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Symmetries, conservation laws and reduction of
wave and Gordon-type equations on Riemannian
manifolds
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Abstract—Equations on curved manifolds display interesting prop-
erties in a number of ways. In particular, the symmetries and,
therefore, the conservation laws reduce depending on how curved
the manifold is. Of particular interest are the wave and Gordon-type
equations; we study the symmetry properties and conservation laws of
these equations on the Milne and Bianchi type III metrics. Properties
of reduction procedures via symmetries, variational structures and
conservation laws are more involved than on the well known flat
(Minkowski) manifold.
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[. INTRODUCTION

VAST amount of work has been published in the lit-

erature studying differential equations (DEs) in terms
of the symmetry generators admitted by them [1]-[2]. These
symmetries play an important role in finding exact analytic so-
lutions of the nonlinear DEs. Other than Lie point symmetries,
Noether symmetries are widely studied and are associated,
in particular, with those DEs which possess Lagrangians.
These symmetries represent physical features of DEs via the
conservation laws they admit. The interesting link between
symmetries and conservation laws in mathematical physics
is provided in the classic work of Noether [3] showing that
for every infinitesimal transformation admitted by the action
integral of a system, there exists a conservation law. The
Noether symmetries, which are symmetries of the Euler-
Lagrange systems, have interesting applications in the study
of properties of particles moving in under the influence of
gravitational fields.

Recently, some published results were aimed at understand-
ing Noether symmetries of Lagrangians that arise from certain
pseudo-Riemannian metrics of interest [4]-[5]. More recently,
Noether symmetries of the Euler-Lagrange equations on the
Milne metric [6] were found and a discussion of the results
were given via a comparison of Noether symmetries on the
Milne metric with those of other conventional symmetries of
the same space-time [7]. Concerning the pure wave equation
(homogeneous), it is a priori clear that it will admit a maximal
Noether symmetry group on a flat manifold. In that spirit,
the work of Mahadi [7] gives limited information and needs
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further understanding. With this example in mind, we study
Klein-Gordon [8] equations on the Milne metric and see
how Noether symmetry structures change when classical wave
equations are coupled with an inhomogeneous term and, for
illustrative purposes we consider the wave equation on a
Bianchi type III metric. For further alternative approaches
to wave or Gordon-type equations on Riemannian manifolds,
we refer the reader to [9]-[10]. The plan of the paper is as
follows: Section II briefly discuss the procedure to obtain an
expression representing a Noether symmetry and we describe
the multiplier method. In section III, we list some Lie point
symmetries of a class of Gordon-type equations and illustrate
a few reductions. We also determine the Noether point symme-
tries of the Klein-Gordon equation and construct an associated
conserved vector. In section IV, we determine the symmetry
properties of a nonlinear wave equation on the Bianchi type
IIT metric and list the associated conserved densities.

II. DEFINITIONS AND NOTATION

Consider an rth-order system of partial DEs of n inde-

pendent variables * = (x',z2,...,2") and m dependent
variables u = (u',u?,...,u™)
GH(I,U,U(1)7...,U(T.)):0, M:].,...7’fh, (D

where (1), u(2), .- ., U denote the collections of all first,
second, ..., rth-order partial derivatives.
Definition 1: The total differentiation operator with respect
to 2% is given by
0 0 0

D; = — o X4
L tu ou™ s ous +

i=1,...,n. ()

Definition 2: A current ® = (®1,...
it satisfies

,®") is conserved if

D,;® =0 (€©))

along the solutions of (1).
It can be shown that every admitted conservation law arises
from multipliers Q,,(x,u, u),...) such that

QuG" = D;®' “)

holds identically (i.e., off the solution space) for some current
®?. The conserved vector is then obtained by the homotopy
operator [1]. Suppose A is the universal space of differential
functions.
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Definition 3: A Lie-Bicklund operator is given by

;0 0 0
X =& — > § o
£ 61.1 + n aua + g>1<“m15 aulal ] ) (5)

g

where ¢, n® € A and the additional coefficients are deter-
mined uniquely by the prolongation formulae

G = DU+ g
, (6)
& i = Dy Dy (W) +&us; ., s>1
W< is the Lie characteristic function given by
W =n%— §ju;-’ . @)

Definition 4: A Lie symmetry generator of (1) is a one
parameter Lie group transformation that leaves the given
differential equation invariant under the transformation of all
independent variables and dependent variables.

