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Intuitionistic Fuzzy Points in Semigroups

Sujit Kumar Sardar

Abstract—The notion of intuitionistic fuzzy sets was introduced
by Atanassov as a generalization of the notion of fuzzy sets. Y.B. Jun
and S.Z. Song introduced the notion of intuitionistic fuzzy points.
In this paper we find some relations between the intuitionistic fuzzy
ideals of a semigroup S and the set of all intuitionistic fuzzy points
of S.
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I. INTRODUCTION

A semigroup is an algebraic structure consisting of a

non-empty set S together with an associative binary
operation[4]. The formal study of semigroups began in the
early 20th century. Semigroups are important in many areas
of mathematics, for example, coding and language theory,
automata theory, combinatorics and mathematical analysis.
The concept of fuzzy sets was introduced by Lofti Zadeh[19]
in his classic paper in 1965. Azirel Rosenfeld[13] used the
idea of fuzzy set to introduce the notions of fuzzy subgroups.
Nobuaki Kuroki[8], [9], [10] is the pioneer of fuzzy ideal
theory of semigroups. The idea of fuzzy subsemigroup was
also introduced by Kuroki[8], [10]. In [9], Kuroki characterized
several classes of semigroups in terms of fuzzy left, fuzzy right
and fuzzy bi-ideals. Others who worked on fuzzy semigroup
theory, such as X.Y. Xie[16], [17], Y.B. Jun[5], [6], are men-
tioned in the bibliography. X.Y. Xie[16] introduced the idea
of extensions of fuzzy ideals in semigroups. The notion of
intuitionistic fuzzy sets was introduced by Atanassov[1], [2],
[3] as a generalization of the notion of fuzzy sets. Pu and
Liu[12] introduced the notion of fuzzy points. In [15], X.P.
Wang, ZW. Mo, W.J. Liu, in [18] Y.H. Yon and in [7] K.H. Kim
characterized fuzzy ideals as fuzzy points of semigroups. Y.B.
Jun and S.Z. Song introduced the notion of intuitionistic fuzzy
points[6]. In this paper, we consider the semigroup S of the
intuitionistic fuzzy points of a semigroup S, and discuss some
relations between the fuzzy subsemigroups(fuzzy bi-ideals,
fuzzy interior ideals, fuzzy ideals, fuzzy prime ideals, fuzzy
semiprime ideals) of S and the subsets of S. Among other
results we obtain some characterization theorems of regular
and intra-regular semigroups in terms of intuitionistic fuzzy
points.
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II. PRELIMINARIES

In this section we discuss some elementary definitions that
we use in the sequel.

Definition IL1. [11] If (X, *) is a mathematical system such
that Va,b,c € X, (a*b) xc = a * (bxc), then * is called
associative and (X, ) is called a semigroup.

Definition IL2. [11] A subsemigroup of a semigroup S is a
non-empty subset I of S such that 12 C I.

Definition II.3. [11] A subsemigroup / of a semigroup S is
a called an interior ideal of S if SIS C I.

Definition I1.4. [11] A subsemigroup / of a semigroup S is
a called a bi-ideal of S if IST C I.

Definition IL5. [11] A left (right) ideal of a semigroup S is
a non-empty subset [ of S such that ST C T (IS C ). If I
is both a left and a right ideal of a semigroup S, then we say
that I is an ideal of S.

Definition II.6. [11] Let S be a semigroup. Then an ideal I
of S is said to be (i) prime if for ideals A, B of S,AB C I
implies that A C I or B C I, (it) semiprime if for an ideal A
of S, A2 C I implies that A C I.

Definition IL7. [1], [2] The intuitionistic fuzzy sets defined
on a non-empty set X as objects having the form

A={<z,pa(z),va(z) >z € X},

where the functions p4 : X — [0,1] and v4 : X — [0,1]
denote the degree of membership and the degree of non-
membership of each element z € X to the set A respectively,
and 0 < pa(z) +va(x) <1 forall x € X.

