESTIMATES

Let 0 = t0 < t1 < · · · < tN = T be a given partition
of the time interval [0, T ] with step length � t = T/N , for
some positive integer N and define tn = nΔt. For a smooth
function φ on [0, T ], let

φn = φ(tn), φ
n+1/2 =

1

2
(φn+φn+1), ∂tφ

n+1/2 =
φn+1 − φn

Δt
,

∂tφ
n =

φn+1/2 − φn−1/2

2
=
φn+1 − φn−1

2Δt
,

∂2t φ
n =

∂tφ
n+1/2 − ∂tφ

n−1/2

Δt
=
φn+1 − 2φn + φn−1

Δt2
,

φn;1/4 =
1

2
(φn+1/2 + φn−1/2) =

1

4
(φn+1 + 2φn + φn−1).

To approximate the integral, we introduce the composite
trapezoid formulaplgh

Δn =
Δt

2

n−1∑
i=0

[φ(ti) + φ(ti+1)] 

∫ tn

0

φ(s)dτ.

and the quadrature error satisfies

|Δn −
∫ tn

0

φ(s)| ≤ Δt2

24
max

0≤t≤tM
|φ(t)|. (27)

We define

Δn+1/2 =
1

2
(Δn +Δn+1),Δn;1/4 =

1

2
(Δn+1/2 +Δn−1/2).

Let Un and Zn be the approximations of u and p at t = tn
, respectively, which through the following implicit scheme.
We determine a sequence of pairs {Un, Zn} ∈ Vn ×Wh,n =
1, 2, · · · , N , satisfying

(U0, vh) = (u0, vh),

(Z0, wh) = (p(0), wh), ∀(vh, wh) ∈ Vh ×Wh,
(28)

(
2

Δt
∂tU

1
2 , vh) + (divZ

1
2 , vh)h

=(f
1
2 (U), vh) + (

2

Δt
∂tu(0), vh),

(29)

(Z
1
2 , wh)− (a

1
2 ∂tU

1
2 + b

1
2U

1
2 , divwh)h + (d

1
2 ∂tU

1
2 , wh)

+(e
1
2U

1
2 , wh) + (� 1

2
(cU), divwh)h + (� 1

2
(gU), wh) = 0,

(30)

(∂2tU
n, vh) + (divZn;1/4, vh)h = (fn;1/4, vh), ∀vh ∈ Vh,

(31)

(Zn;1/4, wh)− (an∂tU
n, divwh)h − (bnUn;1/4, divwh)h

+(dn∂tU
n, wh) + (enUn;1/4, wh)− (�n;1/4(cU), divwh)h

+(�n;1/4(gU), wh) = 0, ∀wh ∈Wh.
(32)

For the fully discrete error estimates, we split the error

u(tn)− Un = u(tn)− I1hu(tn) + I1hu(tn)− Un = ξn + ηn,

p(tn)− Zn = p(tn)− I2hp(tn) + I2hp(tn)− Zn = ρn + θn.

Noting that (28)-(32) together with (6), we obtain the error
equations for ηn and θn for vh ∈ Vh and wh ∈Wh

(
2

�t∂tη
1
2 , vh) + (divθ

1
2 , vh)h

=(f
1
2 (u)− f

1
2 (U), vh)− (K1, vh)

− (
2

�t∂tξ
1
2 , vh), ∀vh ∈ Vh, n ≥ 0.

(33)
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(θ
1
2 , wh) + (a

1
2 ∂tη

1
2 + b

1
2 η

1
2 , divwh)h

=− (ρ
1
2 , wh)− (d∂tη

1
2 , wh)− (eη

1
2 , wh) + (a

1
2 ∂tξ

1
2

+ b
1
2 ξ

1
2 , divwh)h − (d

1
2 ∂tξ

1
2 , wh)− (e

1
2 ξ

1
2 , wh)

− (� 1
2
(cξ), divwh)h − (� 1

2
(cη), divwh)h

+ (K2, divwh) + (K3, wh) + (K4, wh)

− (� 1
2
(gξ), wh)− (� 1

2
(gη), wh)− (τ1, wh)

−
∑
K

∫
∂K

(a
1
2
u1 − u0

2Δt
+ b

1
2u

1
2 +Δ 1

2
(cu))wh · nds.

