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Mixed-Mode Study of Rock Fracture Mechanics
by using the Modified Arcan Specimen Test

R. Hasanpour, and N. Choupani

Abstract—This paper studies mixed-mode fracture mechanics in
rock based on experimental and numerical analyses. Experiments
were performed on sharp-cracked specimens using the modified
Arcan specimen test loading device. The modified Arcan specimen
test was, in association with a special loading device, an appropriate
apparatus for experimental mixed-mode fracture analysis. By
varying the loading angle from 0° to 90°, pure mode-I, pure mode-II
and a wide range of mixed-mode data were obtained experimentally.
Using the finite element results, correction factors applied to the
rectangular fracture specimen. By employing experimentally
measured critical loads and the aid of the finite element method,
mixed-mode fracture toughness for the limestone under consideration
determined.

Keywords—Rock Fracture Mechanics, Mixed-mode Loading,
Finite Element Analysis, Arcan Test specimen.

1. INTRODUCTION

RACTURE mechanics can be applied to many

engineering fields including civil and mining engineering,
where drilling, excavation, explosion and cutting of rocks are
closely related to the strength, stability and fracture of rock
materials and structures. Obviously the principles, methods
and techniques of fracture mechanics can play an important
role in the analysis, design and construction or production for
many rock engineering projects [1-14].

In many situations of rock engineering interest, complex
stress states predominate in structures and a potential defect
may be shaped so that the failure propensity cannot be
resolved by uniaxial stress fields. Induced stress fields are
mostly singular and set the upper limit for the strength of
structures. Cases when the shear component, i.e. mode II, of
the stresses dominates are particularly difficult to assess. In
the theoretical analyses of mixed-mode fracture problem, one
of the basic assumptions is that the stress field near the crack
tip is solely determined by the linear elastic singular solution,
i.e. linear elastic fracture mechanics (LEFM) prevails [1, 15].

In this study, a modified version of the Arcan specimen was
made for the mixed-mode fracture test of one of type rock
specimens, which allows mode-I, mode-II, and almost any
combination of mode-I and mode-II loading to be tested with

R. Hasanpour, Postgraduate Student of Rock Mechanics Engineering, is
with Mining Engineering Department, Sahand University of Technology,
Tabriz, Iran (e-mail: r_hasanpour@sut.ac.ir).

N. Choupani. Assistanct Professor, is with Mechanical Engineering
Department, Sahand University of Technology, Tabriz, Iran (e-mail:
Choupani@sut.ac.ir).

the same test specimen configuration. Therefore,
disadvantages presented in the previous mixed-mode
toughness test methods can be avoided [15, 16].

This investigation seeks to extend understanding of the rock
fracture behaviour of a type of limestone under mixed-mode
loading conditions through numerical and experimental
methods. Using finite element results, correction factors were
applied to the limestone specimen and a fourth order
polynomial fit was proposed to evaluate the stress intensity
factors of a modified version of the Arcan specimen with a
crack subjected to mixed-mode loading conditions. The main
objective of this study was to determine the fracture toughness
Kjc and Ky for the rock under consideration for a wide range
of mixed-mode loading conditions. Another goal was to study
the relationship between the stress intensity factors and the
fracture toughness. Based on those analyses, a mixed-mode
fracture criterion for the limestone specimen has been
determined.

II. AN OVERVIEW OF ROCK FRACTURE MECHANICS

A. Background Theory

Linear elastic fracture mechanics (LEFM) has been found a
useful tool for investigation of cracks in rock materials. The
purpose of fracture toughness testing is to determine the value
of the critical stress intensity factor, or plane strain fracture
toughness K. This material property is used to characterize
the resistance to fracture in the design of structural members.
ASTM standards E 399 [17] and D 5045 [18] give some
guidance for plane strain mode-I fracture toughness K- for
metals and plastics. The stress intensity factor K¢ at the tip of
the pre-crack in a compact tension specimen is given by:

k=37 o M)

wt
where P, is the fracture load, @ is crack length, w is the
specimen width, ¢ is the specimen thickness, and f(a/w)is a

geometrical factor. Linear elastic fracture mechanics and plan
strain conditions are the primary requirements.

The stress intensity factors ahead of the crack tip for a
modified version of Arcan specimen were calculated by using
the following equations [15, 16, 19-26]:
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In turn K;-and Kpc are obtained using geometrical factors
fila/w) and f>(a/w) respectively, which are obtained through

finite element analysis of Arcan test specimen.
Also energy release rate for isotropic material with edge
crack can be calculated from the following relationships:

k? K2
G, :?1 , GH:% (Plane stress) 4)
2\ 2 2\ 2
1-v)K 1-v7)K .
6= UE) L, G”:( VE) I (Plane strain) Q)

where E is Young’s modulus and v, is Poisson’s ratio.