For the sake of simplicity, we shall use the symbol
A = (pa,vy4) for the intuitionistic fuzzy subset A = {<
x,pa(x),valz) > x € X},

Definition IL8. [6] Let o, € [0,1] with a + 3 < 1. An
intuitionistic fuzzy point, written as x(, g), is defined to be an
intuitionistic fuzzy subset of S, given by

(0,1) otherwise

w(a,g)(y) _ { (a,8) ifzx=y

Definition IL.9. [14] A non-empty intuitionistic fuzzy subset
A = (a,v4) of asemigroup S is called an intuitionistic fuzzy
subsemigroup of S if (i) pa(xy) > min{pa(x), pa

(y)} Va,y € S, (i1) va(zy) < max{va(z),va(y)} Va,y €
S

Definition II.10. [14] An intuitionistic fuzzy subsemigroup
A = (pa,va) of a semigroup S is called an intuitionistic fuzzy
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interior ideal of S if (i) pa(zay) > pa(a) Ve,a,y € S, (i)
va(vay) < va(a) Yz, 0,y € S.

Definition IL.11. [14] An intuitionistic fuzzy subsemigroup
A = (pa,va) of a semigroup S is called an intuitionistic
Sfuzzy bi-ideal of S if (i) pa(zwy) > min{pa(x), pa(y)}
Vr,w,y € S, (i) va(zwy) < max{va(z),va(y)} Vo,w,y €
S.

Definition II.12. [14] A non-empty intuitionistic fuzzy subset
A = (pa,va) of a semigroup S is called an intuitionistic fuzzy
left(right) ideal of S if (i) pa(ry) > pa(y)(resp. pa(ry) >
pa(z)) Yo,y € S, (i) va(zy) < valy)(resp. va(zy) <
va(z)) Yo,y € S.

Definition I1.13. [14] A non-empty intuitionistic fuzzy subset
A = (pa,va) of a semigroup S is called an intuitionistic fuzzy
two-sided ideal or an intuitionistic fuzzy ideal of S if it is both
an intuitionistic fuzzy left and an intuitionistic fuzzy right ideal
of S.

Alternative definition of Definition 2.13, is as follows.

Definition I1.14. [14] A non-empty intuitionistic fuzzy subset
A = (pa,va) of a semigroup S is called an intuitionistic fuzzy
ideal of S if (i) pa(xy) > max{pa(z), pa(y)}ve,
y €S, (1) va(zy) < min{va(z),va(y)}Ve,y € S.

Definition II.15. [14] An intuitionistic fuzzy ideal A =
(ta,va) of a semigroup S is called an intuitionistic fuzzy
semiprime ideal of S if (i) pa(z) > pa(x®)Va € S, (i)
va(r) <va(x?) Vz € S.

Definition II.16. [14] An intuitionistic fuzzy ideal A =
(a,va) of a semigroup S is called an intuitionistic fuzzy
prime ideal of S if (¢) pa(zy) = max{pa(z), pa(y)}Ve,y €
S, (#44) va(zy) = min{va(z),va(y)} Yo,y € S.

III. MAIN RESULTS

Let (S) be the set of all intuitionistic fuzzy subsets of a
semigroup S. For each A = (ua,va), B = (uB,vg) € 3(9),
the product of A and B is an intuitionistic fuzzy subset Ao B
defined as follows:

AoB={<z (naopp)(z), vaovp)(z) > z €S}

sup [min{pa(u), up(v)} : u,v € 5]
where (paopp)(z) =4 e=uv
0, if for any u,v € S,z # wv

mi:n&[max{yA(u), vp(v)} :u,v € 5]

and (vaovp)(z) = {

It is clear that (Ao B) o C = Ao (Bo (), and that if
ACB,then AcoC C BoC and Co A C C o B for any
A, B,C € ¥(S). Thus (S) is a semigroup with the product
O.