(34)
(∂2t η

n, vh)− (divθn;1/4, vh)h
=(∂2t ξ

n, vh) + (K5, vh) + (fn;1/4(u)− fn;1/4(U), vh).
(35)

(θn;1/4, wh)− (an∂tη
n + bηn;1/4, divwh)h

=− (ρn;1/4, wh) + (an∂tξ
n + bnξn;1/4, divwh)h

− (dn(∂tξ
n + ∂tη

n), wh)− (en(ξn;1/4 + ηn;1/4), wh)

+ (K6, divw)h + (K7, wh) + (K8, divwh)
− (�n;1/4(cξ), divwh)h − (�n;1/4(cη), divwh)h
− (�n;1/4(gξ), wh)− (�n;1/4(gη), wh)− (τ2, wh)

−
∑
K

∫
∂K

(an
un+1 − un−1

2Δt
+ bnun;1/4

+Δn;1/4(cu))wh · nds.
(36)

where

K1 = u
1
2
tt +

2

�t (ut(0)− ∂tu
1
2 ), K2 = a(ut − ∂tu

1
2

h ),

K3 = d(ut − ∂tu
1
2

h ), K4 =

∫ t 1
2

0

cuds−� 1
2
(cuh),

K5 = u
n;1/4
tt − ∂2t u

n
h, K6 = a(u

n;1/4
t − ∂tuh),

K7 = d(u
n;1/4
t − ∂tuh), K8 =

∫ tn;1/4

0

cudτ −�n;1/4(cu),

τ1 =

∫ t 12

0

gudτ−� 1
2
(guh), τ2 =

∫ tn;1/4

0

gudτ−�n;1/4(guh),

∫ t 1
2

0

φ(s)dτ =
1

2
(

∫ tn

0

φ(s)dτ +

∫ tn+1

0

φ(s)dτ),

∫ tn;1/4

0

φ(s)dτ =
1

2
(

∫ t
n+1

2

0

φ(s)dτ +

∫ t
n− 1

2

0

φ(s)dτ).

Theorem 4.1: Let (un, pn) be the solution of (6) and
(Un, Zn) be that of (28)-(32). If u ∈ H4(Ω)

⋂
H1

0 (Ω),
p ∈ (H1(Ω))2, then for 0 ≤ t ≤ T , there exist the constant
C > 0, independent of h and t, such that

||un − Un|| ≤Ch(|u|1 + |u|2) + Ch(�t)2(|p|1 + |u|1 + |u|2)

+ C(�t) 7
2 (

∫ T

0

||uttt||dt+
∫ T

0

||utttt||dt)

+ C(�t)3(||∂
3u

∂t3
||+ ||∂

4u

∂t4
||+ ||u(0)||),

(37)

||pn;1/4 − Zn;1/4||h
≤Ch(|u|1 + |p|1 + |u|2) + Ch(Δt)2(|p|1 + |u|1 + |u|2)

+ C(Δt)3(||∂
3u

∂t3
||+ ||∂

4u

∂t4
||+ ||u(0)||)

+ C(�t) 7
2 (

∫ T

0

||uttt||dt+
∫ T

0

||utttt||dt).
(38)

Proof: Set vh = a∂tη
n + I1h(b

nηn) in (35) and
wh = θn;1/4 in (36) to get

(∂2t η
n, a∂tη

n) + (θn;1/4, θn;1/4)

=− (ρn;1/4, θn;1/4) + (an∂tξ
n + bnξn, divθn;1/4)h

− (∂2t ξ
n + ∂2t η

n, I1h(b
nηn))− (dn(∂tξ

n + ∂tη
n), θn;1/4)

− (en(ξn;1/4 + ηn;1/4), θn;1/4)− (∂2t ξ
n, an∂tη

n)

