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Variation of Uncertainty in Steady
And Non-Steady Processes Of Queuing Theory
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Abstract—Probabilistic measures of uncertainty have been
obtained as functions of time and birth and death rates in a queuing
process. The variation of different entropy measures has been studied
in steady and non-steady processes of queuing theory.
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1. INTRODUCTION

E consider a simple birth-death process under the
following assumptions:

(i) The probability of a birth in a small time interval At per

unit individual of a population is JAt + o(At), where o(At) is

an infinitesimal of a higher order than At .

(i) The probability of death in a small time-interval At
per unit individual of a population is p At +o(At) -

(iii) The probability of a more than one birth or death in in a
small time-interval At per unit individual of a population 1 is
o(At)

Let p,(t)denotes the probability of there being n persons
in the population at time t and let nO denotes the number of
persons at timet = 0, then by using the theorems of total and
compound probabilities, Medhi [3] gave an expression for

p, (1)-
In fact, if we define the probability generating function as
n
p(s,t) = p(D)s” (1)
i=1

We get the following result,

_[G=mws+ux-nT"0
ﬂs’t)_{(ﬂ—lx)sﬂ/ix—l)} A H @

at—(at-1s7"0
- [ 1= At—Ats }
where X = exp(4 — u)t

By expanding ¢(s,t) in powers of s, we can find p (t) -

A= 3)

In a queuing system, if A and x4 denote arrival and
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service rates in steady case, that is, when p, (t) is independent

of t, then we have
P = (1-pp".n=0,1,2....... o =2

At any time t, the number of persons in the system can be
n=0,1,2....,s0 that there is uncertainty about the number of
persons in the system. We want to have a measure of this
uncertainty and we want to discuss how this uncertainty varies
w.rt 4, andt.

The most important and widely used measure of uncertainty
has been introduced by Shannon [4]. It is given by

n
S(4, 1) == pp(t)log py (1) 4

i=1
Many other contributions to the literature of information
measures have been made by Asadi, Ebrahimi, Hamedani, and
Soofi [1], Cai, Kulkarni and Verdu [2], Chakrabarti [3], Chen
[4], Garbaczewski [5], Nanda and Paul [9], Paninski and

Yajima [10], Piera and Parade [11], Zyczkowski [14] etc.

In section 2, the variation of entropy in steady- state has
been discussed where as in section 3, the variation of entropy
in non -steady state has been discussed.

II.  VARIATION OF ENTROPY IN THE STEADY STATE

In this section, we study the variation of different measures of
entropy in the steady state queuing processes.

A. Variation in Sharma and Taneja’s [5 ] entropy

We know that Sharma and Taneja’s [5] measure of entropy
of degreer and g is given by

a,p _ 1 S a_w B
S, (z,u)——ﬂ_a{gpn an}

p—a Li= —
_(=pya=p) —0-p)"d=p")
(B=a)1=p")1=p")
Taking o — B, we get
Slﬂ(ﬂ”,u) _ (l—p)ﬂ log(l—p)ﬂ_;_ pﬂ log p
- (1-p")
Again taking 8 — 1, we get
S, (A1) = ~(1-p) logl(l_—pp) —plogp ©
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(1-p)' -(1-p")
which is a result developed by Kapur[2]. 84 m)= W
Differentiating (5) w.r.t. p, we get )
B (=™ - 0) 1 Taking # — 1 , we get
d <ap —a(l-p)* +a(l-p)* p*~ _ _

S (A1) = _ (I=p)log(l—p)+plogp

g (B-a)1-p)’ o e =5 .
_=pA=-p)" ' 1=p") +0-p)" P which s a result developed by Kapur [2]
(f-a)(1- p/” )2 Differentiating (8) w.r.t. p , we get
d s _—a(l-p)1=p)" " +ap” ' (1-p)*
a-1 a-1 b1 -1 S, (A )= PR
_—all=p) T (=p)  BU-p) (=p") e (@+f=2)1-p")
(f-a)1-p*) (S-a)1-p") L ~BA-p")A-p)" +pp" (- p)
(a+p-2)1-p")

—a(l-p)*'(1-p“H(1-p"y
+B1-p) (1= p" (1= p*)’
—a)1-p“) ' (1-p"y

B

Taking o — [, we get
st
dp
1-p + Blog(1-p)
ﬁp” 'og(1-p)—- pp" " log p
-2801-p)""' (1= p" 1= p")p" logp
~1-p")’
Again,taking 5 — 1,we get
d lo
S, (A ) = ——2F
dp - )

which means that in steady-state queuing process, the
uncertainty  increases monotonically from 0 toooas
p increases from 0 to unity. Thus in this case, the uncertainty

—(1-

P A=p )

measure increases if the traffic intensity or utilization factor
increases.

