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Smart Damping of Doubly Curved Laminated Shells

Saroj Kumar Sarangi and M. C. Ray

Abstract—This paper deals with the analysis of active
constrained layer damping (ACLD) of doubly curved laminated
composite shells using active fiber composite (AFC) materials. The
constraining layer of the ACLD treatment has been considered to be
made of the AFC materials. A three dimensional energy based finite
element model of the smart doubly curved laminated composite shell
integrated with a patch of such ACLD treatment has been developed
to demonstrate the performance of the patch on enhancing the
damping characteristics of the doubly curved laminated composite
shells. Particular emphasis has been placed on studying the effect of
variation of piezoelectric fiber orientation angle in the constraining
AFC layer on the control authority of the ACLD patch.

Keywords— Active constrained layer damping, Active fiber
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I. INTRODUCTION

ONOLITHIC piezoelectric materials have been widely

used as distributed sensors and actuators for developing
smart structures with self-monitoring and self-controlling
capabilities [1]-[12]. However, their major drawback is low
control authority as the magnitude of their electromechanical
coefficients is very small. To improve the situation, the
concept of active constrained layer damping (ACLD)
treatment was developed [13]. In ACLD treatment, a layer of
viscoelastic material is constrained between the host structure
and a constraining layer made of piezoelectric materials.
When the constraining layer is activated by suitable control
voltage, the shear deformations of the viscoelastic layer are
enhanced thereby improving the damping characteristics of the
overall structure. Since its inception, the ACLD treatment has
gained much importance and wide acceptability for the
purpose of efficient and reliable control of flexible structures
[14]-[16].

Piezoelectric composites (PZC) are now being extensively
used as distributed actuators and sensors of smart structures.
These PZCs are usually composed of an epoxy matrix
reinforced with fibers of monolithic piezoelectric materials,
provide a wide range of effective material properties not
offered by existing monolithic piezoelectric materials, render
anisotropic actuations and are characterized by good
conformability and strength.
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One of the commercially available PZC is the active fiber
composite (AFC), developed by Bent and Hagood [17]. A
lamina of AFC is composed of piezoceramic fibers
horizontally aligned in the plane of the lamina while the fibers
are poled along their length. The arrangement of electrodes in
AFC attributes the distributed actuator made of AFC with
high in-plane actuation authority along the fiber direction.
Papers are available on the active vibration control of
laminated composite shells [18-21]. From the open literature
on active control of smart laminated composite structures, it
seems that, the performance of AFC material has not yet been
studied for the purpose of active control of doubly curved
laminated composite shells.

In this paper, the authors intend to investigate the
performance of AFC material as the material of the
constraining layer of the ACLD treatment for active control of
thin doubly curved laminated composite shells. For such
investigation, a three-dimensional analysis of the ACLD of
thin doubly curved laminated composite shells integrated with
a patch of ACLD treatment has been carried out by finite
element method. The effect of variation of piezoelectric fiber
orientation angle in the constraining AFC layer on the control
authority of the ACLD patch has also been investigated.

II. FINITE ELEMENT MODELING

Fig. 1 illustrates a doubly curved laminated composite
shallow shell composed of N number of orthotropic layers.
The curvilinear lengths of the shell are denoted by a and b,
respectively, while their principal radii of curvatures are R4

Laminated Composite
Doubly Curved shell

AFC Layer

Viscoelastic Layer

Fig. 1. Schematic representation of a doubly curved laminated
composite shell integrated with a patch of ACLD treatment
composed of active fiber composite (AFC) constraining layer.
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and R,, respectively. The top surface of the shell is integrated
with a rectangular patch of the ACLD treatment. The
constraining layer of the ACLD treatment is made of the AFC
material and the constrained layer of the treatment is made of
a viscoelastic material. The thickness of the constraining layer
is h, and that of the constrained layer is h,,. The mid-plane of
the substrate shell is considered as the reference plane. As
shown in Fig.l, the origin of the curvilinear laminate
coordinate system (x,y,z) is located at one corner of the
reference plane such that the lines x=0,a and y=20,b
represent the boundary edges of the shell. The thickness co-
ordinate (z) of the top and bottom surfaces of any layer is
denoted by hy,q and hy , respectively with k denoting the
layer number of the layer. The fiber orientation angle in any
layer of the substrate shell with respect to the laminate
coordinate system is denoted by 6. Since the overall shell
considered here is thin, the first order shear deformation
theory (FSDT) is used to describe the kinematics of
deformations of the overall shell integrated with the ACLD
patch. Fig. 2 describes the schematic representation of the
kinematics of deformations based on the FSDT. As shown in
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Fig. 2. (a) Deformation of any transverse cross-section of the
laminated shell integrated with the ACLD treatment which is parallel
to the yz- plane.(b) Deformation of any transverse cross-section of
the laminated shell integrated with the ACLD treatment which is
parallel to the xz- plane.