+ (bnηn, divθn;1/4)h − (I1n(b
nηn), divθn;1/4)h

+ (K5, a
n∂tη

n + I1h(b
nηn)) + (K6, divθn;1/4)h

+ (K7, θ
n;1/4) + (K8, divθn;1/4)h

+ (fn;1/4(u)− fn;1/4(U), an∂tη
n + I1n(b

nηn))

+ (�n;1/4(cξ), divθn;1/4)h − (�n;1/4(cη), divθn;1/4)h
− (�n;1/4(gξ), θ

n;1/4)− (�n;1/4(gη), θ
n;1/4)

− (τ2, θ
n;1/4)−

∑
K

∫
∂K

(an
un+1 − un−1

2Δt

+ bnun +Δn;1/4(cu))θ
n;1/4 · nds =

19∑
i=1

Gi.

(39)
Using Hölder’s inequality and Young’s inequality combining
with Lemma 3.1-3.4, inverse inequality, average value tech-
nique in [18], and the boundedness of f(u) and Lipschitz
continuity, we get
G1 ≤ C||ρn;1/4||||θn;1/4|| ≤ C||ρn;1/4||2 + ε||θn;1/4||2,
G2 ≤ C(||∂tξn+ 1

2 ||2+||∂tξn− 1
2 ||2+||ξn;1/4||2)+ε||θn;1/4||2),

G3 ≤ C(||∂tξn+ 1
2 ||2 + ||∂tξn− 1

2 ||2 + ||∂tηn+ 1
2 ||2 +

||∂tηn− 1
2 ||2 + ||ηn||2),

G4 ≤ C(||∂tξn+ 1
2 ||2 + ||∂tξn− 1

2 ||2 + ||∂tηn+ 1
2 ||2 +

||∂tηn− 1
2 ||2) + ε||θn;1/4||2,

G5 ≤ C(||ξn;1/4||2 + ||ηn;1/4||2) + ε||θn;1/4||2,
G6 ≤ C(||∂tξn+ 1

2 ||2 + ||∂tξn− 1
2 ||2 + ||∂tηn+ 1

2 ||2 +
||∂tηn− 1

2 ||2),
G7 ≤ C||ηn;1/4||2 + ε||θn;1/4||2,
G8 ≤ C||ηn||2 + ε||θn;1/4||2,
G9 ≤ C(||K5||2 + ||∂tηn+ 1

2 ||2 + ||∂tηn− 1
2 ||2 + ||ηn||2),

G10 +G11 ≤ C(||K6||2 + ||K7||2) + ε||θn;1/4||2,
G12 ≤ C||K8||2 + ε||θn;1/4||2,
G13 ≤ C(||ξn;1/4||2+||ηn;1/4||2+||∂tηn+ 1

2 ||2+||∂tηn− 1
2 ||2+

||ηn||2),
G14+G15+G16+G17 ≤ C(||�n;1/4(ξ)||2+||�n;1/4(η)||2)+
ε||θn;1/4||2,
G18 ≤ C||τ2||2 + ε||θn;1/4||2,
G19 ≤ C

Δth|un|2||θn;1/4|| ≤ Ch2|un|22 + ε||θn;1/4||2.
Note that

(∂2t η
n, an∂tη

n) =
an

2Δt
(||∂tηn+ 1

2 ||2 − ||∂tηn− 1
2 ||2).
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Then we obtain

1

2Δt
(||∂tηn+ 1

2 ||2 − ||∂tηn− 1
2 ||2)

≤C(||ρn;1/4||2 + ||∂tξn+ 1
2 ||2 + ||∂tξn− 1

2 ||2
+ ||ξn;1/4||2 + ||∂tηn+ 1

2 ||2 + ||∂tηn− 1
2 ||2

+ ||ηn||2 + ||ηn;1/4||2 + ||K5||2 + ||K6||2
+ ||K7||2 + ||K8||2 + ||�n;1/4(ξ)||2
+ ||�n;1/4(η)||2 + ||τ2||2 + h2|un|22).

