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Bifurcation Method for Solving Positive Solutions
to a Class of Semilinear Elliptic Equations &
Stability Analysis of Solutions

Hailong Zhu

Abstract—Semilinear elliptic equations are ubiquitous in natural
sciences. They give rise to a variety of important phenomena in
quantum mechanics, nonlinear optics, astrophysics, etc because they
have rich multiple solutions. But the nontrivial solutions of semilinear
equations are hard to be solved for the lack of stabilities, such as
Lane-Emden equation, Henon equation and Chandrasekhar equation.
In this paper, bifurcation method is applied to solving semilinear
elliptic equations which are with homogeneous Dirichlet boundary
conditions in 2D. Using this method, nontrivial numerical solutions
will be computed and visualized in many different domains (such as
square, disk, annulus, dumbbell, etc).

Keywords—Semilinear elliptic equations; positive solutions; bifur-
cation method; isotropy subgroups.

[. INTRODUCTION

N this paper, we study semilinear elliptic boundary value
problems of the form

Au+ f(z,u(z)) =0, in £,
u >0, in {2, ey
u =0, on 0.

where (2 is a bounded open domain in R2, and f is a nonlinear
function of x and u . We will deal with f = uP, \ju+uP,p >
1, which are elliptic equations (2),(3) below:

Au+uP =0, in {2,
u >0, in 12, ()
u =0, on 0.

Au+ A \u+u? =0, in {2,
u >0, in 2, (3)
u =0, on 0f2.

Since 60’s of the 20th century, the existence and multiplicity
of solutions to the boundary value problems of the nonlinear
elliptic PDEs such as problems (2), (3) have been studied
by the monotone iterative method in the ordered Banach
space[:2], the mountain pass lemma and the minmax theorem
in the critical point theoryl®4]. Tt becomes an important field
in PDE study. But what distribution and structure the solutions
to the BVP of the nonlinear elliptic equations have and
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how to compute them have attracted the attention of many
mathematicians, physicists and engineers.

There are mainly five numerical methods for computing
such kinds of problems: the Monotone Iterative Scheme
(MIS)50] the Mountain Pass Algorithm (MPA)[7), the
High Linking Algorithm (HLA)®!, the Min-Max Algorithm
(MMA)19 and the Search Extension Method (SEM)!!).
MIS is based on the monotone iterative methods in the
ordered Banach space; MPA, MMA and HLA are based on the
numerical implement of the mountain pass lemma and the min-
max theorem in the critical point theory. MPA was proposed by
Choi and McKenna to compute the solutions with the Morse
Index (MI) 0 or 1. Ding, Costa and Chen established HLA for
sign-changing solution (MI=2) of semilinear elliptic problems.
Li and Zhou designed a new min-max algorithm (MMA)
to find multiple saddle points with any Morse index which
is more constructive than the traditional min-max theorem.
Chen and Xie proposed SEM, which searches the initial guess
based on the linear combination of the eigenfunctions of the
linearized problem and then gets the better initial guess by the
continuation method for the discretized problem by the finite
element method.

The advantages of the bifurcation method are computation
of the solutions to problem (1) with any Morse index and
different symmetries as many as possible and simplification
of the computation of problem (1). On the other hand, the
difficulty in searching the initial guess in other methods can be
solved effectively by the bifurcation method. The bifurcation
method is applied successfully to solving the BVP of the
Henon equation[!213],

The organization of our paper is as follows. In Sec.2, we
introduce our idea of bifurcation method and present some def-
initions, theorems which will be used in the following sections.
In Sec.3, we use bifurcation method to compute nontrivial
positive solution of equation (3) with £2 = [0,1] x [0,1] and
analyze stability of this solution. In Sec.4, we compute and
visualize nontrivial positive solutions of equation (3) on many
different complex domains.