this figure, uy and wv, are the generalized translational
displacements of a point (x,y) on the reference plane (z = 0)
along x- and y- directions, respectively; 0,, @, and y, are
the generalized rotations of the normal to the middle planes of
the substrate, the viscoelastic layer and the AFC layer,

respectively about y-axis while the generalized rotations of
these normals about x-axis are denoted, respectively, by 6,,
@, and y,. According to the kinematics of deformation as
illustrated in Fig.2, the displacements u and v of any point in
the domain of the overall shell along x- and y- directions,
respectively, can be written as:

u(x,y, z,t) = uy(x,yt)+ (z —(z— §>) 0,.(x,y,t)+

(2= 3) = (2= hys2)) @L(x, 3,0 + (2= hy V23, 0)
(1)

v(x,y,z,t) = vy(x,y,t)+ (z —(z - g)) 0,(x,y,t)

h
+ (2 =2 = (2= hyy2)) @, (0,3,8) + (2 — hy2)y, (X, 1)
(@)
in which a function within the bracket { ) represents the
appropriate singularity functions. Similar to the in-plane
displacements, the transverse displacement at any point of the
overall shell can be written as

w(xy,z,) = wo(xy,0)+(z-(2-3)0,(x 0

+((2 =3 = (2= hyi2)) @, (1,3, 8) + (2 = hy,2)7,(x,7,0)
3)
where wyis the transverse displacement of a point in the
reference plane.
For the ease of analysis, the generalized displacement
variables are grouped into translational {d,} and rotational
{d,} variables as follows:

{d:} = [uop vo wo]"and

T
{dr} = [ex By ez (Dx ¢y ¢z YxVy V:z ] (4)
In order to implement the selective integration rule in a
straight forward manner for avoiding the shear locking in thin

structures, the state of strains at any point in the overall shell is
represented by the two vectors {€,} and {&,} and are given by
{gb} = [gx Ey Exy SZ]T and {gs} = [exz gyz]T (5)
where, &, , €, and &, are the normal strains along x-, y- and
z- directions, respectively; &y, is the in-plane shear strain; &,
and &), are the transverse shear strains.

By using the displacement field given by Eqs. (1)-(3), the
linear strain displacement relations and Eq. (5), the vectors
{eb}c , {en}y and {gp}, defining the state of in-plane and
transverse normal strains and the vectors {g}. , {&}, and
{gs}, defining the state of transverse shear strains at any point

in the substrate composite shell, the viscoelastic layer and the
AFC layer, respectively, can be expressed as

{ev}e = {ened + [Z1 e}, {en}y = {End + [Z2]{En S,
{evdp = {ene} + [Z3Hen ), {853 = (&) + [Z4]{es ),
{ss}v = {gst} + [ZS]{Esr}o {gs}p = {sst} + [Zﬁ]{gsr} (6)

The various matrices [Z4], [Z,], [Z3], [Z4], [Zs] and [Z¢]
appearing in Eq.(6) are defined in the Appendix while the
generalized strain vectors are given by
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{esr} =| 00, 06, 00, 0P, 3y, dy, (7)

dx 0y 0x 09y 0Jx 0y

Corresponding to the description of the state of strains given
by Eq. (5), the state of stresses at any point in the overall shell
can be expressed as,

T T

{O-b} = [ax ay axy az] and {as} = [o-xz ayz] (8)
where oy, 0, and g, are the normal stresses along x-, y- and z-
directions respectively; gy, is the in plane shear stress; o, and
gy, are the transverse shear stresses.

The constitutive relations for the material of orthotropic
layers of the host shell are given by

{of} = [CK]{ek} and {0k} = [CFI{el}, k=123, ...,
CY, Cf, Cis Cis
¢, ok, ok, o,
ct, ch, O,
Cis C33 Ci Ch

N (9

Tk
where [€4] = [e4] = [2,5 Egj

Assuming that the viscoelastic layer is linear and isotropic, its
shear modulus G and the Young’s modulus E can be
represented as [14]

G=G(1+in) and 26(1+v) (10)

where G is the storage modulus, v is the Poisson’s ratio and
n is the loss factor at a particular operating temperature and
frequency. Employing the complex modulus approach, the
constitutive relations for the material of the viscoelastic layer
(k=N+1) can also be represented by Eq. (9) with
f?}“ (i,j =1,2,3,..,6) being the complex
constants.