Let S be the set of all intuitionistic fuzzy points in a
semigroup S. Then z (4, 8)0Y(y,5) = (2Y)(any,8vs) € S, Where
a/Ay = min(a,v) and SV = max(8, §) and z(q,3)° (Y(y,5)©
2(n,0) = (TY2)(anyan,pvove) = (T(a,8) © Y(v,6)) © Z(n,0) for

1, if for any u,v € S ,x # wv
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any (a,8), Y(,5)s (n,0) € S- Thus S is a subsemigroup of
3(

For any A = (ua,va) € S(S), A denote the set of all
intuitionistic fuzzy points contained in A = (ua,v4), that
is, A = {z(ap €S : pa(z) > o and vy(z) < G} If
T(a,p) €S, then o >0and § < 1.

Proposition IIL1. Let A = (ua,va) and B = (up,vp) be
two intuitionistic fuzzy subsets of a semigroup S. Then

(1)) AUB=AUB.

(i) AnB=ANB.

(ifi) Ao B D Ao B.

Proof: (i) Let x5 € AUB & {z S
(ra U pp)(xz) > a and (va Nvp)(z) < B} x
)7VB((1')}

<

S max{pa(z),up(x)} > a and min{ra(x
B}exeS:{ualx) > aorug(z) > a} and {va(z)
orvg(z) < B} & {z € S: pa(zr) > a and va(x)

or {x € S: pp(xr) > aand vp(z) < B} & T(ap) €
T(a,p) € B & x(qp8 € AUB. Hence AUB = AU B.

(ii) Let x(q3) € ANB & {x € S: (paNpp)(z
and (vaUvg)(z) < B} < {x € S:min{pa(z), up(x)
and max{va(x),vg(z)} < B} & [z € S : {ua(x)
and pp(z) >  a} and {rva(z) < g
vp(x) < B} e {z €8 :pa(r) > aand va(z) < G} and
{x €S :pp(@) > aand vp(z) < B} & 2@ €A
T(a,8) €B & xq5 € ANB. Hence ANB = AN

I

(iti) Ao B = {(a,p) © Y(1.6) * T(ap) € AY(y.6) € B} =
{@y)(any,pve) + pa(z) > a and va(z) < B,us(y) > v
and vp(y) < 6} = {(@Y)(any,8vs) : pal(z) > « and
:u’B(y) >, VB(:L.) < [)) and VB(y) < (5} = {(wy)(a/\'y,ﬁ\/é) :
min{pa(z), p(y)} = o Ay,max{vp(z),vp(y)} < BV

6} < {@Y)(any,pve) sup  [min{pa(z), pp(y)}] =
z,y €8
pa(r) = o
pe(y) =
a Ay, inf o [max{va(z),vp(y)}] < BV} =
z,y €S
va(r) <6
vp(y) <6
{(w)any,pvs) + (Laops)(u) > any, (vpovp)(u) < BVE} =
Ao B.Hence Ao B C Ao B. |

Theorem IIL.2. Let A = (ua,v4) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then following conditions
are equivalent:

(i) A= (pa,va) is an intuitionistic fuzzy subsemigroup of

(ii) A is a subsemigroup of S.

Proof: (i) = (i) : Let A = (ua,va) be an intuitionistic
fuzzy subsemigroup of S. Let x(qg),¥(v,5) € A. Then
pa(z) > a >0, pa(y) > v > 0 and va(z) < B < 1,
va(y) <0 < 1.Since pa(zy) = min{pa(x), pa(y)} = oy
and v4(zy) < max{va(x),va(y)} < BV 4. Consequently,
T(a,8) © Yr,5) = (TY)(any,pve) € A. This implies that
A% C A. Hence Ais a subsemigroup of S.
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(¢d) = (i) : Let us suppose that A is a subsemi-
group of S. Let z,y € S. If pa(x) = paly) = 0
and vy(xz) = va(ly) = 1, then min{ua(z),pa(y)} =
0 < pa(zry) and max{va(z),va(y)} = 1 > va(ay). If
pa(x) = paly) # 0 and va(z) = valy) < 1, then
(pa(@)wa(@) Yua)vaty)) € A Since A is a subsemi-
group of S, so we have (2Y)(ua(e)rna()va(@)vvalw)) =
T(pa(z)wa(z) OYua(y)waly) € A which implies that ,LLA(.Z'y)
> pa(@) A paly) = min{pa(z), pa(y)} and va(zy) <
va(z) Vva(y) = max{va(z),va(y)}. Hence A = (ua,va)
be an intuitionistic fuzzy subsemigroup of S. ]