In this paper, we will assume that X is a Lie point operator,
i.e., £ and 7 are functions of = and « and are independent of
derivatives of u.

Definition 5: The Euler-Lagrange equations, if they exist,
associated with (1) is the system 0L/éu®* =0, « =1,...,m,
where 0/0u® is the Euler-Lagrange operator given by

) 9 9
Sus = Fus + 2521(71)5132-1 .. D“ oug (8)

a=1,...,m.

L is referred to as a Lagrangian and a Noether symmetry op-
erator X of L arises from a study of the invariance properties
of the associated functional

L= | L{z,uugqy,...
Q

> U(r) )X

defined over (2, where € is an open, connected subset of the
Euclidean space with smooth boundary 02.
A partial DE, for which there exists a Lagrangian, is said to
be variational.

Definition 6: If we consider point dependent gauge terms
fi,---, fn, the Noether symmetries X are given by

X(L)+ LD;(&") = Di(fy). )

Definition 7: The Noether operator associated with a Lie-
Bicklund operator X is given by

Ni= €4 W e+ 0, Diy o Dy, (W)
)

t=1,...,n,

(10)

dud .
where the Euler-Lagrange operators with respect to derivatives
of u® are obtained from (8) by replacing u® by the correspond-
ing derivatives, e.g.,

51% = agw + Zle(‘USDjl "'Djs auaa
§ § fieis o (11)

i=1,...,n, a=1...,m.

Theorem 8: For any Noether symmetry X corresponding
to a given Lagrangian L € A, there corresponds a vector
ol = (®!,... ®"), &' c A, defined by

o' = f; — NY(L), i=1,...,n, (12)

which is a conserved vector for the Euler-Lagrange equations.

I1I. GORDON-TYPE EQUATIONS IN MILNE SPACE-TIME

Consider the Milne metric [6]
ds? = —dt? + 12 (dz? + €2 (dy? + dz?)) 13)

which represents an empty universe and is of interest in
relativity for being a special case of a well known Friedmann
Lemaitre Robertson Walker metric [8], [6]. The Gordon-type
equation [8] on (13) is obtained by

I

and takes the form

Uy — t2Ugt + €7 2wy, + 72U, — 3tuy + 2uy (15)
—t2k(u) = 0.

A. Lie Symmetries and Reduction of Order of Equation (15)
- An lllustration

In order to find the Lie point symmetries of the above
equation we restrict k(u) to some special cases. These cases
are assumed by keeping in mind the fact that we allow
the inhomogeneous term, k(u), to be taken as sin(u) and
some powers of u. Note that the case k(u) = sin(u) is
the sine-Gordon equation and k(u) = wu is the well known
Klein-Gordon equation. The criteria that yields the Lie point
symmetries is given by the invariance condition [2]

Xty — tPus + €2 uyy + e72%u,, — 3lug + 2uy
_tQk(u)”Eq.(IS):O =0,

(16
where X would be the prolonged symmetry generator in the
jet space. Thus, the invariance of differential equations (15)
leads to the Lie point symmetries possessed by (15). The
procedure for finding Lie point symmetries is well known
[2] and therefore will be given with out derivations. It turns
out, from the symmetry study, that the polynomial cases of
k(u) = u™,n # 0 and k(u) = sin(u) yield many Lie point
symmetry generators and, inter alia, the generators that are
common to all of these cases are

Xl = y@z - zﬁy
X2 = 781 + y(?y + z@z.