B. FE Analysis of Mixed-mode Fracture

The method used to calculate the stress intensity factor was
an interaction J-integral method performed in ABAQUS, and
is required to separate the components of the stress intensity
factors for a crack under mixed-mode loading in conjunction
of finite element analysis. The method is applicable to cracks
in isotropic and anisotropic materials. Based on the definition

of the J-integral, the interaction integrals J;* can be
expressed [27]:

au* ou
Ji % = lim No:e% I-0.| = -o% . —|qdl 6
int FaOIFn [ aux [6xjaux aux - - |4 (6)

Where I' is an arbitrary contour, q is a unit vector in the
virtual crack extension direction, n is the outward normal to I,
o is the stress tensor and U is the displacement vector, as
shown in Fig. 1. The subscript aux represents three auxiliary
pure mode-I, mode-II, and mode-III crack-tip fields for a=I,
II, III, respectively. The domain form of the interaction J-
integral is:

au \* Ou
Jinta_J’A/l(s)n.[a:gguxlU.[Tj agux.a].qu 7
aux

Where A(s) virtual crack advance and d4 is surface element. In
the interaction J-integral method [27] the two-dimensional
auxiliary fields are introduced and superposed on the actual
fields. By judicious choice of the auxiliary fields, the
interaction J-integral can be directly related to the stress
intensity factors as:

K=47B.Jint (8)

Where B is called the pre-logarithmic energy factor matrix,

T
Jim:[JiIm,JiIr{t,Jgﬂ and K =[k;,K;.K7]7 . In linear elastic
fracture mechanics, the J-integral coincides with total energy
release rate, J=G 7 =Gy +Gyr + Gy, where G;, Gy and Gy

are the energy release rates associated with the mode-I, mode-

IT and mode-III stress intensity factors, respectively.
Numerical analyses were carried out using the interaction J-

integral method. Fig. 2 shows example of the mesh pattern of

the specimen, which were performed with ABAQUS under a
constant load of 1000 N. The entire specimen was modeled
using eight node collapsed quadrilateral element and the mesh
was refined around crack tip, so that the smallest element size
found in the crack tip elements was approximately 0.25 mm.
A linear elastic finite element analysis was performed under a
plain strain condition using 1/1*° stress field singularity. To
obtain a 1/r*° singularity term of the crack tip stress field, the
elements around the crack tip were focused on the crack tip
and the mid side nodes were moved to a quarter point of each
element side.

[ +

&

Fig. 2 Finite element mesh pattern of the entire specimen and around
the crack-tip of limestone with crack length a= 30 mm

III. ROCK MATERIAL

The examined milky limestone is from a quarry near
Khoramabad, Lorestan, Iran. It’s related to Asmari formation
where the majority of oil reservoirs located there. Also it’s
widely has been used as building stone. The values of
unconfined Young’s modulus, £, and uniaxial compressive
strength, ., of the Khorramabad sandstone are £=29+5GPa
and o,=105#14MPa. The average dry density is p=2.3gr/cn’.
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IV. TEST METHOD AND SETUP

A. Specimen Geometry and Test Rig and Setup

The test specimens were cut from blocks in both the
longitudinal and transverse directions to the dimensions of
90x 60 x 10 mm®. The dimensions of the modified Arcan test
specimen used are showed in Fig. 3. Three holes were drilled
along the top and bottom edges of the specimen. Sharp crack-
shaped notches were made with a thin band saw of 0.8—1mm
thickness with a/w=0.45. For the testing of the rock
specimens in pure mode I, pure mode II and mixed-mode
loading conditions, then the crack-tip extended to a/w=0.5. A
simple and compact fracture mechanics specimen was used for
the determination of fracture toughness under mode-I, mode-1I
and mixed-mode loading conditions. The loading device is
simply installed in the universal testing machine and generates
accurately repeatable multiaxial loading conditions, Fig. 4.

60 mm

30 mm

7

W g

W g

wm g

Fig. 3 Modified Arcan test specimen

The tests were displacement-controlled; this was because
load-controlled testing was difficult to achieve with the small
loads that had to be applied on the specimen. All specimens
were tested at the same displacement rate of 0.5mm/minute.
Load and displacements were recorded with the built-in load
cell during the whole test. All tests were carried out using a
kind of universal tension testing machine (UTM). A total of
21 specimens were tested in this survey. Tests were repeated 3
times for mode-I, mode-II, 15°, 30°, 45°, 60° and 75° loading
angels.