II. THEORY & BACKGROUND

Models of (1) arise naturally in physics, engineers, biol-
ogy and ecology, etc. Although nonlinearities may appear in
seemingly endless form, the simplest and most basic form of
nonlinearity is the power type. If we set f = uP,p > 1, which
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is (2) we have mentioned, called Lane-Emden (-Fowler) equa-
tion and proposed by Chandrasekhar and Fowler[!415]_ If we
set f = |z|'uP,p > 1,1 > 0, which is called Henon equation,
studied by Henon first!'6]. If we set f = 47 (2u+u?)3/2, which
is called Chandrasekhar equation, proposed by Chandrasekhar,
Lieb and Yaul'*17). The equations above exhibit rich multi-
plicity of solutions, and draw many researchers interest, and
there is a huge body of literature on them®~'1. Our focus
here is positive solutions of equation (1).

We embed parameter) in (1) and make the following form:

Au+du+ f(z,u(x)) =0, in {2,
u > 0, in £, (€]
u =0, on 012,

where A € R . According to the bifurcation theory[!8:19],

Eq.4 has nontrivial solution branches bifurcated from the
trivial solution near the bifurcation points. Along the nontrivial
solution branches we can get the solutions to problems (1) by
the continuation method when the parameterA goes to 0.

In this paper we will illustrate bifurcation method by embed-
ding (3) to the nonlinear bifurcation problems with parameter
of the following form:

Au+Au+uP =0, in {2,
u >0, n {2, 5)
u =0, on 0f2.
Now, let’s start with some definitions and theorems which
we will use to describe the followings.
DEFINITION 1. For z € R™, a set ¥, = {y € ['|yz =
x} C T is called isotropy subgroup of .
DEFINITION 2. If dif(i = 1,2,--- ,k — 1) is everywhere
differentiable in U, and d*~'f : U — ((X,¢F2(X,Y)) is
differentiable at x¢ € U, then
d* f(wo) = d(d* ! f(20)) € C(X,¢(X,¢F2(X,¥))) = ¢H(X,Y)
is called k-th differential of f at zy. And

17}
)=

d* f(zo) (v, - e

9 k
af(l’o +;tiw’>\)‘t1:_“:%:0~
- ©®
DEFINITION 3. Assume f(x,A) = 0 is an equation
with symmetry Z5, f : X x R — X, X is a Banach space,
X' is a conjugate space of X. Space X and X’ can be
decomposed into X = X, & X,, X' = X, @ X!, where
Xs={zeX:Se=2},X,={reX:S5=—z},X. =
{lye X' 1 yS=yh X, ={y € X' : yS = —y}. If there
exists a singular point (zg, \g) of f, on the solution branch
Cs ={(z,\) : v € X} of X, and

N(f7) = span(go),

R(f)) ={y e X 145y =0}.
together with g (fo,va + fiy)po # 0, where vy is the
unique solution to fovy + f = 0, then (z9,Ao) is called

a pitchfork bifurcation point of f(z,\) = 0 with symmetry
Z5. Furthermore, if we assume:

wgﬂﬁo 7é 07
Vg (fopatPopo + 3fom01)p0 # 0,

@OeXa
Yo € X,

where ¢ € X, is the unique solution to fgznpocpo +f£g01 =0,
then (zg, Ag) is called simple third-order pitchfork bifurcation
point of f(z,\) = 0 with symmetry Z.

THEOREM 1. (Implicit Function Theorem)

(1). Assume f(2%,A%) = 0,2° € X,\° € R, where
f: X xR — X, X is a Banach space,

(2). f(z,)\) and f,(z,\) are continuously differentiable
on their open domain,

(3). f2 = f.(2° A0 is nonsingular, and ||(f2)~}|| < M.
Then there exists p; > 0,p2 > 0, and for all A € (\° —
p2, A% + po), there exists z(\) € By, (2°), By, (2°) = {z €
X|||z — 2°|| < p1}, in which 2 = 2()) with the following
properties:

4. z(\%) = a0,

(5). flz(\),\) =0,

(6). for A € (A% = p2, A%+ ps), () is the unique solution
of f(x(A),A) =0,

(7). () is continuous for A € (A° — pa, A® + po).
PROOF. C£[18].