(40)

Multiplying by 2Δt and then summing from n = 1, 2, 3, ...N ,
we obtain

||∂tηN+ 1
2 ||2 − ||∂tη 1

2 ||2

≤Ch2|un|22 + CΔt
N∑
n=1

(||ρn;1/4||2 + ||∂tξn+ 1
2 ||2

+ ||∂tξn− 1
2 ||2 + ||ξn;1/4||2 + ||∂tηn+ 1

2 ||2 + ||∂tηn− 1
2 ||2

+ ||ηn||2 + ||ηn;1/4||2 + ||K5||2 + ||K6||2 + ||K7||2
+ ||K8||2 + ||�n;1/4(ξ)||2 + ||�n;1/4(η)||2 + ||τ2||2).

(41)

Using the Granwall’s lemma, we get

||∂tηN+ 1
2 ||2

≤||∂tη 1
2 ||2 + Ch2|un|22 + CΔt

N∑
n=1

(||ρn;1/4||2

+ ||∂tξn+ 1
2 ||2 + ||∂tξn− 1

2 ||2 + ||ξn;1/4||2
+ ||ηn||2 + ||ηn;1/4||2 + ||K5||2 + ||K6||2 + ||K7||2
+ ||K8||2 + ||�n;1/4(ξ)||2 + ||�n;1/4(η)||2 + ||τ2||2).

(42)

Noting that 1
Δt (||ηn+1|| − ||ηn||) ≤ ||∂tηn+ 1

2 ||, using the
Granwall’s lemma and then summing from n = 1, 2, 3, ...N ,
we obtain

||ηN+1||

≤C(||η0||+ ||η1||) + Ch|un|2 + C(Δt)
3
2

N∑
n=1

(||ρn;1/4||

+ ||∂tξn+ 1
2 ||+ ||∂tξn− 1

2 ||+ ||ξn;1/4||2 + ||K5||+ ||K6||
+ ||K7||+ ||K8||+ ||�n;1/4(ξ)||+ ||τ2||).

(43)

To estimate (33) and (34), setting vh = a
1
2 ∂tη

1
2 + I1h(b

1
2 η

1
2 )

and wh = θ
1
2 , we get

(
2

Δt
∂tη

1
2 , a

1
2 η

1
2 ) + (θ

1
2 , θ

1
2 )

=− (ρ
1
2 , θ

1
2 ) + (a

1
2 ∂tξ

1
2 + b

1
2 ξ

1
2 , divθ

1
2 )h

− (d
1
2 (∂tξ

1
2 + ∂tη

1
2 ), θ

1
2 )− (e

1
2 (ξ

1
2 + η

1
2 ), θ

1
2 )

− (
2

Δt
(∂tξ

1
2 + ∂tη

1
2 ), I1h(b

1
2 η

1
2 ))− (

2

Δt
∂tξ

1
2 , a

1
2 ∂tη

1
2 )

+ (K1, a
1
2 ∂tη

1
2 + I1n(b

1
2 η

1
2 )) + (K2, divθ

1
2 )h + (K3, θ

1
2 )

+ (K4, θ
1
2 )− (� 1

2
(cξ) +� 1

2
(cη), divθ

1
2 )h

+ (� 1
2
(gξ) +� 1

2
(gη), θ

1
2 )− (τ1, θ

1
2 )

− (f
1
2 (u)− f

1
2 (U), a

1
2 ∂tη

1
2 + I1h(b

1
2 η

1
2 )

−
∑
K

∫
∂K

(a
1
2
u1 − u0

2Δt
+ b

1
2u

1
2 +Δ 1

2
(cu))θ

1
2 · nds

=

15∑
i=1

Ei.