B. Test Method

From the load-displacement curve, a fracture load P, was
defined according to the ASTM Standard E 399 [17]. Ko was
calculated from the following relationship;

Po+ra
K= Q;V/t_f(a/W) ©)

Ky value computed from (9) is a valid K; or K;; results only if
all the validity requirements were met [17]. K; and K are
obtained using geometrical factors f (a/w), i.e. fi or fy
respectively in (9). In turn f; or, fj; are obtained from a finite
element model of the modified Arcan test specimen.

Fig. 4 Geometry of the loading and modified version of Arcan
specimen

V. NUMERICAL RESULTS

A. Mixed-Mode Rock Fracture Specimen Calibration

In order to assess geometrical factors or non-dimensional
stress intensity factors f;(a/w) and fj(a/w) for Limestone,

the a/w ratio was varied between 0.1 and 0.5 at 0.1 intervals
and a third order polynomial was fitted through finite element
analysis as (Fig. 5):

f1(a/ wy@ =0) =11.836 (a/ w)> —0.8027 (a/ w)* +0.31(a/w) +1.3769

f”(a/w)(a =90) = 13.387(a/ w)® ~16.394(a/ w)% +7.6616 (a/w)—0.1627

Here a/w is the crack length ratio, where « is the crack length
and w is the specimen length.

The relationship between the non-dimensional stress
intensity factor and the loading angle is shown in Fig. 6. It can
be seen that for loading angles a<60°, the mode-I fracture is
dominant and as the mode-II loading contribution increases,
the mode-I stress intensity factor decreases and the mode-II
stress intensity factor increases. For a>75° mode-II fracture
becomes dominant.
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Fig. 7 The ratio of mode-II to mode-I, Gy/G (in logarithmic scale),
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Fig. 5 Non-dimensional stress intensity factors versus crack length of
limestone 80
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Fig. 6 Non-dimensional stress intensity factors vs. loading angle of
limestone for the crack length a= 30 mm

B. Effect of Mixed-mode Conditions on Rock Fracture
Characterizations

The strain energy release rates were calculated using
Equations 4. The relationship between the mixed-mode ratios
of strain energy release rates and the loading angles o is
shown in Fig. 7. For loading angles close to pure mode-I
loading, very high ratios of mode-I to mode-II are dominant.
The ratios of strain energy release rates close to pure mode-II
loading exhibit the opposite trend. As expected, it is
confirmed that by varying the loading angle of the Arcan
specimen, pure mode-I, pure mode-II and a wide range of
mixed-mode loading conditions can be created and tested.

In Fig. 8, strain energy release rates G; and G;; obtained by
Equations 4 and the total strain energy release rate obtained by
Gr= G;+ Gy are compared for a constant value of the load. It
is seen that for loading angles a<60° the mode-I strain energy
release rate is maximum and as loading angle increases, G
decreases and Gy increases. For a>75° mode-11 fracture
becomes dominant. The total strain energy release rate under
mixed-mode loading condition decreases with the loading
angle. Therefore, the increase of the mode-II loading
contribution leads to a reduction in the total strain energy
release rate.

Loading angle (degree)

Fig. 8 Strain energy release rates Gy, Gy, Gr=G+Gy; versus loading
angle, a for limestone with crack length a= 30 mm

VI. EXPERIMENTAL RESULTS

A. Rock Fracture Mechanics Tests

Fracture tests were carried out using a kind of universal
tension testing machine (UTM). All tests were conducted by
controlling the constant displacement rate of 0.5mm/min in
order to reduce dynamical effects and the fracture loads and
displacements were recorded.