THEOREM 2. (Newton-Kantorovich)
Assume f: X — X,X is a Banach space, and
(1). 2% € X, f.(2°) is nonsingular, and ||(f2)71| < 3,
Q@. 1@ @O < e
G). Fpg > 0, Vo,y € B,- (x0), we have |f.(z) —
Fe@I < llz = yll.
@. afy<3.p0 < (1=V1-2apv)/By.
Then series {z,} in Newton iteration

0

Tng1 = Tp — f5 (@) f(20), o =2°,

such that

5). xn€ B, - (20),

(6). series {z,} convergence to z* € B P (x9), which is
a unique root of f(z) = 0 when z € Bpg(xo), o =1+

V1 —=2a3)/3y.
PROOF. c.f[20].

THEOREM 3. (Keller Lemma)
Assume A : RY x R' — RN x R!, and

A B
4=(et p)

where A : RYN — RV B: R - RN CT :RYN - R, D :
R! — R, then

(1). If A is nonsingular, then A is nonsingular iff D —
CT A~'B is nonsingular.

(2). If A is singular and dimN(A) = [, then A is
nonsingular iff

(a) dimR(B) =1, (b) R(B) N R(A) = {0},
(c) dimR(CT) =1, (d) N(A)nN(CT)={0}.
(2). If Ais singular and dimN(A) > [, then A is singular.
PROOF. C.f[21,18].

THEOREM 4.

The nontrivial solution branch (Z(e),A(g)) = (x(A\(e)) +
e(po +w(e)), A(e)) bifurcate from symmetry solution branch
(z(A), ) near the symmetry-breaking point (zg, Ag) of simple
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third-order pitchfork bifurcation, then the following assertions
are valid.

A(0) = Ao, w(0) =0,
A(=¢) = Ale), A:(0) =0,
)\85(0) _ _on(fa(c)m‘%@O‘Po + Sf;;)z‘PlSDO) wg(o) _ @1/2

3T (% pova + o 00)

PROOF. C.£[22,18].

ITI. UNIT SQUARE

(1).Analysis Assume 2 = 2y = [0, 1] x [0, 1], then Eq.5 turns
into

Au+du+u? =0, (z,y)€ o,
F(u,A\) = qu>0, (x,y) € 20, (D
U = O7 (.Z',y) S 890

Let D4 = {I, Rl,RQ,Rgﬂ Sl, Sz,Si,Sé}, where

Tu(z,y) = u(z,y), Siu(z,y) = u(z,1 —y),
Stu(z,y) = u(l —z,y), Sau(z,y) = u(y, z),
Syu(z,y) =u(l—y,1—=), Ru(z,y)=ul-y,z),
Rou(z,y) =u(l —z,1—vy), Rsu(z,y)=uly,1—x)

The problem (7) is D, equivariant. Especially, if p
is odd in (7), Eq.7 is I equivariant, where I' =
Dy x Zy, Zy = {I,—I}, namely F(yu,r) =
~vF (u,r). Vv € I'. The isotropy subgroups of Dy are Dy =
{I,R1, Ro, R3,51,52,51,5,},Xr = {I,R1,R2, R3}, %, =
{I,R:},21 = {[,S1}, X} = {1,51},32 = {I,5:}, %) =
{I,84},%q = {I, Rz, 52,55}, %0 = {I,Rs, 51,51} Let &
be one of the above isotropy groups and X~ be the invariant
subspace of 3, then the equation (7) yields

Fs(u,\) =0.  (u,A\) € X* xR (8)

Consider the linearized equation of (7) at u = 0, we get

Ap+Aip =0, (z,y)€ 2,
® > 07 ([IJ7y) € “(207 (9)
©=0, (z,y) € 0.