Theorem IIL3. Let A = (ua,v4) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then following conditions
are equivalent:
(1) A= (ua,va) is an intuitionistic fuzzy bi-ideal of S,
(ii) A is a bi-ideal of S.

Proof: (i) = (i) : Let A = (pa,va) be an
intuitionistic fuzzy bi-ideal of S. Then A = (ua,va)
is an intuitionistic fuzzy subsemigroup of S. Hence
by Theorem 3.2, A is a subsemigroup of S. Let
T(a,8),2n,0) € A and y(y 5y € S. Then pa(z) > a > 0,
wa(z) > n>0and va(z) < <1, va(z) <6 < 1. Since
pa(zyz) > min{pa(z), pa(z)} > a Ay An(since v > 0)
and v4 (xyz) < max{va(z),va(z)} < BVoVO(since § < 1).
Consequently, (4 ) © Y(~.5) © 2(5,0) = (TYZ)(anyan,8véve) €
A. This implies that A S A C A. Hence A is a bi-ideal of S.

(#4) = (i) : Let us suppose that A is a bi-ideal of S.
Then A is a subsemigroup of S. Hence by Theorem 3.2,
A = (pa,va) be an intuitionistic fuzzy subsemigroup
of S. Let z,y,z € S. If pa(x) = pa(z) = 0 and
va(z) = va(z) = 1, then min{ua(z),na(z)} = 0 <
pa(zyz) and max{va(z),va(z)} = 1 > va(zyz). If
wa(z) = pa(z) # 0 and va(xz) = va(z) < 1, then
T(pa(x)valm) Zpa(z)valz) € A. Since A is a bi-ideal
of S, so we have (Iyz)(HA((E)/\MA(Z),VA(Z)VVA(Z)) =
(TY2) (ua (@) At (@) A ()0 (@) Vv (2)Va () =
() wa(@) © Yua(@)wa(@)) © Apa(z)wa(=) € A which im-
plies that fea(zyz) > foa () A pa (=) — min{pa (@), a2}
and va(zyz) <wva(zr)Vva(z) = max{va(z),va(z)}. Hence
A = (1a,v4) be an intuitionistic fuzzy bi-ideal of S. ]

Theorem 4. Let A = (jua,v4) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then following conditions
are equivalent:

(1) A= (ua,va) is an intuitionistic fuzzy interior ideal of
5,

(ii) A is an interior ideal of S.

Proof: (i) = (ii) : Let A = (ua,v4) be an intuition-
istic fuzzy interior ideal of S. Then A = (pa,va) is an
intuitionistic fuzzy subsemigroup of S. Hence by Theorem
3.2, A is a subsemigroup of S. Let x(4 g), 26 € S and
Yv,o) € A Then pa(y) > v > 0 and vu(y) < 6 < 1.
Since pa(zyz) > paly) > a Ay An(since o,n > 0) and
va(zyz) <wva(y) < BV V6O (since 3,0 < 1). Consequently,
L(a,B8)CY(~,8) % (n,0) = (wyz)(zxA7A7],ﬁv6V3) € A. This implies

(4d) = (i) : Let us suppose that A is an interior ideal
of S. Then A is a subsemigroup of S. Hence by Theorem
3.2, A = (ua,va) be an intuitionistic fuzzy subsemigroup
of S. Let z,y,z € S. If pa(y) = 0 and va(y) = 1, then
ra(y) = 0 < pal(zyz) and valy) = 1 = va(zyz). If
,LLA(y) 7& 0 and Z/A(y) < 1, then Ypaly),valy)) € A. Since
A is an interior ideal of S, so we have (zyz)(
(ZY2) () A () Asia W) () Va (9) VA )

