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Averaging Model of a Three-Phase Controlled
Rectifier Feeding an Uncontrolled
Buck Converter

P. Ruttanee, K-N. Areerak’, and K-L. Areerak

Abstract—Dynamic models of power converters are normally
time-varying because of their switching actions. Several approaches
are applied to analyze the power converters to achieve the time-
invariant models suitable for system analysis and design via the
classical control theory. The paper presents how to derive dynamic
models of the power system consisting of a three-phase controlled
rectifier feeding an uncontrolled buck converter by using the
combination between the well known techniques called the DQ and
the generalized state-space averaging methods. The intensive time-
domain simulations of the exact topology model are used to support
the accuracies of the reported model. The results show that the
proposed model can provide good accuracies in both transient and
steady-state responses.

Keywords—DQ method, Generalized state-space averaging
method, Three-phase controlled rectifier, Uncontrolled buck
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1. INTRODUCTION

OWER converters are widely used in many applications.

The dynamic model of the system including the power

electronic converter is very important for system design
and analysis. It is well known that the power converter models
are time-varying because of their switching behavior. Several
approaches are commonly used for eliminating the switching
actions to achieve time-invariant model based on averaging
models. Then, the classical linear control theory can be easily
applied to the model for a system analysis and design.

The first method is the generalized state-space averaging
(GSSA) modeling method. This method has been used to
analyze many power converters in DC distribution systems
[1], as well as uncontrolled and controlled rectifiers in single-
phase AC distribution systems [2] and 6- and 12- pulse diode
rectifiers in three phase systems [3]. The second is an average-
value (AV) modeling method, which has been used for 6- and
12- pulse diode rectifiers in many publications [4], as well as
generators with line-commutated rectifiers [5]. These rectifiers
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can be modeled with good accuracy as a constant DC voltage
source. However, this method is not easily applicable to
analyze the general AC power system with multi-converter
power electronic systems. Another technique widely used for
AC system analysis is that of DQ-transformation theory [6-8],
in which power converters can be treated as transformers. The
resulting converter models can be easily combined with
models of other power elements expressed in terms of
synchronously rotating frames such as generators, front-end
converters, and vector-controlled drives. The DQ models of
three-phase AC-DC power systems have been reported in the
previous works for stability studies of the power system
including a constant power load (CPL) [9]-[11]. The DQ
method for modeling the three-phase uncontrolled and
controlled rectifier has been reported in [9] and [12],
respectively.

From the literature reviews, this paper presents the
combination between the DQ modeling approach and the
GSSA modeling method to derive the dynamic model of a
controlled three-phase rectifier feeding an uncontrolled buck
converter. According to the advantages of DQ and GSSA
methods, the DQ method is selected to analyze the controlled
three-phase rectifier including the transmission line
components on AC side, while the GSSA method is used to
analyze the buck converter. The proposed model is validated
by the intensive time-domain simulation via the exact
topology model of the commercial software package. The
results show that the proposed mathematical models provide
high accuracies in both transient and steady-state responses.
Hence, the reported model is suitable for the system analysis
and design via the classical control theory.

The paper is structured as follows. The power system
considered is explained in Section II. In Section III, deriving
the dynamic model of a controlled three-phase rectifier
feeding a buck converter using the combination between DQ
and GSSA methods is fully described. In Section IV, the
model validation using the intensive-time domain simulation
of the exact topology model is illustrated. Finally, Section V
concludes and discusses the advantages of the DQ and GSSA
modeling methods to derive the model of the power electronic
system.

II. POWER SYSTEM DEFINITION AND ASSUMPTIONS

The studied power system in the paper is depicted in Fig. 1.
It consists of a balanced three-phase voltage source,

transmission line represented by R,,, L., and C,,, three-phase
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Fig. 1 The considered power system

controlled rectifier, and DC-link filters shown by elements r;,
Ly, r. (ESR) and C,. feeding an uncontrolled buck converter.
It is assumed that the controlled rectifier and the buck
converter are operated under a continuous conduction mode
(CCM) and the higher harmonics of the fundamental are
neglected. E,. and V. are the output terminal voltage of a
controlled rectifier and the voltage across the DC-link
capacitor C,,, respectively. A phase shift between the source
bus and the AC bus is 4 as shown in Fig. 1.

The set of system parameters for the power system of Fig. 1
is given in Table I.