(44)

Using Cauchy-Schwarz inequality and Young inequality, we
obtain
||η0|| + ||η1|| ≤ Ch(Δt)2(||ρ 1

2 || + ||ξ 1
2 || + ||K1|| + ||K2|| +

||K3||+ ||K4||+ ||τ1||).
To estimate the right-hand terms, we note that

||K1|| ≤ CΔt(||∂
3u

∂t3
||+ ||∂

4u

∂t4
||),

||K2|| ≤ C(Δt)
3
2

∫ t1

t0

||uttt||ds,

||K3|| ≤ C(Δt)
3
2

∫ t1

t0

||uttt||ds,

||K4|| = ||
∫ t 1

2

0

cuds−� 1
2
(cuh)|| ≤ CΔt||u||,

||τ1|| ≤ CΔt||u||.
Using the above estimates, we get
||η0||+||η1|| ≤ Ch(Δt)2(|p|1+|u|1+|u|2)+C(Δt)3(||∂3u

∂t3 ||+
||∂4u
∂t4 ||+ ||u||) + C(Δt)

7
2

∫ t1
t0

||uttt||ds.
Note that

||K5|| = ||un;1/4tt − ∂2t u
n
h ≤ C(Δt)

3
2

∫ T

0

||utttt||dt,

||K6||+ ||K7|| ≤ C(Δt)
3
2

∫ T

0

||uttt||ds,

||K8|| = ||
∫ tn;1/4

0

cuds−�n;1/4(cuh)|| ≤ CΔt||u||,

||τ2|| = ||
∫ tn;1/4

0

guds−�n;1/4(guh)|| ≤ CΔt||u||.

Using (43) and the above estimates, we complete the proof of
(37).
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Further, set vh = divθn;1/4 in (35) and wh = θn;1/4 in (36)
to get

(divθn;1/4, divθn;1/4) + (θn;1/4, θn;1/4)

= −(ρn;1/4, θn;1/4) + (an(∂tη
n + ∂tξ

n), divθn;1/4)h
+ (bn(ξn;1/4 + ηn;1/4), divθn;1/4)h
− (dn(∂tξ

n + ∂tη
n), θn;1/4)− (en(ξn;1/4 + θn;1/4), θn;1/4)

+ (∂2t ξ
n + ∂2t η

n, divθn;1/4)h + (K5, divθn;1/4)

+ (K6, divθn;1/4)h + (K7, θ
n;1/4) + (K8, divθn;1/4)h

− (τ2, θ
n;1/4)− (�n;1/4(cξ) +�n;1/4(cη), divθn;1/4)

+ (�n;1/4(gξ) +�n;1/4(gη), θ
n;1/4)

+ (fn;1/4(u)− fn;1/4(U), divθn;1/4)

−
∑
K

∫
∂K

(an
un+1 − un−1

2Δt
+ bnun;1/4

+Δn;1/4(cu))θ
n;1/4 · nds.

Using Hölder’s inequality and Young’s inequality combining
with Lemma 3.1-3.4, inverse inequality, average value tech-
nique in [18], and the boundedness of f(u) and Lipschitz
continuity, the estimate of the right-hand terms are obtained

||θn;1/4||+ ||divθn;1/4||
≤Ch|un|2 + C(||ρn;1/4||+ ||ξn;1/4||+ ||ξn||

+ ||ηn;1/4||+ ||ηn||+ ||K5||+ ||K6||+ ||K7||
+ ||K8|| − ||τ2||+ ||�n;1/4(ξ)||
+ ||�n;1/4(η)||+ ||fn;1/4(u)− fn;1/4(U)||).

Summing from n = 1, 2, 3, ...N , we obtain

||θn;1/4||h =
N∑
n=1

(||θn;1/4||+ ||divθn;1/4||)

≤Ch|un|2 + C
N∑
n=1

(||ρn;1/4||+ ||ξn;1/4||+ ||ξn||

+ ||ηn;1/4||+ ||ηn||+ ||K5||+ ||K6||+ ||K7||
+ ||K8|| − ||τ2||+ ||�n;1/4(ξ)||+ ||�n;1/4(η)||
+ ||fn;1/4(u)− fn;1/4(U)|).

Using the similar proof, we get

||θn;1/4||h ≤Ch(|u|1 + |p|1 + |u|2) + Ch(Δt)2(|p|1
+ |u|1) + C(Δt)3(||∂

3u

∂t3
||+ ||∂

4u

∂t4
||+ ||u(0)||)

+ C(�t) 7
2 (

∫ T

0

||uttt||dt+
∫ T

0

||utttt||dt).

Finally, we apply the triangle inequality to complete the
proof.
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