In the present work, the electric field E, is applied in the x
direction and the constitutive equations for the AFC material
are expressed as

{op} = [CoWes} - {eb}Ex. {od} = [C¥Hel)
and D, = {ef}{ef} + 1, E, (11)
in which the piezoelectric coefficient matrix {ef} is given by
{eb} [611 &>, @13 €,]" and &, is the transformed
dielectric constant of the AFC material. Also, the electric field
E, is given by E, = —V /d, with d,, and V being the distance
between the positive and the negative electrodes and the
applied voltage difference between these electrodes,
respectively.

The principle of virtual work is employed to derive the

elastic

governing equations of motion of the overall shel/ACLD

system and can be expressed as
N+2

> [ (stekyriot) + sekyriot) - ob.zssE
k=10

- 8(dT M) do — [ s(dIda =0
A

(12)
in which p* is the mass density of the k™ layer, {f} is the
externally applied surface traction acting over a surface area 4
and £ represents the volume of the concerned layer. Since the
shell under study is considered to be thin, the rotary inertia of
the overall shell has been neglected in estimating the kinetic
energy. The overall shell is discretized by eight noded
isoparametric quadrilateral elements. Thus following Eq. (4),
the generalized displacement vectors for the i" (i =
1,2,3,...,8) node of the element can be denoted as
{dy} = [uo; vor wo;]" and

T
{dri} = [exi eyi 0, Dy (byi D, Vi Yyi Vzi ] (13)

The generalized displacement vectors at any point within the
element can be written as

{d;} = [N {df} and {d,}=[N,]{d}} (14)
in which the shape function matrices [N¢], [N;] and the nodal
generalized displacement vectors {d§} and {d¢} are given by
[N =[Nea Nz ... Ngl”,

[N)] =[Ny2 Nyz ... Np ]T Ni = mle, N =4l
{df} = [{d§}" {dR}" ... {di}']" and

(de) = [{de) {d%)". .. {dS)T" (15)
with I, and I, being the 3 x 3 and 9 x 9 identity matrices,
respectively and n; the shape functions of natural coordinates
associated with the i"™ node. Using the relations given by
Eq.(15) in Eq.(6), the generalized strain vectors at any point
within the element can be expressed as follows:

{ened = [Bul{di} , {en} = [Bpl{d7} ,

{ese} = [Besl{di} , {5} = [Bys]{d7} (16)
in which the nodal strain-displacement matrices [Byy], [Byp],
[Bi] and [B,] are given by

[Bep] = [Bibr Biwz - - - Busl,

[Byp] = [Brbr Brp2 - - - Brpgl,

[Bts] = [Btsl By ... Btss] and

[Brs] = [Brsl BrsZ e BrsB] (17)

The various submatrices appearing in Eq. (17) are explained in
the Appendix. On substitution of Egs. (14) and (16) into Eq.
(12), one can derive the following open loop equations of
motion of an element integrated with the ACLD treatment:

[M€] {de} + [K§ ]{de} + [K§ {dg} = {F }V + {F°¢} (18)
(K& 1"{d5} + (K3, ] }—{F o}V 19)
The elemental stiffness matrices ([K§&],[K&1,[KE-]), the
elemental electro-elastic coupling vectors ({F } {F p}) the

elemental load vector {F¢} and the elemental mass matrix
[M€] appearing in Egs. (18) and (19) are derived as follows:

(K%)= [Kip] + [KEs], [KE] = [KGp] + [Kés],
[Kir] - [Krrb] [Kf“rs]t
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be rae

[KS,] = f f [Boy )" [Dey][Bos) dix dy,
0 0
be rae

K¢, = fo fo [Bes]” [Dys][Bes] dx dy,
be rae

[KS,] = f f [Boy )" [Ders][B,s] dx dy,
obe oae

[KS,] = f f [Bus]” [Ders1[Bys] dx dy,
0 0
be rae

K5s) = [ [ 1Bl Dps]iB] dx d,
Obe an

Ke,] = f f [By]" [Dys[Bys] dx dy,
be rae

[Ffp] :fo fo [Btb]T [Ftbp] dx dy,
be rae

[Fe,] = fo fo (Bp1" [Frpp| dx dy,

be rae
] = m [N,]"[N,]dx dy,
[M]Nfofo'"[””’”"y

=2

hievq
n= f pkdz (20)
=1 " T
where a, and b, are the circumferential length and the

circumferential width of the element under consideration and
the various rigidity matrices originated in the above elemental
matrices are given in the Appendix.