Tests were repeated 3 times for mode-I, mode-II, 15°, 30°,
45°, 60° and 75° loading angels. A total of 21 specimens were
tested in this survey. The load-displacement curves generated
by the test machine were used to determine maximum load
and displacement. Fig. 9 shows the typical load-displacement
curve of Limestone for pure mode-I. The average values of
critical fracture loads were used to determine the critical
mixed-mode stress intensity factors and strain energy release
rates data. Also the fracture was found to be completely brittle
with the load-displacement curves.
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TABLEI
AVERAGE CRITICAL STRESS INTENSITY FACTORS (K)c [MPA.M"?] FOR LIMESTONE WITH CRACK LENGTH 30 MM
loading angle 0° 15° 30° 45° 60° 75° 90°
(K)e [Mpa.m'?] 0.94 0.92 0.84 0.73 0.58 0.34 -
(Kn)e [Mpa.m'?] - 0.11 0.21 0.32 0.45 0.61 0.70
TABLE II
AVERAGE CRITICAL ENERGY RELEASE RATE (G)c [J/M*] FOR LIMESTONE WITH CRACK LENGTH 30 MM
loading angle 0° 15° 45° 60° 75° 90°
(G)e [j/mz] 309.6 2943 249.4 188.9 119.4 41.5 -
(Gr)e [j/m?] - 4.1 16.1 36.9 724 129.7 169.8
Gy U/mz] 309.6 298.4 265.5 2258 191.8 171.2 169.8
700 - ;
; : : : : : strain energy release rate, (G7)c=(G)c+(Gy)c under various
60O -------- R cT F F Vo i loading conditions, which decreases with the loading angle.
500 doeeeois ._ ________ ________ 1 ________ 1 ______ I , ________ Therefore, it is confirmed that the maximum fracture
_ : : 5 : 5 : toughness occurs at mode-I loading condition.
E‘: 400 qromeeee P R S o Also pure mode-I and pure mode-II fracture toughness of
Eoappdaae L ________ _______ ________ ________ ________ ________ Limestone specimens were approximately G;-=(Gy)c= 309.6
i J/m* and Gye=(Gp)c= 169.8 J/m?, respectively. It can be seen
200 g-ooeeee e T . . N . that Gy is smaller than Gy, indicating that the cracked
100 4------- - (MNNSN.; SN R S— Ho specimen is tougher in mode-I and weaker in mode-II loading
o i : : : : : conditions.
° o 02 03 o4 0 o o7 VII. CONCLUSION AND SUMMARY
displasment (mm)

Fig. 9 Typical Load-Displacement curve of Limestone

B. Mixed-Mode Rock Fracture Toughness

Rock fracture toughness was determined experimentally
with the modified version of the Arcan specimen under
different mixed-mode loading conditions. The average values
of mixed-mode critical stress intensity factors for Limestone
are summarized in Table 1. (K))c remains almost unchanged
until =30° and then decreases and (Kj)c increases as the
mode-II loading contribution, i.e. as o increases from 0° to
90°. It is seen that for loading angles a<60° the mode-I
contribution is greater than that of mode-II and the opening-
mode fracture becomes dominant. For loading angles 0>75°
there is an opposite trend and the shearing-mode fracture
becomes dominant. From Table I, It can be seen that the
shearing-mode (0=90°) fracture toughness is smaller than the
opening-mode (a=0°) fracture toughness. This means that the
cracked specimen is tougher in tensile loading conditions and
weaker in shear loading conditions.

Also Fracture toughness measurements for the modified
Arcan specimen under pure mode-I loading show the average
fracture toughness of K;c=(K)c=0.94 [MPa.m'] for
Limestone with crack length 30mm. For pure mode-II loading
using modified Arcan specimen, the average fracture
toughness for Limestone is found Kyc=(K)c=0.70
[MPa.m'"].

The calculated critical strain energy release rate values
(G)cand (Gy)c using experimental data under various loading
conditions are summarized in Table II. (G))c decreases while
(Gp)c increases with an increase in mode-II loading
contribution. The opening-mode and shearing-mode critical
strain energy release rates were found approximately 309.6
J/m? and 169.8 J/m?, respectively. Table II also shows the total

In this paper the mixed-mode fracture behaviour of
Limestone specimens was investigated based on experimental
and numerical analyses. A modified version of the Arcan
specimen was employed to conduct a mixed-mode test using
the special test loading device. The full range of mixed-mode
loading conditions including pure mode-I and pure mode-II
loading can be created and tested. It is a simple test procedure,
clamping/unclamping the specimens is easy to achieve and
only one type of specimen is required to generate all loading
conditions.

The finite element results indicate that for loading angles
close to pure mode-II loading, a high ratio of mode-II to
mode-I fracture is dominant and there is an opposite trend for
loading angles close to pure mode-I loading. It confirms that
by varying the loading angle of Arcan specimen pure mode-I,
pure mode-II and a wide range of mixed-mode loading
conditions can be created and tested. Also, numerical results
confirm that the increase of the mode-II loading contribution
leads to an increase of fracture resistance in the Limestone
(i.e., a reduction in the total strain energy release rate) and the
increase of the crack length leads to a reduction of fracture
resistance in the Limestone (i.e., an increase in the total strain
energy release rate).

The fracture toughness was determined experimentally with
the modified version of the Arcan specimen under different
mixed-mode loading conditions. The results indicated that the
cracked specimen is weaker in shear loading conditions and
tougher in tensile loading condition.
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