It is well known that Eq.9 always has a trivial solu-
tion if we don’t consider ¢ > 0. Further more, Eq.9 has
eigenvalues A, ,, = (n? + m?)n? and corresponding eigen-
functions ¢, ,, = sin(nmz)sin(mzy). Therefore, ¢, , =
sin(nmz)sin(may) are roots of Eq.9 when A = X, ,, =
(n? + m?2)m2. From theory of symmetry-breaking, we know
that Ay, = (n? + m2)7w2, (n,m = 1,2,---) are bifurcation
points of (9), and there are nontrivial solutions with different
symmetries bifurcate from these bifurcate points(see Table 1).

From the analysis above, we know that the solution branch
which bifurcates from the first bifurcation point 27? is a
positive solution branch. Bifurcation method will be applied
to compute the positive solution of (7), and stability analysis
of this solution is in subsequent pages.

TABLE 1

THE SOLUTION WITN DIFFERENT SYMMETRIES OF EQ.9

Bifurcation point A Number of nontrivial solution ~ Symmetry
272 1 Dy
572 2 Y1, %0
82 1 P
1071'2 2 D4, E]\,{
1372 2 >, 39
1772 2 1, %2
1872 1 Dy
2072 2 DFI

(2).Algorithm For \g = A1 1 = 272, 1 1 = sin(nz)sin(ry),
let

L=A+2n%
X = {ulu S 02(90)77“800 =0},
Y = {u|u € C%)}.

we define inner product by {(u,v) = 4f01 fol wvdrdy, L is
a Fredholm self-adjoint operator with index zero, and

N(L*) = N(L) = span{e1,1} = span{po}, (10)

where N(L) and N(L*) are the null space of L and L*

respectively. Space X and Y have the decomposition
X=N(L)® M, Y =N(L)® R(L),

where M = N(L)* N X, R(L) is the range of L.
Let P be the orthogonal projector from Y to R(L)

Pz=z—(z,00)p0. 2€Y
Eq.7 is equivalent to
PF(rgo+w, p+X) =0, T7eRweM (11
(o, F(Tpo +w, 1+ Ao)) = 0. 12)

where p = A — Ao,u = Tpg + w. Since PF,(0,)\y) =
PF,(0,X\0) = PL = L, and L restricted in M is regular,
Eq.11 has a unique solution w = w(7, ) which satisfies
w(0,0) = 0 by Theorem 1.

Substituting w(7, p) into (12) yields

g(r, 1) = (o, F(To + w(r, 1), ;1 + X)) = 0. (13)
Then we get
F(u,\) = F(T¢o +w, p+Xo) = Aw + Aow + (7, p), (14)

where h(T, 1) = p(rtpo+w)+ (7o +w)P,w = w(r, p). From
Definition 2 above, we get

k
d d
d*F =— . —F0 tvi, A
@) o011 = g o POt M,
9 9 k k k
= —AQ ) + 20O ta) + O tawi)?
oty Oty ot i1 1 bty —
i= i= i= t1=+-=tp=0
0, k#p & k>2
p
pl Y vi, k=p.
i=1

5)
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Especially
" o k#p & k22
(d"F)(0.x0)(p0, -+ 5 0) = {pkp’g, k= p. (16)
k
Differentiating Eq.11 with respect to 7, we get
PdF(po +wr) =0, a7

which is evaluated at (0,0) leads to Lw,(0,0) = 0 due to
dF(0,X) = L, vo € N(L), PL = L. Since w,(0,0) € M
and L restricted in M is regular, it follows that

w,(0,0) = 0. (18)

Similarly, differentiating Eq.12 with respect to 7, we get

_2<L71P99(2)7900>7 p =2,
2(0,0) = 37
g9 Zu( ) {0' p>3 37
ng_lu(07O) = Oa k= 37 Y 4 (38)
97 (0,0) = (o, —=p!L ™ Pyy). (39)