T(pa(v)wa®) © Ypawway) © Zualy)waly) € A which
implies that pa(zyz) > pa(y) and va(zyz) < va(y). Hence
A = (pa,v4) be an intuitionistic fuzzy interior ideal of S. W

pa(y)valy) =

Theorem IIL5. Let A = (ua,v4) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then following conditions
are equivalent:

(1) A= (a,va) is an intuitionistic fuzzy (right, left) ideal
of S,

(i1) A is a right(left) ideal of S.

Proof: (i) = (i) : Let A = (pa,va) be an
intuitionistic fuzzy right ideal of S. Let z(,3 € A
and y(,,5) € S. Then pa(z) > a > 0and va(z) < B < 1.
Since pa(zy) > pa(zr) > a A y(since v > 0) and
va(zy) < va(z) < BV d(since & < 1). Consequently,
T(a,8) © Y(v,8) = (TY)(any,pvs) € A. This implies that A S
C A. Hence A is a right ideal of S.

(#4) = (4) : Let us suppose that A is a right ideal of S. Let
x,y € S.If pa(x) =0 and va(z) = 1, then pa(z) =0 <
pa(zy) andvg(x) = 1> va(zy). If pa(z) #0and va(z) <
1, then o(,, (2)va(z)) € A Since A is a right ideal of S,
80 we have (2Y) (ua(2)rua (@) wa(@)vea@) = T(ua@)wa(z)) ©
Y(ua(z)va(z)) € A which implies that pa(zy) > pa(z) and
va(zy) < va(x). Hence A = (ua,v4) be an intuitionistic
fuzzy right ideal of S. Similarly we can prove the theorem for
left ideal and ideal. u

REMARK 1. It is clear that any ideal of a semigroup S is an
interior ideal of S. It is also clear that any intuitionistic fuzzy
ideal of a semigroup S is an intuitionistic fuzzy interior ideal
of S.

Definition ITL.6. [9] A semigroup S is called regular if, for
each element a of S, there exists an element x € S such
that « = axa. A semigroup S is called intra-regular if, for
each element x € S, there exist elements a,b € S such that
x = ax?b.

Theorem IIL7. Let A = (ua,v4) be a non-empty intuition-
istic fuzzy subset of a regular semigroup S. Then following
conditions are equivalent:

(1) A= (na,va) is an intuitionistic fuzzy (right, left) ideal
of S,

(i1) A is an interior ideal of S.

Proof: (i) = (ii) : Follows easily from Remark 1 and
Theorem 3.4.

(49) = (i) : Let us suppose that A is an interior ideal of
S. Let x € S. Then there exists an element a € S such that

x = zax(since S is regular). If p4(x) = 0 and v4(z) = 1,
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then pa(z) = 0 < pa(zy) and va(z) = 1 > va(zy).

If pa(z) # 0 and va(z) < 1, then T(y,(2)a(2)) € A
and Y, (z),va(x)) € S. Since A is an interior ideal of S,
so we have (2y)(ua(a)vae)) = (TATY)(ua(o)wa(a) =
((ZQ)TY) (e (@) A (@) Asia ()04 (@) Vwa (@) Ve (@) =
() (ua(@)va(@) © T(ua@)wa@) © Ypa@wa) € A

which implies that pa(zy) > pa(z) and va(zy) < va(z).
Hence A = (ua,v4) be an intuitionistic fuzzy right ideal
of S. The proof is similar in case of intuitionistic fuzzy left
ideal and intuitionistic fuzzy ideal. ]

Theorem IIL8. Let S be a semigroup. If for fixed v, 3 € [0, 1]
with a + 3 < 1, fla,g) + S — S is a function defined by
fla,p)(®) = T(a,p), then f(q gy is an injective homomorphism.

