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Ten limit cycles in a quintic Lyapunov system

Li Feng

Abstract—In this paper, center conditions and bifurcation of limit
cycles at the nilpotent critical point in a class of quintic polynomial
differential system are investigated. With the help of computer algebra
system MATHEMATICA, the first 10 quasi Lyapunov constants are
deduced. As a result, sufficient and necessary conditions in order to
have a center are obtained. The fact that there exist 10 small amplitude
limit cycles created from the three order nilpotent critical point is also
proved. Henceforth we give a lower bound of cyclicity of three-order
nilpotent critical point for quintic Lyapunov systems. At last, we give
an system which could bifurcate 10 limit circles.

Keywords—Three-order nilpotent critical point, Center-focus prob-
lem, Bifurcation of limit cycles, Quasi-Lyapunov constant.

[. INTRODUCTION

HE nilpotent center problem was theoretically solved by

Moussu [10] and Strézyna [12]. Nevertheless, in fact,
given an analytic system with a monodromic point, it is very
difficult to know if it is a focus or a center, even in the case
of polynomial systems of a given degree. In this paper, we
consider an autonomous planar ordinary differential equation
having a three—order nilpotent critical point with the form

% =y + a12xy® + aosy® + as12%y + axna?y?

— 4boszy® + aoay® — y(a? + )2,
% = =223 + by12?y + bosy® + baoz? — Sazx?y?
+ b3y + boay? + x(2? + y?)2.

ey

where p # 0, and all parameters are real.
In some suitable coordinates, the Lyapunov system with the
origin as a nilpotent critical point can be written as

o —y+ 3 ayaty’ = X(z,y),
T @
W= 3 byaty =Y(x,y).
i+j=2

Suppose that the function y = y(z) satisfies X(x,y) =
0,y(0) = 0. Lyapunov proved (see for instance [3]) that the
origin of system (2) is a monodromic critical point (i.e., a
center or a focus) if and only if

Y(x,y(z)) = az® ! +o(2?" 1), a <0

X oY n n

(5% + 5] ymy@) = B +o(a™), 3)
B +4(n+1)a <0,

where n is a positive integer. The monodromy problem in
this case was solved in [4] and the center problem in [10],
see also in [12]. As far as we know there are essentially
three differential ways of obtaining the Lyapunov constant:
by using normal form theory [8], by computing the Poincaré
return map [6] or by using Lyapunov functions [11]. Alvarez
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study the momodromy and stability for nilpotent critical points
with the method of computing the Poincaré return map, see for
instance [1]; Chavarriga study the local analytic integrability
for nilpotent centers by using Lyapunov functions, see for in-
stance [7]; Moussu study the center-focus problem of nilpotent
critical points with the method of normal form theory, see
for instance [10]. Takens proved in [13] that system (2) can
be formally transformed into a generalized Liénard system.
Alvarez proved in [2] that using a reparametrization of the time
to simplify even more. Giacomini et al. in [14] prove that the
analytic nilpotent systems with a center can be expressed as
limit of systems non-degenerated with a center. therefore, any
nilpotent center can be detected using the same methods that
for a nondegenerate center, for instance the Poincaré-Lyapunov
method can be used to find the nilpotent centers.

For a given family of polynomial differential equations,
let N(n) be the maximum possible number of limit cycles
bifurcating from nilpotent critical points for analytic vector
fields of degree n. In [5] it is found that N(3) > 2, N(5) >
5,N(7) > 9; In [1] it is found that N(3) > 3,N(5) > 5;
For a family of Kukles system with 6 parameters, in [2] it
is found taht N(3) > 3. Hence in this paper. Recently, Liu
Yirong and Li Jibin in [15] proved that N(3) > 8. Hence in
this paper, employing the integral factor method introduced in
[9], we will prove N (5) > 10. To the best of our knowledge,
our results on the lower bounds of cyclicity of three-order
nilpotent critical points for quintic systems are new.

We will organize this paper as follows. In Section 2, using
the linear recursive formulae in [15] to do direct computation,
we obtain with relative ease the first 10 quasi-Lyapunov
constants and the sufficient and necessary conditions of center.
This paper is ended with Section 3 in which the 10-order weak
focus conditions and the fact that there exist 10 limit cycles
in the neighborhood of the three-order nilpotent critical point
are proved.