Therefore we have approximately

9+ (7, 1) = {0, dF (o + wy)), (19)
therefore
97(0,0) = {0, dF (g x,)¢0) = 0. (20)
Similarly, from (15) we get
—2L7 1Pyt =2
wy2(0,0) = vo P @1
0, p=>3.
128 =2
(0,0 = Jomr P=2 2
9-(0,0) {07 b3, (22)
12L~Y(P(poL~'Pg})), p=2,
wra(0,0) = { —6L71(Pgd), p=3 ()
0, p >4
_12<¢0L_1P§0(2)7990>a b= 27
9-2(0,0) = ¢ &, p=3, (24)
0, p=>4.
While p > 4, we can get
wTk(O,O):Q k=2,--,p—1 (25)
wrr(0,0) = —p! L™ Ppb, (26)
ng([)?O):O? k:27"'ap_]~ 27)
Similarly, we can get
w,(0,0) =0, kezt (28)
9,+(0,0) =0, kezt (29)
apl(~2E)2, pois odd
gr2(0,0) = {1617! I (30)
e ((p+1)!!) , p iseven
Grrt1 (07 O) =0, p=>4 (€29)]
wr,(0,0) =0, 32)
g‘rp.(07 0) = 17 (33)
Wk 42 (0,0) =0, ki €ZT ko e Z" & ka>2 (34)
g,rkluk2(070):0 k1 €Z+,k2€Z+ & ko > 2 35)
2L Y (PL™1 Pyt =2
U.)TZH(O7O) _ ( (100))7 p ) (36)
0. p>3

10,2(0,0)7% + $w 53(0,0)7% + Jw_2,(0,0)7*u + O("), p=2
w(r,p) ={ tw 3(0,0)7° + O(1%), p=3
3w (0,0)7 + O(rPHY). pz4
(40)
T+ 7% = 2oL Py, o) — (LT Pog, o) Tt p =2
( ) = T[L+T967'3+' , p=3
IR = o+ %<(pﬂ)n>27ﬁ = {po, LT Pof)T Pt -+, p 2 4 & pis even
i A(GEe)? TP 4 p > 4 & pis odd \
1)

Next we want to get the approximative analytic solution of
(7). Here we deal with Eq.7 while p = 3, A\; = 1. Substituting
1= A1 — Ao into (41), we can get

4 4 4
7—:5\/7 :g\/*()\lf/\o)zg\/Qﬂgfl.

Then we have
4 4
w= 5\/27# —1 % ¢ +w(§ or2 — 1,1 —272).  (42)

In order to know w(2v/272 — 1,1 — 27?) in (42), we get
w(T, 1) = gwr3(0,0)7° + O(7*) from (40). When p = 3,
differentiating Eq.11 with respect to 7 three times, then we
get

6P} + Lw,3(0,0) = 0. (43)

Due to
3 i3 3 9 ; 3 ;
wh = sin®(wx)sin® (my) = Eszn(wx)sm(wy) — Eszn(ﬂz)sm(&ry)

3 1
— Esin(37rx)sin(7ry) + Esin(?ﬁﬂ'z)sin(i‘m’y),
(44)

we get Po3 = Psin®(nx)sin®(ry) = - sin(3rz)sin(3my),
together with w,s is restricted in Xp4, then we can let
w,3(0,0) = Csin(3mx)sin(3my), where C' is a undetermined
constant. Substituting w,s(0,0) into (43) yields

w;3(0,0) = sin(3mx)sin(3wy). (45)

3
12872

From (42) we can get the approximative positive analytic
solution of Eq.7

2 3
u= %\/ 2m2 — 1sin(7m:)sin(7ry)+%sm(?mx)sm(?my).
™
(46)

(3).Stability analysis

We always have trivial solution branch (u, A) = (0, A) for
equation F'(u, A) = u+Au+uP = 0. When the trivial solution
branch cross the bifurcation point (0, Ag), one eigenvalue of
FY equals zero, and all the others are less than 0. So we
can know that the sign of the “special” eigenvalue determines
stability of the trivial solution when eigenvalue \ cross Ag.