TABLE I
PARAMETERS OF THE SYSTEM IN FIG. 1

Parameter Value

Vs 220 Vims/phase
w 27tx50 rad/s
R, 0.1Q

L, 24 uH

Cuy 2 nF

ry 0.01 Q

re 0.01 Q

La (AL < 15A) 50 mH

Coe (AV4e < 50V) 500 pF

L (AL, < 05A) 14.168 mH
c (AV, < 50mV) 125 uF

R 20Q

[II. DERIVING DYNAMIC MODELS

In the paper, the DQ method is used to analyze the three-
phase controlled rectifier, while the GSSA approach is applied
to eliminate the switching action of the buck converter. The
details how to derive the dynamic model of the considered
system in Fig.1 are fully explained in this section.

A. DQ method

The DQ modeling method is selected to derive the dynamic
model of a three-phase controlled rectifier in which such
rectifier can be treated as a transformer. According to Fig. 1,
The effect of L., on the AC side causes an overlap angle u in
the output waveforms that causes as a commutation voltage
drop. This drop can be represented as a variable resistance 7,
that is located on the DC side [13] as shown in Fig. 2. The r,
can be calculated by:

_ 3L,

v

)

Tu

where @ is the source frequency.

bus,a

Vbus,b

Vbus,c o

Fig. 2 Three-phase controlled rectifier with the overlap angle
resistance

It can be seen from Fig. 2 that E,.; represents the output
voltage from the switching signal without an overlap angle
effect, while £, represents the voltage at the rectifier output
terminal taking onto account the voltage drop effect. Since the
commutation effect has been moved on to the DC side, the
switching signals for three-phase controlled rectifier can be
applied without considering the effect of overlap angle. This is
show in Fig. 3 in which a is the firing angle of thyristors.

1801



International Journal of Electrical, Electronic and Communication Sciences
ISSN: 2517-9438
Vol:5, No:12, 2011

I
I
11—~ ,_| I
S, J 1]
a 51/6
-1 ,,TE/§T?:,,,EC,LTE“J_,

| — ]

S .,
i L1

T 2n
Fig. 3 The switching functions of three-phase controlled rectifier

The switching function of S, in Fig. 3 can be expressed by
a Fourier series. In this paper, neglecting the harmonics of the
power system, the switching functions can be written for three
phases as:

Sbe 2ﬁ{sin(a)tﬁp—oc) sin(a)t—%rﬂp—a) sin(w t+2;+(p—on)jl 2)

T

where ¢ is a phase angle of the AC bus voltage and o is the
firing angle.

The relationship between input and output terminal of
controlled rectifier is given by:

I = Sabc Idc (3)

in,abc
T
Edcl = S abc Vbus,ahc (4)

It can be seen from (3) that the fundamental input current is
in phase with the switching signals. In addition, for a
controlled rectifier, the fundamental input current lags the
fundamental input voltage by a [13]. Equations (2)-(4) will be
used to derive the model of controlled rectifier by using DQ
modeling method as follows:

Firstly, the controlled rectifier is transformed into a two axis
frame (DQ frame) rotating at the system frequency @ by
means of:

2 2r
cos(@(t)) cos(@(t) — — ) cos@t)+ — )
T [ 10 ]=‘E 3 3 (5)

—sin(6(1) —sin(0(t) — %T ) —sin(6(1) +33’ )

where 9(7) = wt _%4. é

Combining equations (3)-(5) results in:

Iin,dq = quldc (6)
Ed

C.

1= S::qvbus,dq (7)

Secondly, the switching functions in (2) can be transformed
into a DQ frame by means of (5) to give:

sdq:ﬁm[cosm—ma) —sin(g-g+a)] @)
T

The vector diagram for the DQ transformation is as shown
in Figure 4 where V; is the peak amplitude phase voltage, [, is
the peak amplitude current, V,,, is the peak amplitude AC bus
voltage, and S is peak amplitude of the switching signal, here

equal to 243/ 7 as shown in 2).

Fig. 4 The vector diagram for the DQ method

From (6)-(8), the controlled rectifier can be easily
represented as a transformer having d and g-axis transformer
ratio S, S, that depend on the phase of the DQ frame (¢;), the
phase of V,,, (¢), and the firing angle of thyristors (a). As a
result, the equivalent circuit of the controlled rectifier in the
DQ frame derived by using DQ modeling method is shown in
Fig. 5.

