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Certain Estimates of Oscillatory Integrals and Extrapolation

Hussain Al-Qassem

Abstract—In this paper we study the boundedness properties of
certain oscillatory integrals with polynomial phase. We obtain sharp
estimates for these oscillatory integrals. By the virtue of these
estimates and extrapolation we obtain LP boundedness for these
oscillatory integrals under rather weak size conditions on the kernel
function.
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I. INTRODUCTION AND STATEMENT OF RESULTS

HROUGHOUT this paper, let R", n > 2 be the
n-dimensional Euclidean space and S™~! be the unit
sphere in R" equipped with the normalized Lebesgue surface
measure do. Also, we let & denote £/ || for £ € R™\{0} and
p’ denote the exponent conjugate to p, thatis 1/p+1/p’ = 1.
Let  be an integrable function on S”~! and P(d) denote
the set of all polynomials on R which have real coefficients
and degrees not exceeding d. For P € P(d) and Q €
L'(S™~1), define the oscillatory integral Sq p by

Sop(©)= [ Do),

where £ € R". When P(t) =t and dpu,, = Qdo, we notice
that Sq p(§) = dp,(€) which is the Fourier transform of
the measure dy,, that is supported on the unit sphere with
density €. The behavior of Sq p(&) as || — oo has been
studied extensively in connection with various problems in
harmonic analysis. For exlample, if Q is sufficiently smooth,
then d/u;(f) = O(|§|JLT) as || — oo. It turns out if the
density €2 is merely in Lq(S"_l)/g)r some ¢ > 1, then there
is still an average decrease of dug,(£) at infinity along any
ray emanating from the origin. More precisely, the following
result can be found in [7] and [16].

Theorem A. Suppose Q € L1(S"~1) for some q > 1. Then

1 (B — 2 1/2
<R / s (06) dt) < CL(RIED ™ 19l agsn-r)

(1.1)
for all R > 0, £ € R"™ and for any positive € satisfying
e < A(q) = $(1 — q7'). The constant C_ is independent of
R and €.

Since A(q) = 0 when ¢ = 1, the analogue of (1.1) is
no longer meaningful. So it would be interesting to have a
substitute for (1.1). The investigation of such a problem has
attracted the attention of many authors. For relevant results
one may consult [9], [10], [1], among others. We mention
here that such estimates as in (1.1) above, (1.2) in [10], (2)
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in [9] and (1.3)-(1.4) in Theorem B below were instrumental
in obtaining the L? boundedness of certain classes of singular
integral operators and Marcinkiewicz integral operators (see
[71, [13], [6], [1], [16]). Our main focus will be on the
following result from [1].

Theorem B. Let P € P(d) for some d and let 1 < A < oc.
Let Q be a function on S™~! satisfying

/ Qy)do(y). (1.2)
S’nfl

Then there exists a constant C' depends on n,p,d, but it is
independent of ), & and the coefficients of the polynomial P
such that

(a) If Q@ € L(log L)IM (S™~1), then there exists a constant
C independent such that

) )\dt 1/
([T 150p00P F) " <0 (1419000105 00
(1.3)

b)) If Q ¢ Béoﬂ_l) (S"71) for some q > 1, then there
exists a constant C' independent ), & and the coefficients of
the polynomial P such that

oo N dt\
— < 1 .
([Tisartor §) " <c (1121050 )
A.4)

We notice that the constant C' depends on the degree d of
the polynomial P and it is independent of its coefficients. One
of the main issues of concern in this paper is to determine the
the optimal dependence of the constant C' on the parameter
d. Also, we present a unified approach different from the one
employed in [1]. This approach will mainly rely on obtaining
some a delicate estimate and the results in Theorem B are
obtained by applying an extrapolation argument. Let us now
state our main results.

Theorem 1.1. Ler P € P(d) for some d and let 1 < X\ <
oo. Let § be a function on S™~1 satisfying (1.2) with §) €
L4(S™1) for some 1 < q < 2. Then there exists a constant
C' independent ), £ and the coefficients of the polynomial P

such that
oo d\ YA
([ 1seruer )
0

< C(g—1)">(logd+1) 9], (1.5)

Moreover, for P(t) = t, the exponent —% is the best possible
in the case A =1 or 2.

