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Mean square exponential synchronization of
stochastic neutral type chaotic neural networks with

mixed delay
Zixin Liu, Huawei Yang, Fangwei Chen

Abstract—This paper studies the mean square exponential syn-
chronization problem of a class of stochastic neutral type chaotic
neural networks with mixed delay. On the Basis of Lyapunov stability
theory, some sufficient conditions ensuring the mean square expo-
nential synchronization of two identical chaotic neural networks are
obtained by using stochastic analysis and inequality technique. These
conditions are expressed in the form of linear matrix inequalities
(LMIs), whose feasibility can be easily checked by using Matlab LMI
Toolbox. The feedback controller used in this paper is more general
than those used in previous literatures. One simulation example is
presented to demonstrate the effectiveness of the derived results.
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I. INTRODUCTION

S INCE the seminal works of Pecora and Carroll [1], [2],
chaos synchronization has been intensively researched be-

cause of its potential applications in various fields such as se-
cure communication, biological systems, information science,
etc (see [3]-[13]). On the other hand, delayed neural networks
as special complex dynamical systems, have also been found to
exhibit unpredictable behaviors such as periodic oscillations,
bifurcation and attractors. The study on chaos synchronization
of delayed neural networks have also been proposed (see [3]-
[11]). In [5], Lou and Cui studied the synchronization of neural
networks based on parameter identification and via output or
state coupling. In [6] Li and Yang discussed the adaptive
exponential synchronization of delayed neural networks with
reaction-diffusion terms. In [10] Yang and Cao researched the
exponential lag synchronization of a class of chaotic delayed
neural networks with impulsive effects. In [11] exponential
synchronization of chaotic neural networks with mixed delays
was investigated.

It’s worth pointing out that neutral type dynamical model
as one of the most important dynamical system is ubiquitous
in both nature and man-made systems. However, to the best
of our knowledge, few results for mean square exponential
synchronization of a class of stochastic neutral type chaotic
neural networks with mixed delay are reported.

Motivated by the above analysis, in this paper, we’ll focus
on the mean square exponential synchronization of a class
of stochastic neutral type chaotic neural networks with mixed
delay. And the same, a more general feedback controller which
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relates not only to the discrete delay but also to the distributed
delay is considered.

Compared with the existing results on the analysis of
exponential synchronization, the work of our paper has three
features. First, we consider the drive system with distributed
and discrete delays. Secondly, the feedback controller used in
this paper is more general than that used in previous literatures.
Thirdly, both of the drive system and the response system are
neutral type neural networks, and the response system includes
stochastic factors.

II. PRELIMINARIES

Notations. The notations are used in our paper except where
otherwise specified. Let N denotes the nature number set,
(Ω,F , {F}t≥0, P ) denotes a complete probability space with
filtration {F}t≥0, ‖ · ‖ a vector or a matrix norm; R,Rn are
real and n-dimension real number sets respectively, Rn×n de-
notes n×n matrix set. λmin(·)(λmin(·)) the smallest(largest)
eigenvalue of given matrix, E(·) denotes the mathematical
expectation with respect to the given probability measure P. L
denotes the well-known L -operator given by the Itô’s formula,
I denotes the identity matrix,

In this paper, we consider the following neutral type chaotic
neural networks⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d[x(t) − Ex(t− h)] = [−Cx(t) +Af(x(t))

+Bf(x(t− τ)) +D

∫ t

−∞
K(t− s)f(x(s))ds

+ I ′]dt, t > 0
x(θ) = φ(θ), θ ∈ (−∞, 0],

(1)

