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Abstract—In this paper, an accurate theoretical analysis for 

the achievable average channel capacity (in the Shannon sense) 
per user of a hybrid cellular direct-sequence/fast frequency hop-
ping code-division multiple-access (DS/FFH-CDMA) system 
operating in a Rayleigh fading environment is presented. The 
analysis covers the downlink operation and leads to the deriva-
tion of an exact mathematical expression between the normalized 
average channel capacity available to each system’s user, under 
simultaneous optimal power and rate adaptation and the system’s 
parameters, as the number of hops per bit, the processing gain 
applied, the number of users per cell and the received signal-to-
noise power ratio over the signal bandwidth. Finally, numerical 
results are presented to illustrate the proposed mathematical 
analysis. 
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I. INTRODUCTION 
HE Shannon’s capacity of a single-user time-invariant 
channel is defined as the maximum mutual informa-
tion between the channel input and output. In a mobile 

radio environment, physical channels exhibit randomly 
time-varying characteristics that result in signal fading and 
substantial channel capacity degradation.  

The maximum rate at which data can be transmitted in 
a fading environment with arbitrarily small bit-error-rate 
(BER) is obtained by finding the best distribution of the 
transmitted signal power in terms of the instantaneous 
signal-to-noise power ratio (SNR) and, then, averaging 
over the SNR distribution, [1].  

The maximum rate at which data can be transmitted in 
a fading environment with arbitrarily small bit-error-rate 
(BER) is obtained by finding the best distribution of the 
transmitted signal power in terms of the instantaneous 
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signal-to-noise power ratio (SNR) and, then, averaging 

over the SNR distribution, [1].  
Channel capacity can also be estimated in an average 

sense, while its degradation is anticipated to a certain de-
gree by utilizing some kind of diversity reception tech-
nique, [2]. This average channel capacity formula, with 
optimal rate adaptation to channel fading and a constant 
transmit power, would indeed provide the true channel 
capacity, if channel side information (CSI) were available 
only at the receiver, [3].  

In this work, following the method and the hybrid sys-
tem firstly described in [4] and described again here only 
for presentation reasons, we evaluate the achievable chan-
nel capacity (in the Shannon sense) per user, on the condi-
tion that this is estimated in an average sense, but now, 
under simultaneous optimal power and rate adaptation. 
The final mathematical expression, theoretically derived, 
to the author’s best knowledge, is the first time such ex-
pression has been exposed for a hybrid DS/FFH-CDMA 
cellular system. It must be noticed that, in the followed 
analysis, a fixed number of simultaneously transmitting 
users is assumed. Although a dynamic user population is a 
reasonable assumption, the results derived in the paper, 
can be applied directly in a DS/FFH-CDMA cellular sys-
tem with a variable number of users, considering that the 
number of users per cell K, represents the mean value of 
users per cell in a birth-death model describing the vari-
able allocation of users, [5]. However, in a future work a 
simulation process must be described in order to compare 
with the theoretical mathematical results derived here. 

 
II. OPERATION IN AN AWGN NON-FADING CHANNEL 
While in a cellular DS-CDMA system multiple-access 

interference (MAI) is typically the dominant source of 
interference, in cellular FFH-CDMA systems the users 
within each cell can be approximately orthogonalized so 
that they do not interfere with one another, [6]. Under this 
assumption, in a cellular DS/FFH-CDMA system the orig-
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inal transmitted signal is only corrupted by additive white 
gaussian noise (AWGN) and co-channel interference 
(CCI). During each frequency hop, a DS signal is trans-
mitted in the form of a spread signal with bandwidth 
Wds=Gp⋅Ws, where Ws is the signal bandwidth and Gp is the 
processing gain. Bandwidth spreading is accomplished by 
multiplying the information data by a pseudo-random se-
quence. Hopping from one frequency to another is also 
determined by a pseudo-random sequence, while at the 
receiver, the signal is de-hopped by a frequency synthesiz-
er controlled by an identical pseudo-random sequence. 
Assuming that q is the available number of different hop-
ping frequencies assigned to each cell for frequency hop-
ping, the totally allocated system’s bandwidth Wt is equal 
to:  

                        Wt=q⋅Wds=q⋅Gp⋅Ws                    (1) 
We consider only the twelve co-channel cells, in the 

first tier, of a cellular DS/FFH-CDMA system operating in 
a non-fading AWGN environment. All base stations' and 
mobile units' antennas are assumed omnidirectionals. The 
channel capacity available to all 12K users of the cellular 
DS/FFH-CDMA system is limited only by CCI power, 
since, the users of each cell are assumed mutually ortho-
gonal. Clearly, transmission of each user signal with arbi-
trarily small BER depends on CCI level. Thus, the channel 
capacity Ci,DS/FFH required for errorless transmission of the 
spread signal of bandwidth Wds will be given by the Shan-
non-Hartley theorem, [7]: 

                   )(1log2DS/FFH, DS/FFHi,dsi SWC +⋅=            (2) 

where Si,,DS/FFH, i=[1,..,12K], is the spread signal-to inter-
ference plus noise ratio (SINR) received at the i-th user as 
it reaches the boundary of a cell, reflecting the lowered 
signal power spectral density due to spreading.  