By the estimate (1.5) and extrapolation we get the following.
Theorem 1.2. Let P € P(d) for some d and let 1 < X\ < <.
Let Q be a function on S™~ ! satisfying (1.2). Then there exists
a constant C depends on n,p but it is independent of €, &
and the coefficients of the polynomial P such that
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(a) If Q € L(log L)I/A(S”*l), then there exists a constant
C independent such that

0 1/X
( [ 1sarter ﬂ)
0 t

< Clogd+1) (1+ o]l . (1.6)

L(logL)“*(Sn*l))
F
b) If Q € B(SO’* b (S”_l) for some q > 1,then there
exists a constant C' independent ), £ and the coefficients of
the polynomial P such that

( [ isartr —)

0 t

< 1 . .
> C(IOgd+ 1) (1 + HQHB;O’X_I)(Snfl)) (1.7)

It is worth mentioning that in addition to the condition
Q € HY(S" 1), the conditions Q € BV "V(S"~1) and
Q € L(log*t L) (S"') (for v > 0) had received the most
amount of attention with respect to the study of the LP
mapping properties of singular integral operators, maximal
integral operators and Marcinkiewicz integral operators.

We remark that on S”~!, for any ¢ > 1, the following
inclusions hold and are proper:

LY(S" ™Y ¢ L(log L)(S™™ 1) c HY(S"™ ') c LY(S" 1),
(1.8)
U L"(s" 1 ¢ B(EO"”)(S”_l) forany —1<wv, (1.9)

r>1

Llog L) (S"Y) ¢ Llog L) (S" 1) if 0 < o < 3, (1.10)
L(log L)" (S"~1) ¢ H*(S™!) for all a > 1, while (1.11)

L(log™ L)"(S" 1) € H'(S" ') € L(log L)" (8" 1)
(1.12)
for all 0 < o < 1. With regard to the relationship between
B~V (8n=1) and L(log™ L)" (S"~1) (for v > 0) remains
open.

We remark that When1 (g > 1) the condition 2 €
Llog L)"* (8™ 1) UB(EO’XA) (S™~1) is replaced the weaker
condition Q@ € L!(S™7!), the above statements in (1.6)
and (1.7) become false. Also, when L(log™ L)I/A(S”_l) (or
Béo’%_l)(S"*l)) (for a given 1 < X\ < 00) is replaced by
L9(S™~1) for some g > 1, it follows from (1.8)—(1.9) that the
inequalities (1.6)—(1.7) remain valid.

Throughout the rest of the paper, we always use the letter C'
to denote a positive constant that may vary at each occurrence
but it is independent of the essential variables.

II. DEFINITIONS AND LEMMAS

Let L(log L)*(S™™!) (o > 0) denote the class of all
functions 2 which satisfy

”QHL(log L)*(Sn—1)

= /S ()| log™ (2 + Q) |)do (z) < oc.

Now, let us recall the definition of the block space
B (8"=1). This space was introduced by Jiang and Lu
(see [12]) and can be traced back to M. H. Taibleson and
G. Weiss on their work on the convergence of the Fourier
series in connection with the developments of the real Hardy
spaces [17]. The space B’ (S"~1) is defined as follows:
A g-block on S 1 is an L9 (1 < ¢ < o0o) function b(z)
that satisfies the following two conditions: (i) supp(b) C I;
(i) |bll. < |17V, where |I] = o(I), and I =
B(z,00) = {2’ € St : |2’ — x| < 6o} is a cap on
S"~1 for some x), € S"~! and 6§, € (0, 1]. The block space

B‘SO,'U) (Snfl) is defined by
0,v n—1
BP(s )

— {Q eLMS"): =) Ab,, MO ({A}) < oo} ,

p=1
where each )\“ is a complex number; each bM is a g—block

supported on a cap [, on S v > —1 and

MO ((0,3) = DI, M}

. 0,v . oo
Let |12 0.0 gnmr) = mf{ M ({2, 1) @ = 300 ALb,
and each b, is a g-block function supported on a cap I,
on S"~!}. Then \|~\|B(o,v>(sn_1) is a norm on the space

B (S"1) and (B (8" )
space.
We need the following result from [4].

Lemma 2.2. Let h(t) = by + byt + --- + bgt? be a real
polynomial of degree at most d and let ¢ € C[a,b]. Then
for any jo with 1 < jo < d, there exists a positive constant
C independent of a, b, the coefficients of by, - - , by and also
independent of d such that

1

"

{1+108(

, H~|\B§u,u>(sn,l)) is a Banach

b

/ ey (t)dt
b
< Ol sup (o) + / ' (8)] de
a<t<b

a

holds for 0 < a < b < 1.