where x(t) = (x1(t), x2(t), . . . , xn(t))T is a real n-vector
which denotes the state variable, C = diag(c1,c2, . . . , cn),
ci > 0, i = 1, 2, . . . , n represents the rate with which
the ith unit will reset its potential to the resting state
in isolation when disconnected from the network and the
external inputs; A = (aij)n×n represents the connec-
tion weight matrix, B = (bij)n×n, D = (dij)n×n, E =
(eij)n×n represent the delayed connection weight matrices,
I ′ represents the external input, f is activation function,
f(x(t)) = (f1(x1(t)), f2(x2(t)), . . . , fn(xn(t)))T , f(x(t −
τ)) = (f1(x1(t − τ)), f2(x2(t − τ)), . . . , fn(xn(t − τ)))T ,
τ > 0, h > 0 are the transmission delays, K(t − s) =
diag(k1(t − s), k2(t − s), . . . , kn(t − s)) is delayed kernel
function, φ(·) denotes the continuous initial function.
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In order to synchronize system (1) via the feedback control,
we introduce the respond system from the unidirectional linear
coupling approach as follows:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d[y(t) − Ey(t− h)] = [−Cy(t) +Af(y(t))

+Bf(y(t− τ)) +D

∫ t

−∞
K(t− s)f(y(s))ds

+ I ′ + u(t)]dt+ σ(t, e(t), e(t− τ))dω(t), t > 0.
y(θ) = ϕ(θ), θ ∈ (−∞, 0],

(2)

where σ : R×Rn×Rn → Rn×m, ω(t) = (ω1(t), ω2(t), · · · ,
ωm(t))T denotes a m-dimensional standard Brownian motion
defined on a complete probability space (Ω,F , {F}t≥0, P ),
u(t) = F1e(t)+F2

∫ t
t−τ e(s)ds is the state feedback controller

given to achieve the synchronization between drive-response
system, and F1, F2 are the feedback gain parameters to be
scheduled, e(t) = y(t)−x(t) represents the error, ϕ(·) denotes
the continuous initial function.

Throughout this paper, we always make the following
assumptions:

(A1) ‖fi(u) − fi(v)‖ ≤ li‖u− v‖,∀u, v ∈ Rn.

(A2) trace[σT (t, e(t), e(t− τ))σ(t, e(t), e(t− τ))]

≤ ‖M1e(t)‖2 + ‖M2e(t− τ)‖2.

(A3)
∫ ∞

0

kj(s)ds = 1,
∫ ∞

0

eεskj(s)ds = k <∞.

where M1,M2 are constant matrices with appropriate dimen-
sions, ε > 0 is a constant scalar. From system (1) and (2) we
can obtain the error system as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[e(t) − Ee(t− h)] = [(F1 − C)e(t) +Ag(e(t))

+Bg(e(t− τ)) +D

∫ t

−∞
K(t− s)g(e(s))ds

+ F2

∫ t

t−τ
e(s)ds]dt+ σ(t, e(t), e(t− τ))dω(t), t > 0,

e(θ) = ψ(θ), θ ∈ (−∞, 0],
(3)

where g(e(t)) = f(y(t)) − f(x(t)), g(e(t − τ)) = f(y(t −
τ)) − f(x(t− τ)), ψ(t) = ϕ(t) − φ(t).

For further discussion, we introduce the following definition
and lemmas.

Definition 2.1: The drive system (1) and the response sys-
tem (2)are said to be mean square exponentially synchronized
if for a suitably designed feedback controller, there exist
positive scalars α > 0, β > 1, such that for any t ≥ 0 and
ψ ∈ C([−τ, 0],Rn)

E(‖e(t‖)2 ≤ αE(‖ψ‖Δ)2e−βt,

where ‖ψ‖Δ � sup−∞<θ≤0 ‖ψ(θ)‖, and the constant β is
defined as the exponential synchronization rate.

Lemma 2.1: [7] For any constant symmetric positive de-
fined matrix W , scalars a < b, vector function f : [a, b] → Rn

such that the integrations concerned are well defined, then

(
∫ b

a

f(t)dt)TW (
∫ b

a

f(t)dt) ≤ (b−a)
∫ b

a

f(t)TWf(t)dt.

III. MAIN RESULTS

In this section, we’ll consider the synchronization problem
between the drive system (1) with the response system (2).