In order to simplify the mathematical solution, we ap-
proximate all hexagon cells of the considered systems by 
circular regions of radius R with the same area. Assuming 
that in the downlink all mobile units of a certain cell will 
receive equal average signal power from their cell site 
when appropriate power control scheme is applied, then, 
for a fourth power law path loss, the average received sig-
nal power Pav at the cell boundary by the i-th user, will be: 

                                    Pav=α·R-4                                 (3) 
where α is a constant factor. Therefore, for a DS/FFH-
CDMA cellular system with a number M=q hops per 
transmitted bit, the SINR received at each one of the total 
12K users as it reaches the boundary of a cell, Si,DS/FFH, can 
readily be determined by considering the average CCI 
power resulting from the eleven co-channel cells of the 
first dominant tier of interfering cells, i.e., from 11K inter-
fering users, and neglecting all inter-cell interference, i.e.:  
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since, for a FFH system, the CCI power, as seen by a de-
sired signal, originates on the average from 1/M of the co-
channel users, [8]. In addition, in eq.(4), n0 is the power 
spectral density of the additive white Gaussian noise, Ph is 
the probability of hit i.e., the probability that another user 
(other than the desired user) is transmitting at the same 
hopped frequency band and avP ′  is the user’s average 
received signal power in each of the M frequencies being 
equal to:  

                                avP ′ =
M

avP                                 (5) 

assuming that, in the FFH case, the totally transmitted 
signal power is equally shared, by hopping, among the M 
carrier frequencies. In eq.(4), the probability of hit hP  for 
the FFH case, can be approximated by: 

                                     
M
1≅hP                                (6) 

Furthermore, CCI is considered as gaussian distributed 
interference even for small values of the number of sys-
tem’s users, [9]. Then, eq.(4) can be rewritten in the form: 

     

S

SSi,DS/FFH

⋅⋅⋅+
=

⋅ K)(2.3123
M
1MG p

              (7) 

where, in eq.(7), S=(Pav/N) is the received SNR over the 
signal bandwidth Ws. Following eq.(2), the channel capac-
ity for the twelve cells of the cellular DS/FFH-CDMA 
system under consideration, that is, the total channel ca-
pacity available to all 12K users, will be given by the sum 
of the individual rates: 

   ∑∑
==

+⋅==
12K

1
2

12K

1
)1(log

i
i,DS/FFHds

i
i,DS/FFHDS/FFH SWCC      (8) 

where Si,DS/FFH is given by eq.(7). Moreover, since in prac-
tice, Si,DS/FFH, i=[1,..,12K], is well below unity (in linear 
scale), [9], eq.(8) can be approximated by:  

             )K121(log2 i,DS/FFHdsDS/FFH SWC ⋅+⋅=        (9) 
 

III. OPERATION IN A RAYLEIGH FADING CHANNEL 
We assume that the physical channel of bandwidth Wds 

is greater than the coherence bandwidth Wcoh of the Ray-
leigh fading channel, [10]. The radio channel is modeled 
as a slowly fading, time-invariant and discrete multipath 
channel and, thus, it appears to be frequency-selective to 
the transmitted DS signals. The maximum number Mds of 
uncorrelated resolvable paths will then be given by, [11],:  

                        1
T
Δ1Δ][M

ds
ds +⎥

⎦

⎤
⎢
⎣

⎡
=+⋅= dsW            (10) 
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where Τds=1/Wds is the "chip" duration of the DS spreading 
sequence, Δ is the maximum delay spread of the fading 
channel and [.] returns the largest integer less than, or 
equal to, its argument. In general, the multipath-intensity 
profile (MIP) in an urban Rayleigh fading environment is 
exponential, but, in this work, the MIP in a Rayleigh fad-
ing environment is assumed discrete and constant, so that 
the "resolvable" path model can be considered to have 
equal path strengths on the average. In a maximal-ratio 
combining (MRC) RAKE receiver, the output’s decision 
variable is identical to the decision variable which corres-
ponds to the output of a M-branch space diversity MRC 
technique, with M=Mds, [10,11]. Consequently, the MRC 
reception of DS-CDMA spread signals, achieved by the 
considered RAKE receiver, is equivalent to a Mds-branch 
space diversity MRC technique. Therefore, the probability 
density function (p.d.f.) of the combined instantaneous 
SINR γ of the spread signal over the bandwidth Wds, with 
no correlation among the Mds branches, will follow the 
distribution, [11],:   