,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 5 The equivalent circuit of controlled rectifier on
DQ frame

Finally, using (5), the cable section can be transformed into
DQ frame [14]. The DQ representation of the cable is then
combined with the controlled rectifier as shown in Fig. 5. As a
result, the equivalent circuit of the power system in Fig.1 can
be represented in the DQ frame as depicted in Fig. 6.The
equivalent circuit in Fig. 6 can be simplified by fixing the
rotating frame on the phase of the switching function (

@ =@ —a ). This results in the circuit as shown in Fig. 7.In

Fig. 7, the three-phase controlled rectifier including the
transmission line on AC side is transformed into the DQ frame
via the DQ modeling method. Notice that the controlled
rectifier can be modeled as the transformer in which it can
provide the time-invariant model. The GSSA modeling
method is then used to eliminate the switching action of the
uncontrolled buck converter. The details how to derive the
dynamic model of the power system as shown in Fig. 7 by
using the GSSA method are given in Section B.
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- differentiation with respect to time:
B. GSSA method Wt TesP
The GSSA method is an alternative method to eliminate the d <x> p
time-varying switching function to achieve a time-invariant k _ <_x> - jka, < x> (11)
power converter model. The approach uses the time-dependent dt dt [, Sk

coefficients of the complex Fourier series as the state
variables. The overview of this approach is as follows.

In general, a periodic waveform with period 7 can be
represented by the complex Fourier series of the form

0

f@O="3 (x) @™ ©)
k=—x k
where @, = 2n/T and<x>k(t) is the complex Fourier
coefficients.

The GSSA approach uses the <x> . (2) of the waveform as

the state variables of the system. These coefficients can be
determined by

(x), 0= [ fear (10)
-

t

The necessary properties of the <x> ‘ () for modeling the

power system using the GSSA technique are as follows:

- the convolution relationship:

() =205 (), (12)
i k—i
if f{(¢) is real (real-value periodic waveform),

<x>—k :<x>k :<x>k (13)

In (9) and (10), the value of £ depends on the accuracy
level. Theoretically, if & approaches infinity, the
approximation error approaches zero. If the waveform can be
assumed to have no ripple, it can be set to k = 0 called zero-
order approximation [1]. On the other hand, if the waveform is
similar to a sinusoidal signal, £ can normally be set to -1, 1.
This particular case is referred to as the first harmonic
approximation [2].

For deriving the dynamic model of a buck converter using
GSSA method, the switching function of such converter under
the continuous conduction mode (CCM) is firstly defined in
(14).
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I, 0<t<dT,
u(t) = (14)
0, dT,<t<T,

where d is the duty cycle of the switch S; as shown in Fig. 7.

For the buck converter of Fig. 7, when the switch S; is
closed, Icp; = I; and V. = V;,. Otherwise, when the switch S;
is opened, Icp; = 0 and V;, = 0 by assuming no voltage drop
acrossing diode D,,. Hence, the relationship between I-p; and
1I;, and the relationship between V,, and V;, in terms of u(¢) are
given by:

{ICPL =u(ly (15)

Vin = u(t)Vdc

Applying the KVL and KCL to Fig. 7 with (14) and (15),
the set of time-varying differential equations are given by:

Regq 1 3
I =] toly-——V,  +—— 2V cofi+a)
sd sd Sq ;
s Leq Leg bus,d Leg 2m
‘ Re 1 13
eq
Isq=-ol ;- leq lsq= Leg buw eg 2V sin(A+a)

I; busd ! 1, +oV, - 3.2 1
usd =—— @ —.—
Ceq sd busg \ > ”Ceq dc

L]

1
Vbusg =—w Vbusd +——1Igq
Ceq

) 23 Tu 7 1 .
[dc—\F [Vbusd [+L+L]1dc‘Vdc+W1L
2 Ly de de dc de de
_u,

1
Vdc =—]
de I
Coe © Cye

1

L()Vd'_ly
L % Lo
Vo-lr Ly
OTC'LTRC o

L]
1L =

(16)

As mentioned before, the switching behavior of the three-
phase rectifier was eliminated by the DQ modeling approach.
However, the time varying function, here is u(¢) in (16), still
occur in the model due to the switch of a buck converter.
Therefore, in the paper the GSSA method is used for
eliminating the switching action of the buck converter to
achieve the time-invariant model. The state-variables of the
model are the Fourier coefficients of Ly, Iy, Viusas Viusgs Laes
Vie, I, and V,. Using the zero-order approximation by
neglecting ripples on the DC waveforms, we can define 8 state
variables:

<[sd>() =1,

<[ﬂ/>o =1,

<Vsd>0:Vsd a7)
{)o ="

<1dc>() =1,

< dc>0 =V,

<IL>0 =1,

V) =".,

Using (10) to obtain the complex Fourier coefficient of the
switching function in (14), the coefficient for the zero-order
approximation can be determined as:

(u),=d (18)

where d is the duty cycle of the buck converter.
Then, applying (11)-(13) to (16) and substituting the
Fourier coefficient of the switching signal as given in (18), the

dynamic model of the system in Fig. 7 using GSSA modeling
method can be expressed in (19).