Theorem 3.1: Suppose that ‖E‖ < 1/2, then, if there
exist positive definite matrices P,N1, N2, N3, positive definite
diagonal matrices M,N4 and positive scalar ε such that

Ξ =

⎛
⎜⎜⎜⎜⎜⎝

Ξ11 Ξ12 0 Ξ14 Ξ15 Ξ16 Ξ17

∗ Ξ22 0 Ξ24 Ξ34 Ξ26 Ξ27

∗ ∗ Ξ33 0 0 0 0
∗ ∗ ∗ Ξ44 0 0 0
∗ ∗ ∗ ∗ Ξ55 0 0
∗ ∗ ∗ ∗ ∗ −M 0
∗ ∗ ∗ ∗ ∗ ∗ Ξ77

⎞
⎟⎟⎟⎟⎟⎠
< 0,

where

Ξ11 = εP + P (−C + F1) + (−C + F1)TP

+N1 +N3 + kLML+ τ2FT2 F2 + λmax(P )MT
1 M1,

Ξ12 = −εPE − (F1 − C)TPE,

Ξ14 = PA+
1
2
LN4,Ξ15 = PB,Ξ16 = PD,Ξ17 = PF2,

Ξ22 = εETPE −N1e
−εh,

Ξ24 = −ETPA,Ξ26 = −ETPD,Ξ27 = −ETPF2,

Ξ33 = −N3e
−ετ + λmax(P )MT

2 M2,

Ξ34 = −ETPB,Ξ44 = N2 −N4,Ξ55 = −N2e
−ετ

Ξ77 = −eετFT2 F2,M = diag(m1,m2, . . . ,mn),

then the drive system (1) and the response system (2) are mean
square exponentially synchronized.
Proof. Set D(t) = e(t)−Ee(t−h), we construct the Lyapunov
functional for system (3) by V (t, e(t)) = V1+V2+V3+V4+
V5 + V6, where

V1 = eεtDT (t)PD(t),

V2 =
∫ t

t−h
eεseT (s)N1e(s)ds,

V3 =
∫ t

t−τ
eεsgT (e(s))N2g(e(s))ds,

V4 =
∫ t

t−τ
eεseT (s)N3e(s)ds,

V5 = τ

∫ t

t−τ
(s− t+ τ)eεseT (s)FT2 F2e(s)ds,

V6 =
n∑
j=1

mj

∫ ∞

0

kj(ξ)
∫ t

t−ξ
eε(ξ+s)g2j (ej(s))dsdξ,
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then L V = L V1 + L V2 + L V3 + L V4 + L V5 + L V6,
where

L V1 = εeεtDT (t)PD(t) + 2eεtDT (t)P [(F1 − C)e(t)
+Ag(e(t)) +Bg(e(t− τ))

+D
∫ t

−∞
K(t− s)g(e(s))ds+ F2

∫ t

t−τ
e(s)ds]

+eεttrace[σT (t, e(t), e(t− τ))Pσ(t, e(t), e(t− τ))]
= εeεt(eT (t) − eT (t− h)ET )P (e(t) − Ee(t− h))
+2eεtDT (t)P [(F1 − C)e(t)
+Ag(e(t)) +Bg(e(t− τ))

+D
∫ t

−∞
K(t− s)g(e(s))ds+ F2

∫ t

t−τ
e(s)ds]

+eεttrace[σT (t, e(t), e(t− τ))Pσ(t, e(t), e(t− τ))]
≤ εeεt(eT (t) − eT (t− h)ET )P (e(t) − Ee(t− h))
+2eεtDT (t)P [(F1 − C)e(t)
+Ag(e(t)) +Bg(e(t− τ))

+D
∫ t

−∞
K(t− s)g(e(s))ds+ F2

∫ t

t−τ
e(s)ds]

+λmax(P )eεttrace[σT (t, e(t),
e(t− τ))σ(t, e(t), e(t− τ))]
≤ εeεt(eT (t) − eT (t− h)ET )P (e(t) − Ee(t− h))
+2eεtDT (t)P [(F1 − C)e(t)
+Ag(e(t)) +Bg(e(t− τ))