Proof: To show f(, g) is a homomorphism: Let

z,y € S. Then fap)(2y) = (2Y)(a.8) = (¥Y)(ana,pvs) =

T(a,8) © Yap) = J(a,8)(@)f(a,5)(y). Hence fiap) is an
homomorphism.

To show f(4 g is injective: Let zy,272 € 5. Then

fla.p)(@1) = flap(@2) = (¥1)(a,8) = (T2)(ap) = 71 =
ZIo.

Hence f(q,p) is an injective homomorphism. [ |

Theorem IIL9. Let A = (ua,va) be a non-empty intu-
itionistic fuzzy subset of an intra-regular semigroup S. Then
following conditions are equivalent:

(1) A = (a,va) is an intuitionistic fuzzy (right, left) ideal
of S,

(49) A is an interior ideal of S.

Proof: (i) = (i1) :
Theorem 3.4.

Follows easily from Remark 1 and

(14) = (i) : Let us suppose that A is an interior
ideal of S. Let x,y € S. Then there exist elements
a,b € S such that z = ax?b(since S is intra-
regular). If pa(z) = 0 and wa(z) = 1, then
pa) = 0 < pa(zy) and va(z) = 1 > va(zy). If
pa(r) # 0 and va(z) < 1, then z(,,(2)va(@) € A and
Y(pa(z)va(@) € S. Since A is an interior ideal of S,
s0 we have (2Y)(us(@)va@) = (@2°0Y)(ua)vate) =
((az)z (by))<lLA(”C)/\NA(-T)/\/LA(X)) va(z)Vva(z)Vra(z)) =
(02) )2 © Fpamromten © B uaeyvatey € A
This implies that wa(zy) > pa(x) and va(zy) < va(z).
Hence A = (pa,v4) be an intuitionistic fuzzy right ideal
of S. The proof is similar in case of intuitionistic fuzzy left
ideal and intuitionistic fuzzy ideal. ]

Theorem IIL.10. A semigroup S is intra-regular if and only
if the semigroup S is intra-regular.

Proof: Let app € S and a € S. Then there
exist elements z,y € S such that @ = za?y(since S
is intra-regular). So Z(48),¥Y(a,3) € S- Then x4 ©
(a,8) © Aa,8) © Y(@h) = T(ap) ° (67 (ana,vp) © Y(a,0) =
T(a,) © (*)(a,0) © Y(a.8) = (T0*Y)(anana,pvove) = (ap)-
Hence S is intra-regular.

Conversely, let S is intra-regular and a € S. Then for any
a, 3 € [0,1], there exist elements x( 5), Y(n,9) € S such that
@a,6) = T(y.6)°U(a0)°%a,0)Y(n.0) = F(7.6)°(07) (@, pv5)°
Y(n,0) = T(+,6)°(0%) (0,8)°Y(n,0) = (@”Y)(yrann,svave)- This
implies that @ = za’y and x,y € S. Hence S is intra-regular.

]

Theorem IIL.11. A semigroup S is regular if and only if the
semigroup S is regular.

Proof: Let aqp € S and a € S. Then there
exists an element x € S such that a = aza(since S is
regular). So (a8 € S. Then a(ag) © T(a,p) © Aa,8) =
(aza)anana,pvpvs) = (620)(a,3) = G(a,p)- Hence S is
regular.

Conversely, let S is regular and @ € S. Then for any
a,( € [0,1], there exists an element x(, 5 € S such that

Aa,f) = G(a8) © L(y.8) © Ua,p) = (42a)(anynapvove) =
(axa)(yra,pvs)- This implies that ¢ = axa and = € S. Hence
S is regular. ]

Lemma IIL12. [9] For a semigroup S, the following condi-
tions are equivalent:

(2) S is intra-regular(regular),

(4) LN R C LR(resp. RN L = RL) holds for every left
ideal L and right ideal R of S.