     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⋅⋅

−
=

−

γ
γexp

γ
γ

1)!(M
1(γ)p

ds

ds

M

1M

ds
γ  (11) 

where 〈γ〉 is the average received spread SINR value in the 
m-th, m=[1,…,Mds], diversity branch and Mds is obtained 
from eq.(10). The statistics of each interfering signal in 
eq.(11) need not considered separetely since, either the 
total interference power at the RAKE receiver output, or 
the CCI from the co-channel interfering users prior de-
spreading, even for a small number of users, tends to be 
Gaussian, [9], and thus it can directly be incorporatedin 
the Shannon formula regardless the interference statistics. 
However, the performance of the coherent MRC RAKE 
receiver depends on the number of the employed taps and 
the fading channel estimation. If the number of taps is less 
than the resolvable paths' number, the receiver perform-
ance will substantially be degraded because the power of 
the remaining "branches" will appear at the receiver output 
as self-noise power. In this work, we consider the opti-
mum operation of the coherent MRC RAKE receiver 
where the number of taps employed is equal to the number 
Mds of resolvable paths as given by eq.(10).  

If path-diversity reception, provided by a MRC RAKE 
receiver, is also applied to the DS/FFH-CDMA system, 
then diversity will be achieved. Hence, the SINR after 
path-diversity applied, in each of the M frequencies, 

Hi,pt,DS/FFS , will be given by, [12]: 

             

( ) S

Γ

SS i,DS/FFHHi,pt,DS/FF

⋅⋅+
⋅=

=⋅=

2.3123K
M
1MG

  M

 M

p

ds

ds

           (12) 

where the new suffice 'pt' refers to the path-diversity re-
ception applied. Given an average transmit power con-
straint, the average channel capacity of a fading channel 
with bandwidth Wt and received SINR p.d.f. pγ(γ) under 
simultaneous optimal power and rate adaptation is given 
by, [3], : 
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where the suffice 'opra' refers to the optimal power and 
rate adaptation and γ0 is the optimal cutoff SINR level 
below which data rate transmission is suspended. 
 

IV. THE DISTRIBUTION OF SINR 
In this section, we seek an expression for the cumula-

tive probability distribution function of the signal- to inter-
ference plus noise ratio γ as: 

            ( )γSINRP
dγ

 d(γ)p rSINRγ >−==          (14) 

Then, eq.(13) is rewritten as: 
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which is obtained by applying the rules of the integration 
by parts. For M=2 and M=3, the exacts mathematicals 
expressions for ( )γSINRPr <  are given respectively 
by, [13],: 
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where the average received spread SINR value <γ> for 
Μ=2 and Μ=3, is given respectively by: 
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Using eqs (13) and (18), the average channel capacity 
normalized over the total system’s bandwidth Wt and un-
der simultaneous optimal power and rate adaptation, is 
plotted in Fig.1 as a function of the SNR S (expressed in 
dB) for M=2 and where, in addition, the following values 
are assumed: (i) totally constant allocated system’s band-
width: Wt=10MHz, (ii) signal bandwidth: Ws=30KHz, (iii) 
total multipath spread of the Rayleigh fading channel: 
Δ=3μsec, (iv) number of users per cell K=10, (v) γ0=0.5. 
In addition, in Fig.2, the average channel capacity norma-
lized over signal bandwidth Wt and under simultaneous 
optimal power and rate adaptation, is plotted in Fig.2 as a 
function of the SNR S (expressed in dB) for M=3 and as-
suming the same values for the other system’s parameters 
as in Fig.1.  
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Fig. 1 Normalized average channel capacity (in bits/sec/Hz) per 
user for a DS/FFH-CDMA cellular system under power and rate 
adaptation against the the signal-to-noise ratio (SNR) Γ (ex-
pressed in dB) in a Rayleigh fading environment for M=2. 
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Fig. 2 Normalized average channel capacity (in bits/sec/Hz) per 
user for a DS/FFH-CDMA cellular system under power and rate 
adaptation against the the signal-to-noise ratio (SNR) Γ (ex-
pressed in dB) in a Rayleigh fading environment for M=3. 
 

As it can be concluded directly from Fig.1 and 2,  in a 
DS/FFH-CDMA cellular system operating in a Rayleigh 
fading environment, there is no way to increase the nor-
malized average channel capacity per user by increasing 
the SNR S i.e., by increasing the transmitted signal power, 
although simultaneous power and rate adaptation is ap-
plied in the system. 

