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Abstract—New generalization of the new class matrix
polynomial set have been obtained. An explicit representation and
an expansion of the matrix exponential in a series of these matrix
are given for these matrix polynomials.
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. INTRODUCTION

ECENTLY, Hermite matrix polynomials have been
introduced and studied in [3]-[4] and generalization of
Hermite matrix polynomials are given [6] for matrix in

C™™N whose eigenvalues are all situated in the right open
half-plane. Moreover, some properties of the Hermite matrix

polynomials have been presented in [1]-[2]. If D,is the
complex plane cut along the negative, real axis and
Iog(z ) denotes the principal logarithm of Z , then Z vz

represents exp[%log(z )) If Ais a matrix

inC "N the set of all the eigenvalues of A is denoted by
O'(A) if f (Z )and g (Z ) are holomorphic functions of
the complex variable Z ,which are defined in an open set

N xN

Q of the complex plane, and A is a matrix inC such

thatJ(A)cQ. Then from the properties of the matrix

functional calculus [7] . It follows that

f(A)g(A)=g(A)f (A). If Ais a

witho (A ) =Dy, then AY2=\/A" denotes the a image
1/2

matrix

by z 7" of the matrix functional calculus acting on the
matrix A . We say that A is a positive stable matrix

if Re(z)>0 forall zeo(A) (1)

If A(k ,n)are matrix inC "N for n>0and k >0
then it follows that [1].

A(k,n-k) )

n=0 k=0 n=0 k=0
© © w [n/2]
D Ak,n)=>>A(k,n-2k) @
n=0 k =0 n=o0 k=0
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For m is a positive, similarly to(2) one can find [6].

) o [n/m]
22 Ak n) =23 Alk,n-mk); n>m (@)
n=0 k=0 n=0 k=0

a new class of matrix polynomial K (X,A) suggested by

Hermite polynomials Hn(X,A) have been introduced

and discussed in " as discussed by Kahmmash [5] as

follows.

{%}{nézr}(_l)f (A/) O g

kn(X’A)zzz (n—2r-3)Iris!

r=0 s=0
Where k, (x,A) is a polynomial of degree precisely
2ninX and that
K, (x \A)=(3(A12)) X" +7,, sinx.

The aim of this paper is to derive the generalization of
new class of matrix polynomials set , an explicit
representation ,expand the matrix exponential in a series of
the generalized new class of matrix polynomial set with
some recurrence relations in particular the four terms
recurrence relation for theses matrix polynomials.

®)

I1. DEFINITION OF GENERALIZATION OF A NEW CLASS OF
MATRIX POLYNOMIALS SET

Let A be a matrix in C™N

such that Re(z)> 0 for
every eigenvalue

n=0,12,..4€R"and mis a positive integer, we
define the generalized anew of matrix polynomials by
F ( . )_e(/1(3(A/2)X2t—3«/A/2xtm’1+tml))

=3k (A
n=0

HE O'(A). For

(6)

Since

exp( A(3(A/2)x -3 JAT2x 1" +1"1 )

3A(AI2)x% —3AJAI2xt™ T _at™)
(A7t o e

S L
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CAm (<1) (3VAT2x ) e,

alele (3(arz)e)
=22 z(n_(m_l)r)!r!s!

A L1y (3VAT2x ) 1,

el "] (3(Ar2)xe) "

S (n—(m=1)r—ms)lris!

A (L) (3YAT2x ) t°

{L—J[n“(':]’l)r} (_1)" nix 2n—2(m—1)r—2ms+rZn~(m+2)r—(m—1)s

(n—=(m=1)r—ms)!rls!

/Z)n —(m=1)r-ms+(1/2)r 3 n—(m —l)r—ms+r.