II1. PROOF OF MAIN RESULTS

Proof of Theorem 1.1. Assume that ) € L4(S"™1) for
some 1 < ¢ < 2 and satisfies (1.2). Before starting the proof
we need some preparation. We may assume without loss of
generality that P(t) does not have a constant term. Write
P(t) = 23:1 ast®. Let @ be given by Q(t) = ng ast®.
By a dilation in ¢ we may assume, without loss of generality,

that maxd g la;| = 1. Also, there is g < jo < d so that
laj,| = 1. Let
Ad = Ad(Q7€7 )‘) = Sup ‘I€7R(P)| )
0<e<R,
PeP(d)
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where

t

R i@t 1/A
IE,R(Q7 Pa /\75) = (/ ‘SQP(tf)‘A ) .
€
We need to show that

Ag < Cllogd +1) (g — 1) |92 g

for some absolute positive constant C. We shall first prove
(3.1) for the case d = 2™ for some integer m > 0 and then the
general case will be an immediate consequence. Let 0 < ¢ <
R and £ € R" be arbitrary. Without loss of generality we may
assume that ¢ < |¢€|”" < R. By the fact that (a + b)” < aP+bP
if a,b>0and 0 < p <1 we have

IE,R(Q7 P7 )‘7 g) S

e~ NARR R
(/S [Sa,p(t8)] - + /|£|*1

= I P E) + IUR(Q, P ).

3.1

1/
dt
|Sa,p(t6)* t)

(3.2)

We start with IE(%(Q, P, )\, £). By Minkowski’s inequality we
have
LR PAE) <

le| =t 1/
< (/ |SQ,P(t§) - SQQ(tf)P f) + IO(Qa Q> >\7 5)

Since deg(Q) < g, by induction and generalized Minkowski’s
inequality we get
I(92,Q.0,6) <

P dt d
. J 43 _ =
Sl e ] T +AG)

d<j<d

) [€]
MA€<A

1€]
-

<O pusnry Y

-1

1/A J
tj’\ldt> +A(3)

2<j<d
1 d
< ClQlgagny Do 5 +AG)
4<j<d
1 d
< Oy Y 5+AG)
%<j§d‘7
d
< C\|Q\L,,(S,,L,1)+A(§). (3.3)

Now we turn to estimate Ié,l}%(QP, A €). Let 6 = 24" By a
change of variable we have

R¢]| dt
(€] _ 4t
1@, P = ( [ st t)

Since R|&| > 1, there exists a unique ky € Z, such that
gkl < R|¢| < 0%, Hence

1/A

"o dt /X
IR P A€ < sup ( / |Sa.p ()] ) +
ko€Z gro—1 t

oo ok gt 1/X
sup Y (/ |Sa,p(t€") > = Ji+ Jo. (34)
gkfl

ko€Zy | t

It is easy to see that

Ji < (log 6) ||| (3.5)

La(Sn—1) -

Therefore, it remains to estimate Jo. To this end, we proceed
as follows. We claim that there exists a positive constant C
independent of d, &, and kg such that

o ar\'" '
</ S, () t) < Clog )"/ (gFi0) ™ B’
Jok—1

(3.6)
We start proving (3.6) for the case A = 2. By a change of
variable we get

o* )’
( /9 _[Sap()? t) = E(¢,k),

where
1 1/2
2 dt
Be.0 = ([ Isareoe) T)
61
Then
|E(E k)| =
/ X (2., €)02) Q) do (y)do (=),
S'n,—l XS'n,—l
where
Xk'(xvy7 5/)
1 . ker —1pk er dt
_ / Gi(PU0ME ) P(t)e] 1 0*e ) A
i t

By invoking Lemma 2.1 we get
Xl 9:)] < OB a0 F (€ ) — (€ -] .
By combining the last estimate with the trivial estimate
| Xk (@,y,£)| < Clogd

we get
| Xk (2,y,6)| <

(& -ayo — (& -ypo| ™. @3

Thus, by Holder’s, (3.7) and since |aj,| =1 we get

C (log ) |a;, 6% | %7

2 RN
|E(£,7k)‘ SC(logﬁ) HQHiq(Sn—l)}gk]0| 247 o

1
P

(fsmxsm (GRS e da(:c)da(y)>

Since the last integral is finite we get

E(€ k)] < C (1og8)? Q] ugnry |05 57
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which proves (3.6) for the case A = 2. Now if 1 < A < 2, by
Holder’s inequality we have

ot 1/
(/9 ISl ”“)

2—y 0" 12
< (logh)= (/9 |59P(t€)l2dt> .