+D
∫ t

−∞
K(t− s)g(e(s))ds+ F2

∫ t

t−τ
e(s)ds]

+λmax(P )eεt[eT (t)MT
1 M1e(t)

+eT (t− τ))MT
2 M2e(t− τ)]

= eεt{eT (t)[εP + P (F1 − C) + (F1 − C)TP
+λmax(P )MT

1 M1]e(t) − 2eT (t)[εPE
+(F1 − C)TPE]e(t− h) + 2eT (t)PAg(e(t))
+2eT (t)PBg(e(t− τ))

+2eT (t)PD
∫ t

−∞
K(t− s)g(e(s))ds

+2eT (t)(PF2)
∫ t

t−τ
e(s)ds

+eT (t− h)εETPEe(t− h)
−2eT (t− h)ETPAg(e(t))
−2eT (t− h)ETPBg(e(t− τ))

−2eT (t− h)ETPD
∫ t

−∞
K(t− s)g(e(s))ds

−2eT (t− h)(ETPF2)
∫ t

t−τ
e(s)ds

+λmax(P )eT (t− τ)MT
2 M2e(t− τ)}. (4)

L V2 = eεt[eT (t)N1e(t)− e−εheT (t−h)N1e(t−h)]. (5)

L V3 = eεt[gT (e(t))N2g(e(t))−e−ετgT (e(t−τ))N2g(e(t−τ))].

(6)

From Assumption A1, we have gT (e(t))N4Le(t) =∑n
i=1 gi(ei(t))n4i liei(t) ≥ ∑n

i=1 n4ig
2
i (ei(t)) = gT (e(t))

N4g(e(t)), where N4 = diag(n41 , n42 , . . . , n4n) and L =
diag(l1, l2, . . . , ln) are positive definite diagonal matrices, thus

L V3 ≤ eεt[gT (e(t))(N2 −N4)g(e(t)) + gT (e(t))N4Le(t)
−e−ετgT (e(t− τ))N2g(e(t− τ))]. (7)

L V4 = eεt[eT (t)N3e(t)− e−ετeT (t− τ)N3e(t− τ)]. (8)

L V5 = eεtτ2eT (t)FT2 F2e(t)

−τ
∫ t

t−τ
eεseT (s)FT2 F2e(s)ds

≤ eεtτ2eT (t)FT2 F2e(t)

−eε(t−τ)τ
∫ t

t−τ
eT (s)FT2 F2e(s)ds

= eεt[τ2eT (t)FT2 F2e(t)

−e−εττ
∫ t

t−τ
eT (s)FT2 F2e(s)ds]

≤ eεt[τ2eT (t)FT2 F2e(t)

−e−ετ (
∫ t

t−τ
e(s)ds)TFT2 F2(

∫ t

t−τ
e(s)ds)]. (9)

L V6 =
n∑
j=1

mj

∫ ∞

0

kj(ξ)[e(t+ξ)εg2j (ej(t))

−eεtg2j (ej(t− ξ))]dξ

=
n∑
j=1

mj

∫ ∞

0

kj(ξ)e(t+ξ)εg2j (ej(t))dξ

−
n∑
j=1

mj

∫ ∞

0

kj(ξ)eεtg2j (ej(t− ξ))dξ

= eεt[
n∑
j=1

mjg
2
j (ej(t))

∫ ∞

0

kj(ξ)eξεdξ

−
n∑
j=1

mj

∫ ∞

0

kj(ξ)g2j (ej(t− ξ))dξ]

= eεt[
n∑
j=1

mjg
2
j (ej(t))k

−
n∑
j=1

mj(
∫ ∞

0

kj(ξ)dξ)(
∫ ∞

0

kj(ξ)g2j (ej(t− ξ))dξ)]

≤ eεt[
n∑
j=1

mjg
2
j (ej(t))k

−
n∑
j=1

mj(
∫ ∞

0

kj(ξ)gj(ej(t− ξ))dξ)2]

≤ +eεt[keT (t)LMLe(t) − (
∫ t

−∞
k(t− s)g(e(s))ds)T ×

M(
∫ t

−∞
k(t− s)g(e(s))ds)] (10)
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From (4) to (10) we can get