 
V. CONCLUSION 

In the presented paper, the average channel capacity 
per user, achieved by a cellular DS/FFH-CDMA system, 
in the downlink transmission, when operating in a Ray-
leigh fading environment, is examined. The channel ca-
pacity per system’s user is evaluated in terms of the Shan-

non sense channel capacity. Hence, a novel exact mathe-
matical expression for a number of hops per bit M=2 and 
M=3 and respective numerical results are derived, assum-
ing simultaneous optimal power and rate adaptation to 
channel fading. Furthermore, the relation between the sys-
tem’s parameters and the achieved normalised average 
channel capacity per user is revealed. As it can be con-
luded, the normalised average channel capacity per user is 
limited, also in this case of transmission, by CCI power 
and, in addition, there is no way to increase the average 
channel capacity per user by increasing the transmitted 
signal power although the considered adaptative scheme is 
applied. However, a simulation process and the future 
extension of this work for the multi-cell case are needed in 
order to compare with the theoretical results derived here 
and for the application of these results to a practical sce-
nario. 

 
REFERENCES 

[1]   A.J.Goldsmith, "The Capacity of Downlink Fading Channels with 
Variable Rate and Power", IEEE Trans. on Veh. Technology, vol. 
46, no. 3, pp. 569-580, Aug. 1997. 

[2]    M.K.Simon and M.S.Alouini, Digital Communication over Fading 
Channels: A Unified Approach to Performance Analysis, New 
York:  John Wiley, 2000.   

[3]    A. Goldsmith and P. Varaiya, "Capacity of fading channels with 
channel side information", IEEE Trans. on Inform. Theory, vol. 43,  
no.6, pp. 1986-1992,  Nov. 1997. 

[4]    P.Varzakas and G.S.Tombras, "Spectral efficiency for a hybrid 
DS/FH CDMA system in cellular mobile radio", IEEE Trans. on 
Vehicular Technology, vol. 50, no.6, pp. 1321-1327, Nov. 2001.  

[5]    M. S. Alencar and I.F. Blake, "The capacity for a discrete-state 
Code Division Multiple Access Channel", IEEE J. Select. Areas 
Commun., vol. 12, no.5, pp. 925-937, June 1994. 

[6]    N.Livneh, R.Meidan, M.Ritz and G.Silbershatz, "Frequency hop-
ping CDMA for cellular radio", Proc. International Commsphere 
Symposium, Herzilya, Israel, pp.10.5.1-10.5.6, Dec. 1991.  

[7]    R.G.Gallager, Information Theory and Reliable Communication, 
John Wiley & Sons, 1968. 

[8]   C.D’Amours and A.Yongacoglu, "Hybrid DS/FH-CDMA System 
Employing MT-FSK Modulation for Mobile Radio", PIMRC’95, 
pp. 164-168, Sept. 27-29, Toronto, Canada. 

[9]    K.S.Gilhousen, I.M.Jacobs, R.Padovani, A.Viterbi, L.A.Weaver 
and C.E.Wheatley, "On the capacity of a cellular CDMA system", 
IEEE Trans. on Veh. Technology, vol. 40, pp.303-312, 1991. 

[10]  J.G.Proakis, ‘Digital Communications’, 4th Edit., McGraw-Hill, 
2001. 

[11]   P.Varzakas and G.S.Tombras, "Average channel capacity for 
RAKE receivers", IEE Electronics Letters, vol. 38, no.10, pp. 475-
476,  May 2002. 

[12] Y.Murata, R.Esmailzadeh, K.Takakusaki, E.Sourour and  
M.Nakagawa, "Path diversity for FFH/PSK spread-spectrum com  
munication systems", IEEE J. Sel. Areas in Commun., vol. 12, 
no.5, pp. 970-975, June 1994. 

[13]  W.C.Y.Lee., Mobile Communications Design Fundamentals,    2th 
Edit., New York: Wiley, 1993. 

 
P.Varzakas was born in Lamia, Greece, in 1967. He received the B.Sc. 
degree in physics from the University of Athens, Department of Physics, 
Greece, in 1989, the M.Sc. degree in communications engineering and 
the Ph.D. in mobile communications from University of Athens, Greece, 
in 1993 and 1999, respectively. He is currently an Assistant Professor and 
Head of the Department with the Technological Educational Institute of 
Lamia, Department of Electronics, Greece. His current research interests 
include wireless communications, information theory, channel capacity of 
multipath fading channels, multicarrier modulation techniques and spec-
tral efficiency of multiple access schemes.  

N
or

m
al

iz
ed

 a
ve

ra
ge

 c
ha

nn
el

 c
ap

ac
ity

 p
er

 u
se

r 
(b

its
/s

ec
/H

z)
 

S (dB) (M=2) 

N
or

m
al

is
ed

 a
ve

ra
ge

 c
ha

nn
el

 c
ap

ac
ity

 p
er

 u
se

r 
(b

its
/s

ec
/H

z)
 

S (dB) (M=3) 

N
or

m
al

iz
ed

 a
ve

ra
ge

 c
ha

nn
el

 c
ap

ac
ity

 p
er

 u
se

r 
(b

its
/s

ec
/H

z)
 