)>

1
b

{ml—}[ m )r} _1) /1n—(m z)r—msXZn-(zm -3)r-2ms
:ﬂ“ Z Z m+2r+{ml ( _(m—l)r—ITB)!I’!S! (7)

r=0 s=0
(A /2)n7(m—3/2)r—ms 3n—(m—2)r—ms
Where krﬁ,m (X ,A) is a polynomial of degree precisely

2n in X and that

ki w (X A)=((A12)) x>+ 5, (X)
Where 7, _. (X ) is a matrix polynomial of degree
(2n-m)in x .
For simplicity we denote krfm (X JA ) for the generalized

new class of matrix polynomials when A=1it should be
observed that ,in view of the explicit representation

(6) .the generalized new
class of matrix polynomials krfj(X,A) reduces to the

new class of matrix polynomials kn (X ,A)/ nlas given

in (5)

Note that
e 3(AI2)x % -3 AT2xt"?

(3Ax 3th2) -

_t e3(A/2)x2t—3./A/2xtm’1
This,

exp[(3Ax —3\/A_/2t”‘*2)7m dd mm J

X

Vol:3, No:2, 2009 eXp3(A/2 X Zt _3\/mx tm_l.

(3Ax 3th2)

exp( (A/12)x%t - 31/A/2xt’“1)
—Z tm exp(3(A/2)x2t—3\/A/2xt”“1)
= exp( (A72)x%-3JAT2xt" 41" 1)

There fore, we have

exp((3Ax —3JA/2tM? )7m (;jx—mJexp3(A 12)x%
an m ’

-3JA /2

exp((SAx —3\/A_/2tm*2)_m dd mm j

X

—&/A/Ztm‘z)nt”

0

.ZX—:(?:(A/Z)X

n=0 n:

0

=Y Ko (X,A)t
n=0

Identification of the coefficients of t" in both sides gives a
new representation for the generalized
new class matrix polynomials for 4 =1, in the form:

Ko (X ,A):ﬁexp((%x ~3JA/2 tm‘z)_m (;jx_:] ®)
(3(Ar2)x -3/ATZt" ) X

For m=2 the

representation for the new class matrix polynomials
in the form .

expression (8) gives  another

)
Ko m (x,A)=%exp((3Ax -3JAI2 )Zt;jx—z] )

(3(A12)x -3 JAT2 ) x
Let B be amatrix in C" ™" satisfies the spectral property .
|Re(,u)|>|lm(,u)|,‘v’uea(B) (10)

Suppose that A =2B 2in view of the spectral mapping
theorem [7] it is easy to find that

0(A)={2b2 :b EO‘(B )} and by (10) we have

Re(20%)=2[ (Re(b))’ - (im(b))'|>0, bec(B)
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That is, A is appositive stable matrix .In (2.1) puttfigg3: N%F’/%?O:gﬂ(g,(A/z)XZ_?,(m

t=1 and B =+A /2 gives.

exp( 4(3(AB ) ~3Bx +1)) = ok, (x,287)
n=0
Therefore for the matrix B satisfies (10),an expansion of

eXp( 31x? B —3x )B in a series of the new class

matrix polynomials is obtained in the form:
exp(31x°B -3x )B

= exp(4 ikn (x,2B?) , —o0<x <o,
n=0

I1l. RECURRENCE RELATIONS

Now, since

F(x,t)=e

= iknfm (x,A)t
n=0

Differentiating (3.1) with respect to X yields .
3(A/2 % -3 JAT2xtM L™ |))

((SAxt _3JA/2t )) (12)

_ZD Ko em (XA
By (11) and (12),we have

/1(3Axt—3\/A/2tm‘1)
KA (XA =S DKZ (XA
n=0

(A(3(rr2)x -3 AT2xt" 44" ) 1)

/1(3Ax —3\/A/2tm’2)
KA (A=Y DK (XA
n=0 n=0

since D kg, (X,A) =0, then for n>1 one obtains
A(3Ax -3/AT2t"? |k, (x,A)=Dk/, (X,A) (13)
lteration (13) for 0< k <n gives.
D k.. (x,A) (14)
:[/1(3Ax —3JA 2t )T 2 (X,A)

Differentiating (11) with respect to X and t, we find

of fox = A(3Axt-3JA/2t" )
: exp( ﬂ(B(A/Z)xzt ~3JAT2xt" 4t ))

And

~)VA/2xt™ 2 +mt™ )
. e(1(3(A/2)x 23 fAT2xt™ " ))

Therefore, F (X 1 )satisfies the partial matrix differential
equation.