L V ≤ eεt{eT (t)[εP + P (F1 − C) + (F1 − C)TP
+N1 +N3 + kLML+ τ2FT2 F2

+λmax(P )MT
1 M1]e(t) + eT (t)[−2εPE

−2(F1 − C)TPE]e(t− h)
+eT (t)[2PA+ LN4]g(e(t))

+eT (t)2PBg(e(t− τ)) + eT (t)(2PF2)
∫ t

t−τ
e(s)ds

+eT (t)(2PD)
∫ t

−∞
K(t− s)g(e(s))ds

+eT (t− h)[εETPE −N1e
−εh]e(t− h)

−2eT (t− h)ETPAg(e(t))
−eT (t− h)2ETPBg(e(t− τ))

−eT (t− h)2ETPD
∫ t

−∞
K(t− s)g(e(s))ds

−eT (t− h)2ETPF2
∫ t

t−τ
e(s)ds

+eT (t− τ)[−N3e
−ετ

+λmax(P )MT
2 M2]e(t− τ)

+gT (e(t))[N2 −N4]g(e(t))
−gT (e(t− τ))[N2e

−ετ ]g(e(t− τ))

−(
∫ t

−∞
k(t− s)g(e(s))ds)T ×

M(
∫ t

−∞
k(t− s)g(e(s))ds)

−e−ετ (
∫ t

t−τ
e(s)ds)TFT2 F2(

∫ t

t−τ
e(s)ds)}

= eεtηT (t)Ξη(t) < 0 (11)

where ηT (t) = [e(t), e(t − h), e(t − τ), g(e(t)), g(e(t −
τ)),

∫ t
−∞K(t− s)g(e(s))ds, ∫ t

t−τ e(s)ds]. On the other hand,
by Itô’s formula we have

dV (t, e(t)) = L V (t, e(t))dt+
∂V (t, e(t))

∂e(t)
σ(t, e(t), e(t−τ))dω(t).

(12)

Integrating both side of equation (12) from 0 to t, we can
obtain

V (t, e(t))=V (0, e(0)) +
∫ t

0

L V (s, e(s))ds

+
∫ t

0

∂V (s, e(s))
∂e(s)

σ(s, e(s), e(s− τ))dω(s).(13)

Taking mathematical expectation of the both side of equation
(13), we have

EV (t, e(t)) = EV (0, e(0)) +
∫ t

0

EL V (s, e(s))ds. (14)

In views of inequality(11), we can obtain

EV (t, e(t)) ≤ EV (0, e(0))
= E{[e(0) − Ee(−h)]TP [e(0) − Ee(−h)]
+

∫ 0

−h
eεseT (s)N1e(s)ds

+
∫ 0

−τ
eεsgT (e(s))N2g(e(s))ds

+
∫ 0

−τ
eεseT (s)N3e(s)ds

+τ
∫ 0

−τ
(s+ τ)eεseT (s)FT2 F2e(s)ds

+
n∑
j=1

mj

∫ ∞

0

kj(ξ)
∫ 0

−ξ
eε(ξ+s)g2j (ej(s))dsdξ}

≤ E{λmax(P )(1 + ‖E‖)2‖ψ‖2Δ
+λmax(N1)‖ψ‖2Δ

∫ 0

−h
eεsds

+λmax(N2)‖L2‖‖ψ‖2Δ
∫ 0

−τ
eεsds

+λmax(N3)‖ψ‖2Δ
∫ 0

−τ
eεsds

+τ2‖F2‖2‖ψ‖2Δ
∫ 0

−τ
eεsds

+
n∑
j=1

mj

∫ ∞

0

kj(ξ)
∫ 0

−ξ
eε(ξ+s)l2je

2
j (s)dsdξ}

≤ E{λmax(P )(1 + ‖E‖)2‖ψ‖2Δ
+

1
ε
[λmax(N1)‖ψ‖2Δ + λmax(N2)‖L2‖‖ψ‖2Δ

+λmax(N3)‖ψ‖2Δ + τ2‖F2‖2‖ψ‖2Δ]