As mentioned in Sec.2, the meaning of ¢g, 1o, vy, 1 are
given by Definition 3. In addition, we construct [y which
satisfies IJ'pg = 1.
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Fig.1. Trivial and nontrivial positive solution branches of (7).

Now we consider the stability of the trivial solution
branch(u, ) = (0, \), let

G2 2) = (Fu(%i\))i - ng) 0

where z = (¢,0), 20 = (¢0,0), differentiating G(z,A) = 0
0 _

with respect to z at (ug, \g) we get GO = ( J;‘# ((’)DO

0

From 9 ¢ # 0, we know G is nonsingular by Keller lemma.
So we get that (47) has a unique solution branch (z(X), \) =
(p(N),0(N), A) which satisfies o(Ag) = 0, p(Ag) = o by the
Implicit function theorem. Differentiating F, (u, \)po—op =0
with respect to A at A = Ao, then we have

(47)

(Fauul + F\)eo + Fpo' (M) — o' (Ao)po =0, (48)
so we get o/(\g) = %W > 0. From analysis

above, we know the trivial solution branch (u, A) = (0, ) is
stable for A < Ag, is unstable when A > Ay(see Fig.1).
REMARK 1. In fact, during actual computation, we always

Fig.2. Approximative positive analytic solution of (7) while p = 3, A\1 = 1.
use L[F,(ug + v, Ao) — Fu(uo, Xo)] to substitute FO vy i
= (U x> A0 u(uo, Ag)] to substitute F), vy in
o' (Ao). Similarly we can solve others such as F,, etc.
Then we discuss stability of the nontrivial solution

branch(u, A) = (u(e), A(g)), let

F,(u(e), Me))p(e) —or1p(e
H(z,e) = ( u(u(e), l(gzp)@_(l) 1( )> =0, (49)
0
:(%70) HY = (FT . ) is
N 0
we get that Eq.49 has a unique
= (p(e),01(¢),e) which satisfies
o by the Implicit function theorem.
g))p(e) —o1¢(e) = 0 with respect

where z = (p,01), 2o

nonsingular at € = 0
solution branch (z(e
a1(Xo) = 0, p(Xg
Differentiating F, (u(z),
to € at ¢ =0, we get

[Fru (13 A= (0)+90) +Foae (0)]po+ Fi g’ (0) =01 (0)g0 = 0. (50)

From Theorem 4, we know A (0) = 0, & F, vopo = 0 at

simple third-order pitchfork bifurcation point. By (50), we get
a1(0), ¢'(0) = 1, so we know stablhty of the nontrivial
solutlon branch is determined by o{(0). In order to know
01 (0), we differentiate F,, (u(e ),/\(?)go( e)—o1p(e) = 0 with
respect to € two times at € = (, and then we have

0 ~0 0 ~0 o 1

(F°, @050+ P @0+ O, A% Yo +2F0, @0 (0)+F ¢” (0)— o'/ (0)po = O.

(51
Substituting ¢’(0) = ¢y, u0 = @, 2. = AA. + g into
(51), we can compute o’'(0). For example, let p = 3, and
then we have numerical result ¢”(0) > 0, so we know that
the bifurcation is subcritical, and the nontrivial solution branch
is unstable(see Fig.1).
Simultaneously, we can use (41) to illustrate stability of
Eq.7. By theorem of singularity(?3:24], we know that Eq.7 is
strong equivalence with

{T'u t o= ((piq)u)%'p = 07 P is even (52)

T,U4+4((p+1,,) 7 =0. pisodd

That is, Eq.7 has the same qualitative property as Eq.52 near
the bifurcation point \g = 272, Assume p = 3, \; = 1, Eq.7
has the same stability as 7x + %73 = 0 near the bifurcation
point A9 = 272, so we also know that the bifurcation point
Mo = 2% is of pitchfork type and the nontrivial solution
branch is unstable. We can find that two methods above are
in perfect accord with each other, that is, system (7) has sub-
critical bifurcation at A = 272, We use bifurcation numerical
method which will be showed in Sec.4 to get a bifurcation
graph from A = 272 to) = 1(see Fig.1).