((A 12)x21 =(m —1)JAT2xt" +%t”"1l ji

OX

—(Axt— Al2 xtm‘l)af—tzo.

Which by using (11)

(ﬁx I (m-1AI2 xt™? 4—2tm-1| jim,fm(x,A)t“

~(Axt—JA 72 t”‘l)an A)t" =0,
Or
iAxnknfm Z«/A_Iani X, At
n=l

+Z[A/2x Dk (X, At" Z{m—])\/izxt”*"*2 X, (XA
Z Dk/,

(x, A",
Or

in Ko (X A" =i\/1/2A xnk? o (x,A)mm?

z Dkl n i 1/X) n+m—2
n=l
Dk, +il (X, A",

= 3AX

A):(ﬂxﬂ) Int,  for

0<n<m —2 then we get.

Since ki (X
nk’, (x,A)=XED ki (X,A) (15)
+((n/x)—(m—1)\/1/_2A(1/ ))Dk;mzm(x,A)
S(A/X)Dkﬁm( A).

For A=1, from (6),

exp( (3(A12)xt-3/AT2x " +t"1 )
" e‘tm'ikn'm (x ,A)t
n=0
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- e (3 A/2x)r (-1)
%3t
n=0r=0s=0 r:s!
tn+(m—l)r+ms K i (X ,A)

(3 A/zx) 'K ayromem (X 2A):

By equating of the coefficients of t" , one gets

_n [n=(m-tr .
S (3A/2)"[mzlﬂ > }(_1)

n! = = rls!

(3\/A—/2x)

(16)

Since
exp((3(A/2)xzt—3 Al2xt™t+t™u™l ))

= exp (3(A/2)x2t—3 A/2xtm‘1+tml)

cexp(~t" +t"u" ).

Then
( )
anm (x,A)(tu)’ ZZ
n=0k=0
2™k (AT

w [n/m] _ (1 U )k
= Z k
n=0 k=0
Which , by comparing the coefficients of t" we get

(x,A)t"

n-mk,m

uk, ., (x,A)= (17)
[n/m](_l)k (1—Um )k
' ZO k!

We thus arrive to the following result.
Theorem 3.1. The generalized new class of matrix
polynomials set. Satisfy the following relations:

1- D*K/, (x,A)=
[/1(3Ax ~3JAT2t"? )J Kiy o (X,A)

2- nk;, (x,A)=

Ko _mim (X, A).

XED Kin (G A)+((n7X)=(m =1)VIT2A (1/x )
DKo (X A)+§(A/X)D Ko (X A).

Vol:3, No:2, 2009 n {n—( 1)r}
2n {m—l} S

3-2—1= (3a/2)" Y. 3

n: r=0 s=0 rlsl
.(3\/A /2 x )r Ko mayems.m (XA
4- u"k, . (x,A)=
[n/m] _1k 1—uym™ k
i )

= k!
n=0
Now, inserting (13) in (15), yields

nkZ, (x,A)= XE(?MAX ~34/AT2t" ) ()

n-mk,m (X ’A)

K (XOA) H (1X) A MDA WX) K7 1 (X,A)
+?(A IX)D K (X, A).

Replacing n by n —m +1in (3.3), gives
Dk (x,A)= (19)

n-m+l,m

A(3Ax -3VAT2t" 2 )k}, L (x,A).

Substituting from (19) into (18), yields
The four terms recurrence relation as given in the following
theorem:

Theorem 3.2.
polynomials K

The generalized new class matrix
(X ,A), satisfy the
four terms recurrence relation:

kG (0,A) =22 (A AT2E ) (0,A) @0
H(n/x) A=V 2A (UX) K] 1. (X, A)

/1m m
e S (Ax—JAT2t" ) K (x,A) n 2m.
With initial values

K (X,A)=(Ax~2A)/nt,0<n<m -2,
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