II. QUASI-LYAPUNOV CONSTANTS AND CENTER
CONDITIONS

According to Theorem in [9], for system (1). Carrying out
calculations in MATHEMATICA, we have

w3 =wy = ws =0,

Wwe = —%bgl(—l -|-45)7

wr ~ 3(s + 1)cos, )
Wy ~ _2(G12§3b03)(_3 + 45)7

g ~ — 2Car i) (g 4y

From (3.1), we obtain the first two quasi-Lyapunov constants
of system (1):

— we _ ba
)\1 T 1-4s — 37 (5)
o o W 2(a1243bo3)
2™ 3°4s 5 :
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we see from w7 = wg = 0 that
Cpo3 = 0,8 =1. (6)

Furthermore, take s = 1, we obtain the following conclu-
sion.

Proposition 2.1: For system (1), one can determine succes-
sively the terms of the formal series M (z,y) = z*+y?+o(r?),
such that

90X oY oM oM _
(8 +20) M —2(2x+2y) =

i Am[(2m — 5)x2m+4 + 0(7.28)]’

m=1

)

where A, is the m-th quasi-Lyapunov constant at the origin
of system (1), m =1,2,---,12.
Theorem 2.1: For system (1), the first 12 quasi-Lyapunov
constants at the origin are given by
)\1 = b%a
2(a12+3bos)
)\2 — 125 03 ,
A3 = ba0(2a22+3b13)

35 ’

Ay = — (2a22+135l)13)a31 ,
Ar = 20bo4 (2a22+3b13)
5 — i )
A — —4bos (172427 —13b13)(2a25+3b13)
6 = 3003 ’
\» — 8003(41067a0s—7658a22)(2a22+3b13)
= 405405 )
Ne — L12(160681+733941a03)azsbos (2a20+3b1s)
8 = 45379035 )
_ 4dagzbos(2a22+3b13)
Ag = —“222400368;’92?447513 (—9539331965897
+ 20127128261760635),
o —a22bo3(2a22+3b13)
Ao = 188992322;;308;;7712;20450(632226312156980494004945

+ 815899547527119916257024a3,)
(3)

In the above expression of A\, we have already let \; = Ay =
e =A1 =0, k=2,---,10.

From Theorem 2.1, we obtain the following assertion.

Proposition 2.2: The first 10quasi-Lyapunov constants at
the origin of system (1) are zero if and only if the following
condition is satisfied:

ba1 = az1 = bo3 = bag = bps = a12 = 0; (&)

bo1 =0, a;z = —3bos, aze = —3bis. (10)

Proof. When condition (9) of Proposition 3.2 holds, system
(1) can be brought to
% =y + aosy® + az22?y? + aosy* — y(a® + y?)?,

11
% = =223 + bygwy® + x(2? + y?)% an

whose vector field is symmetric with respect to the y-axis.

When condition (10) of Proposition 3.2 holds, system (1)
can be brought to

92 — y + —3boszy?® + aosy® + azzdy — Sbiza?y?
— 4boazy® + agayt — y(z? +y?)?, b
% = =223 + bogy® + baox* — Zaz12?y? + bizwy? 12
+ boay? + x(z? + y?)%
the system (12) has an analytic first integral
H(z,y) = _%92 - %1’4 - %%11’31/2 + %blsffzyg + bogzy?
— Taosy® — $aoay® + boszy® + 5 (2 + ¢?)3.
O

We see from Propositions 2.2 that

Theorem 2.2: The origin of system (1) is a center if and
only if the first 10 quasi—Lyapunov constants are zero, that is,
one of the conditions in Proposition 2.2 is satisfied.

I1I. MULTIPLE BIFURCATION OF LIMIT CYCLES

This section is devoted proving that when the three—order
nilpotent critical point O(0,0) is a 10-order weak focus, the
perturbed system of (1) can generate 10 limit cycles enclosing
an elementary node at the origin of perturbation system (1).