In addition, it’s easy to know that equation F'(u,\) =
Au + M+ u® = 0 is Z, equivariant, that is, this equation
also has a nontrivial unstable negative solution branch, which
in not shown in Fig.1.

IV. OTHER COMPLEX DOMAINS

(1). Numerical method

The algorithms here are the same as in Sec.3. The only dif-
ference is that the bifurcation point A\g and the corresponding
eigenfunctions ¢ must be computed numerically.

We use finite difference method to discrete Eq.5, then we get
numerical solutions of (2) and (3). A more detailed algorithm
is following:

Step 1: General domain (2 is divided homogeneously, the
five-point difference scheme is used to discrete Laplace opera-
tor A, and it keeps the same symmetry as the original problem
for the discretized problem to simplify the computation, where
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we choose N = 200, h = 1/200.
Step 2: We store the data of the five-point difference : o
operator Ay in A , and compute the eigenvalue problem ' .
Apn = Anpn, where ¢, and \j, are approximations to ¢ .
and ). :
Step 3: Let ' ‘
u=Tpp +w, n=A=An, (53) R, S

where 7 is a small parameter, and w satisfies (¢p,w) = 0.
Substituting (53) into (5), we have Fig.s.

Positive solution of (3) on a L-shaped domain with p = 3, A\1 = 1.
Aw+ (n+An)w + 07w + (Top +w)P =0, (,y) € o,

w >0, (z,y) € 2o,

54
w0 (z.y) € 02, P
(¢n,w) =0.

The Gauss-Newton method is used to solve this nonlinear .
equation for different 7 from 7 = 0 to end 7 = 7.y, 4. Teng Must
be chosen big enough in order that the nontrivial solutions of
(54) are faraway from the trivial solution.

Step 4: Continue A until A = Xy, and then we get the
nontrivial solution u(x,y) of (3) and plot it.

(2).Visualization of positive solutions of (3) in many com- Fig.6. Positive solution of (3) on unsymmetrical annulus with p = 3,
. =1
plex domains(p = 3, \; = 1) M

TABLE II
THE SOLUTIONS WITN DIFFERENT SYMMETRIES TO EQ.3 sl
p=3,1=1 . o
Shape of the domain Bifurcation point A Symmetry !
Unit square(Fig.3) 19.739 Dy : :.
Unit disk(Fig.4) 22.976 0(2) ! !
L-shaped domain(Fig.5) 38.576 pyA . .
Unsymmetrical annulus(Fig.6) 49.102 1 : .
Annulus(Fig.7) 212.166 0(2) N LN
The exterior of a "Butterfly”(Fig.8) 64.805 PP g aou | ) . :
Heart(Fig.9) 60.555 Y ' s
Cglslsi(;(;s(;(il:%.ll)O) g;g;g ED:] Fig.7.  Positive solution of (3) on annulus with p = 3, A1 = 1.
Dumbbell shaped domain(Fig.12) 189.157 Ym

v - - . 1 Fig.8.  Positive solution of (3) on the exterior of a “Butterfly” with p = 3,
A1 =1
Fig.3. Positive solution of (3) on square with p = 3, A1 = 1.

' or
ar
. on
o8 .
oaf
03 .
01
0 8
' o2
% o 5
2t i s o2 o4 o8 1]

0z i o8 ] i

Fig.4.  Positive solution of (3) on disk with p = 3, A1 = 1. Fig.9. Positive solution of (3) on a heart domain with p = 3, A1 = 1.
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. oa

02 [0 o8 ]

Fig.10.  Positive solution of (3) on crisscross with p = 3, A1 = 1.

oz [ o8 o

Fig.11.  Positive solution of (3) on ellipse with p = 3, A1 = 1.

a A

a2 [ o8 oa '

Fig.12.  Positive solution of (3) on a dumbbell shaped domain with p = 3,
A= 1.
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