Since the elastic constant matrix of the viscoelastic layer is

complex, the stiffness matrices of an element integrated with
the ACLD treatment are complex. For an element without
integrated with the ACLD treatment, the electro-elastic
coupling matrices become null vectors and the elemental
stiffness matrices will be real. Finally, the elemental equations
of motion are assembled to obtain the open loop global
equation of motion of the overall shell integrated with the
ACLD patch as follows:
[MI{X} + [Ke (X} + (K] (X,} = {(Fo }V + (F} 1)
(Ko, (X} + [K,, (X} = {Fppp}JV (22)
where [M] is the global mass matrix, [K], [Ky] and [K,.]
are the global stiffness matrices, {Ftp}, {F,p} are the global
electro-elastic coupling vectors, {X} and {X,} are the global
nodal generalized displacement vectors, {F} is the global
nodal force vector and V is the voltage applied to the
constraining layer of the ACLD patch. Because of the
complex elemental stiffness matrices of an element augmented
with the ACLD treatment, the global stiffness matrices turn
out to be complex and the energy dissipation characteristics of
the overall shell is attributed to the imaginary part of these
matrices. Hence, the global equations of motion as derived
above also represent the passive (uncontrolled) constrained
layer damping of the substrate shell when the constraining
layer is not subjected to any control voltage.

III. CLOSED LOOP MODEL
The active constraining layer of the ACLD patch is

activated with a control voltage proportional to the transverse
velocity of a point. Thus the control voltage can be expressed
in terms of the derivatives of the global nodal degrees of
freedom as follows:

V=—K;w = —K4[U{X} (23)
in which K, is the control gain and [U] is a unit vector
defining the location of sensing the velocity signal that will be
fed back to the ACLD patch.

Substituting Eq. (23) into Egs. (21) and (22), the final
equations of motion governing the closed loop dynamics of
the overall shell/ACLD system can be obtained as follows:
[MI{X} + (Ko ]{X} + [Ki ] (X} + Ko{F o }UI{X} = (F}  (24)
[Ktr]T{X} + (K J{X:} + Kd{Frp}[U]{X} =0 (25)

IV. RESULTS AND DISCUSSIONS

In this Section, numerical results are computed using the
finite element model derived in the previous section to assess
the performance of the ACLD patch for causing active
damping of doubly curved laminated composite shells.
Symmetric and antisymmetric cross-ply thin shallow shells
integrated with a rectangular patch of ACLD treatment (Fig.
1) are considered as the numerical examples. The material
properties for the orthotropic layers of the substrate shell are
considered as follows:

E, = 172 GPa, E /E; = 25, Gy = 0.5 Eq,

Gpr = 0.2 Ef, vir = vqr = 0.25,p = 1600 kg/m?

in which the symbols have their usual meaning [22]. Also, the
effective material properties of the AFC material obtained
from [23] are used here for evaluating the numerical results.
C;;1 = 138.1 GPa, Cy, = 71.15 GPa, C,, = 148.9 GPa,
C44 = C55 = 32.35 GPa, C4¢ = 39.14 GPa,

e, = 14.14C/m?, ey, = e;3 —3.34C/m?, e; =0

The thicknesses of the AFC layer, the viscoelastic layer and
the laminated shell are considered as 250 pm, 50.8 pm and 3
mm respectively, while the orthotropic layers of the substrate
shell are of equal thickness. The shells are having square plan
form where a,=b,=1m (Fig.l) and the radius of
curvature R, is taken as 300 h. The circumferential length
(a) and the circumferential width (b) of the shell are
determined using the standard geometrical relations and unless
otherwise mentioned, the radii of curvature R; and R, are
considered to be same. The length and the width of the ACLD
patch are assumed to be half of the outer circumferential
length and width of the shell, respectively (Fig.1). The simply
supported boundary conditions at the edges of the overall shell
considered for evaluating the numerical results are given by