Using the fact Ay = Ao = A3 =M = X5 = Ag = Ay =
As = Ag == 0, Ao # 0, we obtain

Theorem 3.1: The origin of system (1) is a 10-order weak
focus if and only if

ba1 = byo = az1 = bps =0,

a1z = —3bos, bis = ‘ags,

ap4 = 47160568701227 (]3)
aos =~ 853

b03 = ﬂ:ilfggf , 22 7& 0.

Proof. By letting \j = Ao = A3 = M\ = A5 =

X = A7 = A3 = Ag = 0, we obtain the relations of

ba1, bao, @31, boa, aiz, b1z, aze, aps, aps, bos. Because

age # 0, the origin of system (1) is a 10—order weak focus. [
We next study the perturbed system of (1) as follows:

% =07 +y + anxy® + agsy® + az @’y + agr’y?

— 4bosxy® + aouy® — y(a? + )2,
% = 26y — 223 + ba12%y + bosy® + baoa* — Sazia?y?
+ biszy® + boay* + x(2? + y?)2.
(14)
When conditions in (13) hold, we have

J= O(A1,22,23,24,25,26,A7,28,29)
(b1, a1z, bao, az1, boa, b1z, aoa, ao3, boz)

ON1 OXa OX3 OAg OAs OXg OA7 OAg OXg

Obz1 Oaiz Obsg Oazi Obosa Obiz Daps aps Obos

_ 4720881626272548607185227793232964573995264&32b(]3
- 4283058355201979039129867771096953125

£0

The statement mentioned above follows that

(15)
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Theorem 3.2: If the origin of system (1) is a 10-order
weak focus, for 0 < § < 1, making a small perturbation
to the coefficients of system (1), then, for system (14), in a
small neighborhood of the origin, there exist exactly 10 small
amplitude limit cycles enclosing the origin O(0,0), which is
an elementary node.

IV. EXAMPLE OF BIFURCATION OF LIMIT CYCLES AT
ORIGIN
Now we consider bifurcation of limit cycles at the origin
for perturbed system (14).
Theorem 4.1: Suppose that the coefficients of system (14)
satisfy

_ 155 _ .45
0 = 5e°°,bgyy = 3™,

2
a1y = —-C_ _ 243386507004525c 4 5 .36
12 = 72968 ~ 41133599436947864 )
_ 65,28 _ 195.21
by = =™, az1 = g5ge°,
_ 13 _15 _
bos = Tag€ sa22 =1,
bia — L7TL _ 145314C 10 (16)
13 = 73 )
__ 7658 _ 40365C _6
@04 = 71067 19 ¢
(e — _ 160681 _ 61395165C _3
03 = 7 733941 3773 )

bos = ——L 4 8112865668175
03 = 1914C T 21133599436947864 >

— /90610 _ e .
where C' = 9539331965507+ Lhen, if € = 0, the origin of

system (14) is an tenth fine focus with stability. If 0 < ¢ < 1,
there exist ten limit cycles in a small enough neighborhood of
the origin of system (14).

Proof.  According to Theorem 2.1, we have

v1(2m,8) = —€%° + O(e%9),
=1+ 0(eP)
= —¢30 4 0(£39),

__ 28 _ 5667246C _38 38
=¢ SE= e + 0(7%°),

_ 21, 5667246C _31 31
= —g?t + | + O(e%),

)
)
)
)
) = glo — BOTUGC 25 1 O(25),
)
)
)

vg (27,0 3773
_ 10 _ 151143076739810025C 11 11
vr(2m,0) = —€ 5169902061848 ¢ T O(€'),
_ _6, 151143076739810025C 7 7
v8(2m,0) = €° + 5 600930618483 ¢ T OE),

_ 3 151143076739810025C _4

5141699929618483

5667246C 13 13
+ 5 i +O(e )70
_ 151143076739810025C 2
v10(27,0) = € + 51 1i509930618483 €

-
_ a667246C€11 +0 511 ,

v11(2m,8) = — 780539838369730121131201291C
11 ) 36617582581897667473630863400

1448125859684100410261969
T 2311103383443064036777392° + 0(5)7

a7
Because the sign of the focal values of the origin has reversed
eleven times, from Theorem in [15] there exist ten limit cycles
in a small enough neighborhood of the origin of system (14).

O
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