In this section we briefly show how the order of the (1+3)
Gordon-type equation (15) can be reduced using its symme-
tries. We use a rotational and scaling symmetry - ultimately
the equation with four independent variables is reduced to a
partial DE that has two independent variables. The reduced
equation may then be analyzed further using further Lie
symmetry reductions or some appropriate alternative method.
Since [X1, X2] = 0, where X; and X, appear above, we may
begin reducing with either X; or X5. Suppose we reduce (15)
by Xi. The characteristic equations are

de dt dy dz du

0 0 -2z 'y 0
Integrating yields a = y2 + 22 and (15) is reduced to
t%uzm — Uyt + %6721(04“&04 + ua) - %ut + %uz

“h(u) =0 an
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with u = u(x, t, @).
If we then reduce (17) by X, we obtain the scaling trans-
formation X = —9, + 2ad,. We now have the characteristic

equations,
dt dr da du

0 -1 22 0
By integrating, we obtain 5 = In a 4+ 2z and (17) reduces to

2 _ 4 3
f—2u5ﬁ(2+e *B)—utt—i—?u[g—?ut—k(u) =0 (18

with u = u(t, 8).

Equation (18) may be further analysed or reduced using
the underlying symmetries. It turns out that the Lie point
symmetries are cumbersome and involve special functions
such as Bessel functions for the Klein-Gordon case, k(u) = u.
For k(u) = u3, (18) admits one symmetry

tat — Uau
However, for k(u) = u*, the symmetries are

X3 = %t@t — %U&u,
Xy = 421+ 2eP)05 +t3(1 + 4€P)0, (19)
—2t%u(1 + 4€4)0,,.

Using X4, (18) reduces to the ordinary DE

Y E,y + v Fy +4F — 8y*F* =0, (20)

8

-
(14 2eP)3
(20) admits the Lie point symmetry G' = —%Bﬁg—i—F O which
leads to the first-order ode

where 7 = and F = ueg(l + 2eﬁ)%. We find that

2q + 24q§p% — 12q%p%
= i 2
2p + 3q3p3

p ) 21

where p = v2F3 and q = °F’3.

There are no symmetries of (18) for k(u) = u™, n #
0,1,3,4 and k(u) = sinu.

Also, one may consider reduction by studying the underly-
ing conservation laws. This would require methods other than
the variational one, i.e., Noether’s theorem, since (18) is not
variational.

For the Klein-Gordon case k(u) = u, it can be shown, for
e.g., that a conserved vector of (18) is (&7, ®t), where

®° = 2(1 +2¢”)Bessell(1, t)ug,
ot = Left[(tBessell(0,t) — 2Bessell(1, )
—tBesselJ(2,t))u — 2tBessell (1, ¢)u],

such that Dg@ﬂ + D;®! = 0 along the solutions of (18) and
where Bessell is the Bessel function of the first kind.

For k(u) = u® in (18), the components of the conserved
vector are

o (1 + 2eP) 2 [ugup — uug),
ot = —i2[ePPut + 2ePt2u % + du(ePtuy
—2e¢Pup — (1 +2eP)ugg)].

Similarly, for k(u) = u*, the components of the conserved
vector are

P = —L(1+42eP)t3(40ePu? + 4ePt?ud
—5ug((1+ 4€P)tus + 4(1 + 2e8)up)
+5tu(10ePu; + 2ePtuy + (1 + 4e’)ug)),

Pt = 427 (1 +4eP)u? + LeP (1 + 4eP)t?ud

+2ePtu, (1 + 4eP)tuy + 4(1 + 2P )ug)
—u(2e8(3 + 8eP)ug + (1 + 2¢7)(2ePtus,
+(1 + 465)’&[3[3))).

The cases k(u) = sinu and k(u) = u”, n # 1,3,4, of
equation (18) does not yield any conserved vectors.

B. Noether Symmetries of the Klein-Gordon Equation in Milne
Space-time

Consider the wave equation (15) with k(u) = u (Klein-
Gordon), which has the Lagrangian,

1

1
2tu§ — Et?’e%uf. (22)

1 1 1
L= §t362zu2 + itezzui + 5“‘5 +

We assume that

X = f(t7x7y727u)aw +T(taxayvzvu)at
‘H?(t»l"»%z’u)ay +7(tvxayvzvu)az (23)
+¢(ta z,Y,z, u)au

be a Noether point operator that satisfies (9) with gauge
vector f;, (i = 1,2,3,4) dependent on (¢, z,y, z,u). Then the
Noether symmetry criterion (9) for the Lagrangian given by
(22) takes the form,