Vo =Wy =0,=0,=®,=¢,=y, =y, =0 at x=0,a
U =Wp =0;,=0, =0, =P, =y, =y,=0aty=0,b
In order to verify the validity of the present finite element
model, the non-dimensional fundamental frequencies of the
laminated shell integrated with the inactivated ACLD patch of
negligible thickness are first computed and subsequently
compared with the existing results [24] of the identical shells
without integrated with the patch. Table 1 illustrates this
comparison. The non-dimensional frequency parameter @
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used for a particular shell has been considered according to the
reference shown in Table 1 with which the present results for

TABLE I
NON-DIMENSIONAL FUNDAMENTAL FREQUENCIES OF LAMINATED CROSS-
PLY (0°/90°/0°) SHALLOW SHELLS (R; = R; = R) WITH NEGLIGIBLE
THICKNESS OF ACLD PATCH.

o
R/a a/h=10 a/h=100

Ref. [24] Present Ref. [24] Present
5 12372 12.361 30.993 30.306
10 12215 12.201 20.347 20.175
20 12.176 12.13 16.627 16.218
50 12.165 12.118 15.424 15.176

*w = w(a®/h),/p/Er, w is the circular natural frequency

that shell are compared. It may be observed that the results are
in excellent agreement validating the model derived here.
Using Egs. (24) and (25), frequency response functions are
computed to study the open loop and closed loop behavior of
the overall shel/ACLD system. For all frequency response
functions presented in this Section, the substrate shells are
excited by a transverse harmonic point load of 1 N acting at
the point (a/2, b/4, h/2). The control voltage supplied to the
constraining layer of the ACLD patch is proportional to the
velocity of a point (a/2,b/2, h/2). Figs. 3 and 4 illustrate the
frequency response functions of the overall shel/ACLD
systems when the substrates are symmetric and antisymmetric
cross-ply spherical (R; = R,) shells, respectively. The control
gain (K,) is chosen arbitrarily so that the first few modes of
vibration are appreciably under control. It may be observed

5
x10
15

e e e T e T e
~
Il
N
[=3
[=]
o

w (a/4,b/4,h/2)

—

0 100 200 300 400 500
Frequency (Hz)

D
(=1
(=]

Fig. 3. Frequency response functions for the transverse displacement
w of a simply supported symmetric cross-ply (0°/90°/0°)
spherical (R; = R;) shallow shell.

from Figs. 3 and 4 that the active constraining layer made of

AFC material significantly enhances the damping
characteristics of the laminated composite shallow shells. The
maximum control voltages required to obtain the controlled
responses are also nominal and illustrated in Fig. 5.

5
x10
5

'S

(3]

N

w (a/4,b/4,h/2)

=

¥

0 100 200 300 400 500 600
Frequency (Hz)

Fig. 4. Frequency response functions for the transverse displacement
w of a simply supported antisymmetric cross-ply (0°/90°/0°/90°)
spherical (R; = R;) shallow shell.
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Fig. 5. Control voltage requirements for the active damping of simply
supported symmetric and antisymmetric cross-ply spherical (R, =
R,) shallow shells.
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Fig. 6. Effect of variation of the piezoelectric fiber orientation angle

in the AFC constraining layer of the ACLD patch when the fibers are

coplanar with the xy-plane (R;/R, = 1, max(V) = 150 Volt).
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In order to investigate the effects of variation of fiber
orientation angle (V) in the constraining AFC layer of the
ACLD patch on enhancing the damping characteristics of thin
shells, the percentage attenuation of vibration of the shells are
computed with different values of the piezoelectric fiber
orientation angle (V) using a particular value of control
voltage (max (V) =150 Volt). Percentage attenuation of the
amplitude is determined with respect to the uncontrolled
amplitude of vibration and may be an index for assessing the
control authority of the ACLD patch. Only the fundamental
mode (1, 1) of vibration has been targeted for investigating the
attenuating capability of the patch. Fig. 6 demonstrates the
effect of variation of the piezoelectric fiber orientation angle
in the AFC constraining layer on the control authority of the
ACLD patch for the symmetric and antisymmetric cross-ply
laminated shells. It can be clearly observed from this figure
that the value of piezoelectric fiber orientation angle should be
0° for optimum performance of the patch, as shown, for the
case of symmetric and antisymmetric cross-ply laminated
shells.