1
bus at Leg \/;Vmcm(}L + a)
Req, 1 1
Leg lsq = Leg busq L IV szr(/1+oc)

I./b d = I, +ol, 13—2 1
usa = w
c, sd busg 1\, ”Ceq dc

eq

(] R ]
I

lsd7 I3 Isd+wlsq L
eq

lsq:—a)lsd

Vbusg ==V, o1+ sl

d 3 2V3 g r 1 ro.d
Ide =~ Vb i_*_i*_ic Id 77Vd +LIL
2L, busd | L "L, "L, [de [, delp

/d dc Tde Tdc dc dc

1
- sq
’I

. )i d
Vdczcildcfil

de de
M d 1
1 :7Vd -V
L [ 4 Lo (19)
i 1 1

Vo=—1, ———V
OTC'LTRC o

Hitherto, the DQ modeling method is first applied to the
power system as shown in Fig. 1 to eliminate the switching
action of the three phase rectifier. The equivalent circuits of
such power system on DQ frame is depicted in Fig. 7. Then,
the GSSA method is used to eliminate the switching behavior
of the buck converter. Finally, the time-invariant dynamic
model of the power system in Fig. 1 is described in (19). This
model can be called the DQ+GSSA model. The DQ+GSSA
model given in (19) can be written in the form of (20).

;( = A(x,u)x + B(x,u)u
y=C(x,u)x+D(x,u)u

(20)
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T
d Vbus,q ]dc Vdc IL Vo :I

input: u =|:Vm], output: y = [IdC Ve 1 VO]T
and the details of A, B, C, and D are as follows:

Re 1
_— o - 0
L
eq eq
o -4, L
L
eq eq
—1 0 0 w
C
eq
1
0 Gl -0 0
A= eq
2
0 0 \ET\B 0 -
e
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0
2k 0 o
2 nC
eq
0 0 0 0
rﬂ+rL+rc 1 ,,C.d ,
de de de
Lo Lo
dc dc
d
0 - 0 A
L L
. , L1
C RC
188

_\/? cos(l+a)_
27 Ly
\/?sin(i+a) 00001000 0
E'T C:00000100 D=0
00000O0T10 0
B = 0 000000 0 ljge 0451
0
0
0
0
L 0 Jgx1

IV. MODEL VALIDATIONS

The DQ+GSSA dynamic model in (20) with the details of
A, B, C, and D is validated by using the simulation in
SimPowerSystem™ (SPS™) of SIMULINK via the exact
topology model as given in Fig. 8. The set of system
parameters for the power system of Fig. 1 is given in Table I.

Fig. 9 shows the 1., V., I, and V, waveforms calculated
from the DQ+GSSA model as given in (20) compared with
those from the exact topology model to a step change of the
voltage source from 200 V s to 220 Vs that occurs at £ = 0.5
s. The firing angle of three-phase controlled rectifier and the
duty cycle of a buck converter for Fig. 9 are equal to 10
degree and 70%, respectively. Similarly, Fig. 10 — Fig. 14
show the responses for variations in firing angle (10, 20 and
30 degree) and duty cycle (70%, 90%).

alpha_deg

AR

Yy ¥y

cA

V¢

Block

8c  [plisest

slpha

Fig. 8 The exact topology model of the power system in Fig. 1
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From the comparison results in Fig. 9 - Fig. 14, an excellent
agreement between the proposed model and the exact
topology model as given in Fig. 8 is achieved. It confirms that
the dynamic model of the system in Fig. 1 derived by the DQ
and GSSA methods provides high accuracies in both transient
and steady-state responses. The reported model can be used to
study the behavior of the whole power system of Fig. 1 and
can be used for the system analysis and design. However, it
should be noted that the proposed model is valid when the
power converters are only operated under the CCM. The
current of L,, for CCM operation is depicted in Fig. 15.

el ekt

— et oplogy mode]

" 1 1
45 05 035

]

Fig. 15 The inductor current of phase a for CCM condition

V. CONCLUSION

In this paper, the DQ and GSSA modeling methods are
presented for modeling a three-phase AC distribution system
with a three-phase controlled rectifier, DC-link filters, and
uncontrolled buck converter connected to the DC bus. The
proposed approach is very useful for modeling the AC
distribution system and also concerning a phase shift between
source bus and AC bus. Moreover, the resulting converter
models can be easily combined with models of other power
elements expressed in terms of synchronously rotating frames
such as generators, front-end converters, and vector-controlled
drives. The simulation results of the exact topology model
show that the reported model can provide high accuracies in
both transient and steady-state response. The resulting model
can then be used for the system analysis and design in the
future work.
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