By the last inequality and (3.6) in the case A = 2 we get (3.6)
for the case 1 < A < 2. Finally we prove (3.6) for the case
A > 1. Since [Sq,p(t&)| < ||| 4(gn-1) we have

ok p /X
( / |Se p (£67) t)
gk—1
1=2 6" a\'"
P ( /9 [Sa.p <ts>|2> :

By the last inequality and (3.6) for the case A = 2 we get
(3.6) for the case A > 1. This completes the proof of (3.6).
Now, by (3.6) we have

< HQI

o0

Jy < Clog)'/* sup (gFio)~ xia"

ko€Z 111
< Clogh)'/*. (3.8)

By (3.2)—(3.5) and (3.8) we obtain
_1
A< Ca- DN 9 gy + Az (B9)
Since d = 2™, we get

Agm < C(¢—1)" HQ\

'I(S” 1 +A2m 1,
and hence by induction on m we have

Agn < Cm(q—1)"% )

Lasn-1y T At (3.10)

Now, we need to estimate A;. To this end, we notice that
any P € P(1) with a non constant term will be of the form
P(t) = at for some a € R. By a dilation in ¢ we may assume,
without loss of generality, that |a| = 1. By following a similar
(but easier) argument as that employed in the proof of (3.9)
we get

_1
A <C(g—1)"> ||Q||Lq(sn_1) . (3.11)

Hence, by (3.10)—(3.11) we obtain
Agm < C(m+1)(¢—1)"> HQHLQ(Sn_l). (3.12)

The case now for the general d is easy. Choose a positive
integer m so that 2™~1 < d < 2™. By definition of A; and
since P(n;d) C P(n;2™) we have

1
Ag £ A <C(m+1)(g—1) > QU Lo(gn—1y

1
< Clogd+1) (g —1) > [l Laggn—1y

which completes the proof of Theorem 1.1.
Proof of Theorem 1.2 (a). We follow the extrapolation
method of Yano (see [18] and [19]) and we follow a similar

argument as in [3] and [15]. Let A > 1 be fixed. Assume
Q € L(log L)*/* (S"~1) and satisfies (1.2). Let

T(Q) = sup ( / [Se, p(t6) “”>/ .

PeP(d)

decompose () as follows: Form e N, let E = {zx € S"71:
2m < |Q (z)] < 2™} For m € N, set b, = Qxg »
where x, is the characteristic function of a set A. Set
E(Q)={meN:|b,|, >27*"} and define the sequence

of functions {2, },,cr@)ui0} bY
Q, (z) =

.07 ()= [ b.@doto)
for m € E(Q), and

Q) =)~ Y bl 2.().

meE(Q)

Then we have T(21 + Q2) < T(Q1) + T(22). Now, we

It is easy to verify that the following hold for all m € E(Q)U
{0} and for some positive constant C:

> o m M bl < ClQlgogny r ey Gi13)
meE(Q)

/ Q, (u)do (u) = 0; (3.14)

Jgn—1
[Qnllya <2 for m e E(Q) and [|Q]l, < 2. (3.15)

Therefore,
T <T(Q)+ Y bl T(Qm)
meE(Q)

< C(logd+1) x

HQO”LZ’(snfl) + Z m*/ 10, Iy ||Qm‘|1+%
meE(Q)

< Clogd+1) (1+ 190 yog £y /3sn 1)) -

Proof of Theorem 1.2 (b). Assume that € €
B{go’l/)‘_l)(S"_l) for some ¢ > 1 and satisfies (1.2).
Without loss of generality we may assume 1 < ¢ < 2. Since
Q e B2 (8n=1) we can write Q as Q = D1 Aubs

where A\, € C, b, is a g-block supported on a cap I, on
Sn—1 and M,;O’l/k_l) ({A\.}) < oo. To each block function

b,(-), let Q“ () be a function defined by

QM(.I') =b,(x)— /Sni1 b, (u)do(u).

Let K = {HGN"‘I | <e_(q_1)71} and let Q, = Q—
Shex M. Q. Also, for pu € K we let a, = log(|7,| ") and
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>0 1 |A,|- Then it is easy to see that

p=1
/Silflu(u)da(u) = 0 forall € KU{0};(3.16)
HQO < et 3.17)
[ic L. S AforalpeK. (1Y)

Em

By (3.16)—(3.18) and invoking Theorem 1.1 we get

(1]

[15]
[16]

[17]

[18]

[19]

Q) < TEQ)+ > [A\|7@,)

< C(logd+1)><((q—1) Q, T
B 1/,\
> I&I(log\hl 1) .
1+
preK
< C(logd+1) x
Bei(g—1)% +43 |7 (1og|1“|’1)1/A
pneK

O (logd +1) (141 o2 gy ) -
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