V.CONCLUSIONS

A three dimensional finite element model has been
developed to describe the dynamics of doubly curved
laminated composite shells integrated with a patch of ACLD
treatment. The constraining layer of the ACLD treatment is
considered to be of AFC material. Symmetric and
antisymmetric cross-ply laminated composite shells integrated
with a patch of ACLD treatment are considered for evaluation
of numerical results. The frequency responses of the shells
integrated with the ACLD patch, whose constraining layer is
made of AFC material, illustrate significant enhancement of
the active (K4 # 0) damping characteristics of the shells over
the passive (K4 = 0) damping. The analyses revealed that the
AFC material, which is commercially available, may be
efficiently used for the constraining layer of the ACLD
treatment for improving the active damping characteristics of
the smart laminated composite shells. It is important to note
that the variation of the orientation angle of the piezoelectric
fibers of the constraining layer in the xy plane significantly
affects the performance of the patch. For optimum
performance of the ACLD patch, the constraining layer of the
patch should be made of AFC material having piezofiber
orientation angle 0° with the x- direction to attenuate the first
mode of the simply supported symmetric and antisymmetric
cross-ply shells.

APPENDIX

The various matrices [Z4], [Z,], [Z3], [Z4], [Zs] and [Z]
appearing in Eq. (6) are given by

(Z,1=10Z,] O 0l [ZI=[;0 [Z] 0]
2] =300 b [Zs]],
Z,]=1[[Z,] O O zI O Ol

[Zs] = [-b/2),, [Z5] © ;1 (z—3)1 O],
[Z6] = [~(h/2)1; —hyly [Z]

h
2

where [Z;] = 2l z[I;] L [Z,] = [(Z_g)i (z —5)[12]]'
|

01 - 1 0, 1

(Z5] = _(Z _(l;:‘”)l (z- hl}+2)[lz ]’
= 1_[1— (@z/Ry) 0
]

[ h
= 1-(z— E)/R1 0
[Zs] = . ’

L 0 1 - (Z - E)/RZ
71— [1— (Z—hy2)/R 0
[Ze] = [ 0 N+2 1 - (z _ hN+Z)/R2]’

_[1 (1] /Ry O

= [01 0 ]’ = [ 0 1/R2]

and [I;1=[1/Ry 1/R, O0]T

0,0 and O, being 4x4, 2x2 and 1x3 null matrices
respectively and T and T are 3x3 and 2x2 identity matrices
respectively.

The various submatrices appearing in Eq. (17) are explained

as follows:
ron; i
; 0 Rq — — —
NP, B 01 0
By = , ‘;y Rz|, Bppi=|01 By Oy,
n; n; VoY VoY D .
E E 0 01 01 Brbl
—60 0 0
o
— 0 0
ox o 0 1 on;
- 0o =+ o0 "Ry 0
Brbi= ay 7Btsi 11 0;:1
g - o
ay ox Rz 9y
-0 0 &
- I, 0, 04
[ I = _|= 5 = = _1 0 0
Byyi = Em],ll— o, L o, h=[ %0
0, 0, I
B,si 04 0, 00 ?
] ~ = ~ S x
Bysi=(0y B,y 04 and B = 0 o ony
|01 01 B,y 9y
where 0; and 0, are (4x3) and (2x3) null matrices,
respectively.

The various rigidity matrices originated in the elemental
stiffness matrices of Eq. (20) are given as

N hk+1
Du=y [ [chldz+ h[ch]+ hy[ci]
k=1 hy,
N Pr+1 hy+2
D= ). f [C](z,1dz + f [CV)(2,] dz
k=1 hy, hy+1

hyy3

+ f [€4+2](2,] dz

hy+2
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N Pk hy+2

D= [ 1ZV[CESlZIdz+ [ 12170k 2, d2

Dy,

k=1 p, hy+1
hyi3
+ | 1zeriz az
hy+2
N B+
=3 [ 1@tz + mLey+ myler
k=1 hy,
N hk+1 hy+2
Dus = [ [clizidz+ [ 12z dz
k=1 py, hn+1
hn+3
+ | @iz ae
hy+2
N Pien hn+2

Drs=. [ 2Kz 1dz+ [ (Z]TICY2) da

k=1 p, hyiq
hn+3
+ | zareyz dz
hnt2
hy+3

Fanl = [ —~(eb)/d, dz,

hyy2
hn+s

[Fonl = | ~12:)7(e%)/d dz

(1

(2]
B3]

[4]

[3]

(6]

(7

(8]

[

[10]

(1]
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