= thl + Dmf2 + Dyf3 + sz4~
We find that the Noether point symmetries of the Klein-
Gordon equation for the Milne metric are given by,

X1 = €2zt3(§8m — ez&g), fz = O,

Xz = 62.7:2538217 fz = 0,

Xz = e3(570, — ey, + L0,), fi =0,

X4 = e2wt36m f1 = Oa

Xs= X350, — e 20, + $20,), f; =0,

X6 = €2zt3(yaz - Zay)v fl = 07

Xo = e®3(=0, +y0, + 20,), fi =0,

Xg = 62“t3(Q8y + 26;%@2 +e %(-1—
€2x( 2 2))(:)t + 67m(—1+€?(92+22))az)’
fi=0,

Xo= e¥t3(2y0, — 2920, + (e72% — 42
+22)8,), fi = 0,

Xio= e*3(—2y20, + 220, + (e72* + y?
—2‘2)8Z)7 fz =0.

We may then obtain the corresponding conserved vectors
for each X; (i = 1,...,10), for example, the symmetry Xg
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has corresponding conserved vector,

o = f%e2zt3(yuzut — zuyuy + u(—yu,
+2Uy))
= Le¥t(yusup — 2uyuy + u(—Yugs + 2Ugy))
D = St(e®t?2u® 4 uy (yu. — zuy) — u(u;

F2ULz + YUy, — 3e2%tzuy
—e2%12 2uys + 22 2ug + €2 2Ugy))
Pz = f%t(ethQyuz + uy (—yu, + zuy) — u(uy
+21ys + Y(tyy + €2 (—3tu, — t2uy
+2ug + Uag))))-
Remark. One can determine higher-order variational sym-
metries and conservation laws for all the classes of (15), either
using the multiplier method or recursion operators.

IV. THE WAVE EQUATION ON BIANCHI TYPE III MANIFOLD

Consider the Bianchi type III metric

ds? = —B2dt% + 2L (da® + e N dy?) + tw dz?))  (25)
The wave equation on (25) takes the form

—%(2L + D)t2le® 2y, — %tu“e_%zutt

—%te_%mum + Bte~ NPy, (26)
a 2L a

+Bte N Tuy, + B2 W e~ Ny, = 0.

The standard procedure for determining Lie and Noether
symmetry generators is much more cumbersome so that re-
duction or obtaining conservation laws via Noether’s theorem
is virtually impossible. To this end, we consider the multiplier
method to determine some of the conserved densities. That

is, since the Euler-Lagrange operator annihilates total diver-
gences, we get

5
5-[Q+ LHS of (26)] = 0, 27)

where @ = Q(z,y,2,t, Uy, us, Uy, u). The lengthy calcula-
tions lead to the set of multipliers

Q= Ciuy+ Cou, + €3N

z/a2B2+4N2dy —xy/a2p2+4N2d,
(036 2NB + 046 2NB )Y(t),

(28)
where d; and the C; (i = 1,2,3,4) are arbitrary constants
and Y (t) is the solution of, —¢~2L+1d, Y (¢) 4+ Y'(¢)(2L +
D=t +Y"(t) = 0. If we let d; = 0, we solve Y (¢) +

@Y’(t) = 0 and obtain Y (t) = f%u + v, where u,v
are arbitrary constants. We thus obtain the multipliers,
Ql = aza
QQ = aya
—2L g —2L a
@ = (_ptzL eN® — gl +seNT 4 T) O

where, p,q,r,s are arbitrary constants. These lead to con-
served densities

Pt = %e—%tl‘*‘u(—uzut-i-uutz)’
B = eyt )
@) = gize ¥ QLEVp+qu+ (g 2Lt

+e¥ (p — 2Lst?))uy).

V. CONCLUSION

This paper investigated a class of (1+3)-dimensional wave
and Gordon-type equations in Milne and Bianchi type III
space-times. In particular, we derived some symmetries and
conservation laws for these equations, and included some
reductions. It is hoped that an analysis of the nonlinear wave
and Klein-Gordon equation in a genuinely curved space-time
will provide interesting insight from the point of view of
conserved quantities.
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