+
n∑
j=1

mj

∫ ∞

0

kj(ξ)eεξl2j |e2j (s)|Δ
∫ 0

−ξ
eεsdsdξ}

≤ E{λmax(P )(1 + ‖E‖)2‖ψ‖2Δ
+

1
ε
[λmax(N1)‖ψ‖2Δ + λmax(N2)‖L2‖‖ψ‖2Δ

+λmax(N3)‖ψ‖2Δ + τ2‖F2‖2‖ψ‖2Δ
+

n∑
j=1

mj l
2
j |e2j (s)|Δ

∫ ∞

0

kj(ξ)eεξdξ]}

≤ {λmax(P )(1 + ‖E‖)2 +
1
ε
[λmax(N1)

+λmax(N2)‖L2‖ + λmax(N3) + τ2‖F2‖2
+k‖M‖‖L‖2]}E‖ψ‖2Δ. (15)

This means that

λmax(P )eεtE‖D(t)‖2 ≤ EV (t, e(t)) ≤ α′
E‖ψ‖2Δ, (16)

where α′ � λmax(P )α = λmax(P )(1 + ‖E‖)2 +
1
ε [λmax(N1) + λmax(N2)‖L2‖ + λmax(N3) + τ2‖F2‖2 +
k‖M‖‖L‖2]. Namely

E‖D(t)‖2 ≤ αE‖ψ‖2Δe−εt. (17)



International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:5, No:8, 2011

1270

On the other hand, since ‖E‖ < 1/2, we can obtain

E‖e(t)‖2 ≤ 2E(‖D(t)‖2) + 2‖E‖2E(‖e(t− h)‖2)
≤ 2E(‖D(t)‖2) + ‖E‖E(‖e(t− h)‖2). (18)

In what follows, we’ll prove that

E(‖e(t)‖2) ≤ [
2αE(‖ψ‖2Δ)
1 − ‖E‖eβh + E(‖ψ‖2Δ)]e−βt, (19)

where β is a positive scalar and satisfies β < ε, ‖E‖eβh < 1.
When t = 0, from (18) we can obtain

E(‖e(0)‖2) ≤ 2E(‖D(0)‖2) + ‖E‖E(‖e(−h)‖2)
≤ 2‖E(D(0)‖2) + ‖E‖E(‖ψ‖2Δ)

≤ 2αE(‖ψ‖2Δ)
1 − ‖E‖eβh + E(‖ψ‖2Δ), (20)

this means that inequality (19) hold when t = 0.
If inequality (19) not hold when t > 0, then there exists t∗

such that

E(‖e(t∗)‖2) = [
2αE(‖ψ‖2Δ)
1 − ‖E‖eβh + E(‖ψ‖2Δ)]e−βt

∗
, (21)

and

E(‖e(t)‖2) < [
2αE(‖ψ‖2Δ)
1 − ‖E‖eβh +E(‖ψ‖2Δ)]e−βt,∀t ∈ (0, t∗).

Then we can obtain

E(‖e(t∗)‖2) ≤ 2E(‖D(t∗)‖2) + ‖E‖E(‖e(t∗ − h)‖2)
≤ 2αE(‖ψ‖2Δ)e−εt

∗

+‖E‖[ 2αE(‖ψ‖2Δ)
1 − ‖E‖eβh + E(‖ψ‖2Δ)]e−β(t

∗−h)

< 2αE(‖ψ‖2Δ)e−βt
∗

+
2α‖E‖E(‖ψ‖2Δ)

1 − ‖E‖eβh e−β(t
∗−h)

+‖E‖E(‖ψ‖2Δ)e−β(t
∗−h)