Lemma II1.13. [/4] For a semigroup S, the following condi-
tions are equivalent:

(1) S is intra-regular(regular),

(i) ANB C Ao B(resp. BN A = Bo A) holds for every
intuitionistic fuzzy left ideal A = (pa,va) and intuitionistic
Sfuzzy right ideal B = (up,vg) of S.

Theorem II1.14. For a semigroup S, the following conditions
are equivalent:

(¢) S is intra-regular,

(i) AN B C Ao B for every intuitionistic fuzzy left
ideal A = (ua,va) and intuitionistic fuzzy right ideal
B = (up,vp) of S.

Proof: (i) = (ii) : Let S be an intra-regular semigroup
and A = (pa,va), B = (up,vp) are respectively
intuitionistic fuzzy left and intuitionistic fuzzy right ideal of
S. By Theorem 3.10, S is an intra-regular semigroup. By
Theorem 3.5, A and B are respectively left and right ideal of
the semigroup S. Hence by Lemma 3.12, AN B C Ao B.

(1) = (i) : Let A = (p1a,v4) be an intuitionistic fuzzy
left and B = (up,vp) be an intuitionistic fuzzy right ideal
of S such that ANB C AoB. Letz € S.If (ua(z) =0 or
up(z) =0)and (va(z) =lorvg(x) =1),then 0 = pu(x)A
1p(x) < (pa o pp)(@),ie, (paNpp)(x) < (na o pp)(@)
and 1 = va(z) Vvp(z) > (vaovp)(x),i.e., (vaUvp)(z) >
(vaovp)(z). Hence Ao BD AN B.

Again if (pa(z) > 0 and vu(x) < 1) and (pp(z) > 0
and vp(z) < 1), then T(,, (2)rup(2)va(z)vrs(z) € A and
L(pa(@)Aup (@) va(@)Ves (@) € L

Hence T(pa(z)App(@),va(z)ves(z)) € ANB C AoB C
Ao B(cf. Proposition 3.1). Then (14 o ug)(x) > pa(zx)

>
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pp(x) = (panpp)(x) and (vaovp)(z) <wva(z)Vpp(r) =
(va Uvg)(z) which implies that Ao B O AN B. Hence by
Lemma 3.13, S is intra-regular. ]

Lemma IIL15. [/4] Let A = (ua,va) be an intuitionistic
fuzzy right ideal and B = (up,vp) be an intuitionistic fuzzy
left ideal of a semigroup S. Then Ao B C AN B.

Theorem IIL.16. For a semigroup S, the following conditions
are equivalent:

(1) S is regular,

(4id) BN A = Bo A for every intuitionistic fuzzy left
ideal A = (ua,va) and intuitionistic fuzzy right ideal
B = (uB,vB) of S.

Proof: (i) = (ii) : Let S be a regular semigroup and
A = (pa,va), B = (up,vp) are respectively intuitionistic
fuzzy left and intuitionistic fuzzy right ideal of S. By
Theorem 3.11, S is a regular semigroup. By Theorem 3.5, A
and B are respectively left and right ideal of the semigroup
S. Hence by Lemma 3.12, ANB=Ao0B.

(#3) = (4) : Form (ii) = (i) we have AoB D ANB. Again
by Lemma 3.15, Ao B C ANB. Consequently, AoB = ANB
and hence by Lemma 3.13, S is regular. ]

Theorem IIL.17. Let A = (ua,va) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then the following are
equivalent:

(1) A= (na,va) is an intuitionistic fuzzy semiprime ideal
of S,

(i1) A is a semiprime ideal of S.

Proof: (i) = (ii) Let A = (pa,va) be
an intuitionistic fuzzy semiprime ideal of S. Then
pa(x) > pa(z?) and va(zx) < va(x?)Vx € S. Let
T(a,8) © T(a,5) € Aie., (1%) (a3 € A Then pa(z?) > a
and v4(z?) < B. Since A = (ua,va4) is an intuitionistic
fuzzy semiprime ideal of S, so pa(x) > pa(z?) > o and
va(z) < va(a?) < B, which implies that (. 5) € A. Hence
A is a semiprime ideal of S.