< [
2αE(‖ψ‖2Δ)
1 − ‖E‖eβh + E(‖ψ‖2Δ)]e−βt

∗
, (22)

this contradicts with equality (21), which means that for all
t > 0, we have

E‖e(t)‖2 ≤ [
2α

1 − ‖E‖eβh + 1]E‖ψ‖2Δe−βt,

which complete the proof.
Corollary 3.1: Suppose that ‖E‖ < 1/2, then, if there

exist positive definite matrices N1, N2, N3, positive definite
diagonal matrices M,N4 and positive scalar ε, μ such that

Ξ =

⎛
⎜⎜⎜⎜⎜⎝

Ξ11 Ξ12 0 Ξ14 μB μD μF2

∗ Ξ22 0 Ξ24 Ξ25 Ξ26 Ξ27

∗ ∗ Ξ33 0 0 0 0
∗ ∗ ∗ Ξ44 0 0 0
∗ ∗ ∗ ∗ Ξ55 0 0
∗ ∗ ∗ ∗ ∗ −M 0
∗ ∗ ∗ ∗ ∗ ∗ Ξ77

⎞
⎟⎟⎟⎟⎟⎠
< 0,

where

Ξ11 = εμI + μ(−C + F1) + μ(−C + F1)T +N1

+N3 + kLML+ τ2FT2 F2 + μMT
1 M1,

Ξ12 = −μεE − μ(F1 − C)TE,

Ξ14 = μA+
1
2
LN4,

Ξ22 = μεETE −N1e
−εh,

Ξ24 = −μETA,Ξ25 = −μETB,
Ξ26 = −μETD,Ξ27 = −μETF2,
Ξ33 = −N3e

−ετ + μMT
2 M2,

Ξ44 = N2 −N4,Ξ55 = −N2e
−ετ ,

Ξ77 = −eετFT2 F2,M = diag(m1,m2, . . . ,mn).

then the drive system (1) and the response system (2) are mean
square exponentially synchronized.
Proof. Let P = μI . We can obtain Corollary 3.1 directly by
Theorem 3.1.

If E = 0 in system (1) and (2), then the considered
models degenerate to the general stochastic neural networks
with mixed delay, in this case, we can obtain the following
Corollaries.

Corollary 3.2: If there exist positive definite matrices
P,N1, N2, N3, positive definite diagonal matrices M,N4 and
positive scalar ε such that

Ξ =

⎛
⎜⎜⎜⎜⎜⎝

Ξ11 0 0 Ξ14 PB PD PF2

∗ Ξ22 0 0 0 0 0
∗ ∗ Ξ33 0 0 0 0
∗ ∗ ∗ Ξ44 0 0 0
∗ ∗ ∗ ∗ −N2e

−ετ 0 0
∗ ∗ ∗ ∗ ∗ −M 0
∗ ∗ ∗ ∗ ∗ ∗ Ξ77

⎞
⎟⎟⎟⎟⎟⎠
< 0,

where

Ξ11 = εP + P (−C + F1) + (−C + F1)TP +N1 +N3

+kLML+ τ2FT2 F2 + λmax(P )MT
1 M1,

Ξ14 = PA+
1
2
LN4,Ξ22 = −N1e

−εh,

Ξ33 = −N3e
−ετ + λmax(P )MT

2 M2,Ξ44 = N2 −N4,

Ξ77 = −eετFT2 F2,M = diag(m1,m2, . . . ,mn).

then the drive system (1) and the response system (2) are mean
square exponentially synchronized.

Corollary 3.3: If there exist positive definite matrices
N1, N2, N3, positive definite diagonal matrices M,N4 and
positive scalar ε, μ such that

Ξ =

⎛
⎜⎜⎜⎜⎜⎝

Ξ11 0 0 Ξ14 μB μD μF2

∗ Ξ22 0 0 0 0 0
∗ ∗ Ξ33 0 0 0 0
∗ ∗ ∗ Ξ44 0 0 0
∗ ∗ ∗ ∗ Ξ55 = 0 0
∗ ∗ ∗ ∗ ∗ −M 0
∗ ∗ ∗ ∗ ∗ ∗ Ξ77

⎞
⎟⎟⎟⎟⎟⎠
< 0,

where

Ξ11 = εμI + μ(−C + F1) + μ(−C + F1)T

+N1 +N3 + kLML+ τ2FT2 F2 + μMT
1 M1,
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Ξ14 = μA+
1
2
LN4,Ξ22 = −N1e

−εh,

Ξ33 = −N3e
−ετ + μMT

2 M2,

Ξ44 = N2 −N4,Ξ55 = −N2e
−ετ ,

Ξ77 = −eετFT2 F2,M = diag(m1,m2, . . . ,mn).

then the drive system (1) and the response system (2) are mean
square exponentially synchronized.