(ii) = (i) : Let A be a semiprime ideal of S. Let 4 (2?) =
o and v4(2%) = (3. Then (2%)(a,5) € A, i-€.,2(0,8) ©T(a,8) €
A implies that z(4,g) € A(since A is a semiprime ideal of
S). Then pa(xz) > a and va(x) < [ which implies that
pa() > pa(z?) and va(z) < va(z?). Hence A = (ia,va)
is an intuitionistic fuzzy semiprime ideal of S. u

Lemma IIL.18. [/4] For a semigroup S following conditions
are equivalent:

(¢) S is an intra-regular semigroup,

(1) every intuitionistic fuzzy ideal A = (ua,va) of S is an
intuitionistic fuzzy semiprime ideal of S.

Theorem II1.19. For any non-empty intuitionistic fuzzy subset
A = (ua,va) of an intra-regular semigroup S the following
conditions are equivalent:

(1) A= (ua,va) is an intuitionistic fuzzy ideal of S,

(#i) A is a semiprime ideal of S.

Proof: (i) = (ii) : Let A = (14, v4) be an intuitionistic

fuzzy ideal of an intra-regular semigroup S. Then by Lemma
3.18, A = (pa,v4a) is an intuitionistic fuzzy semiprime ideal
of S and hence by Theorem 3.17, A is a semiprime ideal of S.

(#9) = (4) : Let A is a semiprime ideal of S. Then by The-
orem 3.17, A = (4, v4) is an intuitionistic fuzzy semiprime
ideal of S and hence A = (4,v4) is an intuitionistic fuzzy
ideal of S. ]

Theorem IIL.20. Let A = (pua,v4) be a non-empty intuition-
istic fuzzy subset of a semigroup S. Then the following are
equivalent:

(1) A = (pa,va) is an intuitionistic fuzzy prime ideal of
5,

(ii) A is a prime ideal of S.

Proof: (i) = (ii) : Let A = (ua,va) be an intuitionistic
fuzzy prime ideal of S. Then pa(zy) = max{pa(z), pa(y)}
and va(zy) = min{va(z),valy)}ve,y € S. Let
Z(a,B8) © Y(,B) € Aai'e'v(xy)(a/\a,ﬂ\/,@) = (xy)((x”@) € A
Then pa(zy) > « and va(zy) < (B which implies that
max{yia(z), pa(y)y = o and min{ra(z),va(y)} < B
Then (pa(z) = a or paly) = a) and (va(z) < f
or va(y) < fB),i.e,(pa(z) > « and va(z) < B) or
(ra(y) > a and va(y) < B),i.e., %) € A OF Ya,g) € A
Hence A is a prime ideal of S.

(#4) = (i) : Let A be a prime ideal of S. Let pa(zy) = @
and v4(zy) = B. Then 24, )Y (a,5) = (2Y)(a,8) € A implies
that (o, 3) € A or Y(o,3) € A(since A is a prime ideal of
S). Then (pa(xz) > « and va(z) < ) or (paly) > «
and va(y) < fB),i.e,(pa(z) > a or paly) > «) and
(valy) < B orwaly) < f)i.e., max{pa(e), pa(y)} >
and min{va(z),va(y)} < B,i.e.,max{pa(z),paly)} >
wa(zy) and min{va(z),va(y)} < va(zy)......... (A). Since
A is a prime ideal of S, so A is an ideal of S. So, by
Theorem 3.5, A = (ua,va) is an intuitionistic fuzzy ideal
of S. Then pa(xy) > max{pa(x),pa(y)} and va(zy) <
min{va(z),va(y)}Ve,y € S....... (B). Combining (A) and
(B) we have, pa(zy) = max{ua(z), pa(y)} and va(zy) =
min{va(z),va(y)}Ve,y € S. Hence A = (ua,va) is an
intuitionistic fuzzy prime ideal of S. u
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