IV. NUMERICAL EXAMPLE

In this section, we shall present one numerical example to
illustrate the validity of our results.

Example. consider the following neutral type delayed neu-
ral networks⎧⎪⎪⎪⎨

⎪⎪⎪⎩

d[x(t) − Ex(t− h)] = [−Cx(t) +Bf(x(t− τ))

+Af(x(t)) +D

∫ t

−∞
K(t− s)f(x(s))ds+ I ′]dt,

x(θ) = φ(θ), θ ∈ (−∞, 0],

(23)

where

C =
(

1 0
0 1

)
, A =

(
2.0 −0.1
−5.0 3.0

)
,

B =
( −1.5 −0.1

−0.2 −2.5

)
, D =

(
0.1 0
0 0.1

)
,

E =
(

0.1 0.01
0.01 0.1

)
,

f(x(t)) = tanh(x(t)), τ = h = 1,K(t) = diag(te−t, te−t).

In order to synchronize system (23) via the feedback con-
troller, we introduce the respond system from the unidirec-
tional linear coupling approach as follows:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d[y(t) − Ey(t− h)] = [−Cy(t) +Bf(y(t− τ))

+Af(y(t)) +D

∫ t

−∞
K(t− s)f(y(s))ds+ I ′

+ u(t)]dt+ σ(t, e(t), e(t− τ))dtω(t), t > 0,
y(θ) = ϕ(θ), θ ∈ (−∞, 0],

(24)

where

σ(t, e(t), e(t−τ)) =
( √

0.2e1(t)
√

0.3e2(t− τ)√
0.3e1(t− τ)

√
0.2e2(t)

)
.

Then we have L = I,MT
1 M1 = 0.2I,MT

2 M2 = 0.3I, k 

1.4286.

By system (23) and (24) we can obtain the error system as
follows⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[e(t) − Ee(t− h)] = [(F1 − C)e(t) +Ag(e(t)

+Bg(e(t− τ)) +D

∫ t

−∞
K(t− s)g(e(s))ds

+ F2

∫ t

t−τ
e(s)ds]dt+ σ(t, e(t), e(t− τ))dtω(t)),

e(θ) = ψ(θ), θ ∈ (−∞, 0],

(25)
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Fig. 1. Phase trajectories and state trajectories of drive and response system

where F1, F2 are the gain matrix which need to be estimated
in the feedback controller u(t) = F1e(t)+F2

∫ t
t−τ e(s)ds. Set

ε = 0.3, μ = 0.3, from Corollary 3.1 and using LMI toolbox
in Matlab, we can obtain the following feasible solution:

F1 =

( −83.4826 6.4319
1.1299 −89.2625

)
, M =

(
2.0000 0

0 2.0000

)
.,

N1 =

(
16.1562 0.1353
0.1353 15.9428

)
, N2 =

(
0.4498 0.0350
0.0350 0.4870

)
,

N3 =

(
16.0922 −0.0675
−0.0675 16.1525

)
, N4 =

(
1.0000 0

0 1.0000

)
,

F2 =

(
6.5944 −0.0622
0.0126 6.6165

)
, M =

(
2.0000 0

0 2.0000

)
.

V. CONCLUSIONS

In this paper, by constructing appropriate Lyapunov func-
tional, we have derived some sufficient conditions to guar-
anteeing the mean square exponential synchronization of two
identical chaotic neural networks. And the feedback controller
are designed by LMI toolbox in MATLAB. One simulation
numerical example shows that our results are valid.
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