B. Variation in Kapur’s [1] entropy

We know that Kapur’s [1] measure of entropy of order o
and B is given by

a.p _
82 (ﬂ’zﬂ) a"‘ﬂ 2|:Zp" +zp” 2:|
az#pf
na ng B _
= ai e 2{2/9 (1-p)* +Zp (1-p) 2}

! {(l P, 1=p) _1}
Tat -2 ) (1-p")
__ 1 {(l—p) ~(-p") +<1—p>ﬂ—(1—p")}
a+p-2 (1-p") (1-p"

)
Takingey — S , we get

Takingox — [, we get

s pa =L
dp

pYA=p )Y+ " A=p )
(B-1(1-p")
_ —pU-p)"'1-p"")
(B-1(1-p")
Taking # —1 , we get

S, (4, 1) ogp
C(-p)

Thus, we see that in this case also, the uncertainty increases
monotonically from 0 tooo , as p increases from 0 to unity.
Hence we conclude that in both cases, the variation of entropy
remains same, that is, entropy always increases monotonically.

III. VARIATION OF ENTROPY IN THE NON-STEADY STATE

In this section, we study the variation of different measures
of entropy in the non-steady processes of queuing theory.
At

Using (2) and (3) in (1), we have
< At at-1 -
t)s" = 1- 1- s
2,70 ( ]( 1+ﬂt]
ﬂt—lsjz[ at jsn
n=0

1+ At /1'[
At 1+ At

At (1_

1+ At
(™!

1+ A)™!
At

1+ At
We now study the different variations.

5

so that p_(t)= 9

,n=0

A. Variation in Sharma and Taneja’s [5] entropy
We know that Sharma and Taneja’s [5] measure of entropy

of degree o and B is given by

1 o0 o0
S (At) = —— N
ARAUN)) ﬂ_aLZop Zop }

() () o

At
1+ At

('
(1+At)

'
(1+At)

a
]
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1 {[ At j” [ )" ]/’ [ (t) ]” }
- + + +....0
L—a|l 1+t (1+ At)? 1+ At)°
D+ A — (AD°]
T (B-a)(1+ A+ A — (2]

~ 1+ (A)P[(1+ A1) — ()]
(B -a)1+ ) [(1+ 107 —(A1)]

(10)
(A [1+ 1+ A)* = (A J[(1+ A7 (1 + At = (A))]

— () [T+ 1+ At — (A 11+ A" (1 + A = (A)7)]

(B —a)1+ )" A+ AP [+ A" — (A1) ][+ A1) —(At)*]

(1)
Taking ¢ — [, equation (11) gives
S (A1)
(AT + At)” log(1 + At)
— (A1)’ log At] [+ + Aty - () ]

+ (A log A[(1 + At)” — (At)]

1+ A’ log(1 + At)
—[1 (A (1 + A0 - (A’ )](1 + 07| = ()’ log At + log
1+ A+ A = (AD¥)
—(1+ )7 (1 + ) — ()

(12)
Taking 8 — 1 (12) becomes

2[(1+ At)log(1+ At) — Atlog At]
1+ At)
which is a result developed by Kapur [2].

S, (A,1) = 13)

Differentiating (10) w.r.t. At, we get

I POVIP B 1+ (At + (A1) — (At)™
dan T poa d(t) 1+ A0 — (At + (A1)
1 d 1+(At+ (A2, - (A
C B—a d(At) 1+ A)Y —(At+ (A}’

a(l+ )7 (A" = 2a(1+ At (At)*™
+a(l+ ) (A —2a(1+ At
+a(l+ )" (A" +2a(1+ )™ (At)°
(B —a)[(1+ A0 —(1+ A (A1) T

LA+ A0 =280+ AP (A
+ B+ AT (AT 2801+ A
+ B+ AT (AT £ 280+ A (At
(B -1+ A —(1+ )P ()T

Taking @ — f —1,we get
9 5= 2loedt |
d(at) (A=(4t)°)
which means that the uncertainty increases if At <l and
decreases if At >1. Also the maximum uncertainty occurs
when At =1 and in this case,
Max S,(4,t) = 2log2
Further whent=0 , the uncertainty is zero.
whent — oo , we have from (13)

iff At<l1

And

2[(1+ At)log(1+ At) — Atlog At]
1+ At)

Lt S(Ah = Lt

=0
Thus in this case, the uncertainty starts with zero value at

t =0 and ends with zero value as t — o0, and in between, it

. . . 1
attains the maximum value at At =I1thatist :z.

B. Variation in Kapur’s[1] entropy

We know that Kapur’s [1] measure of entropy of order o
and B is given by

1 o0 o0
S, *P (A1) = 4 B _9
(A0 a+ﬂ_2{ P+ P, }

n=0 n=0

[ G J( (e J[ ) J ..... -
1 1+t 1+ Aty 1+ Aty
a+f-2 [ at j” [ ()’ j” [ Aty j”
+ + + +
1+ At (1+ At)? (1+ Aty
1
a+p-2

@ 1 »
A+ )% T+A“A+ )% - ()]

1 { an? . 1 ~ 1}
a+f=2|q1mf (+10+ " -’
B 1=[(1+ ) = (At)“ T
C(a+ B-2)[(1+ A — (At (1+At)“]
1=[(1+ At)? —(At)? T
(a+ -2+ A —(A)P 1+ A1)7]

Taking ¢ — [ , we get
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1-[(1+ A’ — (YT
(B-DI(1+ i) =AY’ (1+ At)’]
1=+ A — (A7 +2 (1+ A7 (At)
 (B=DIA+A)Y — (At 1+ at)7]

S/ (ALY =

(14)
Taking # — 1 , we get
2[(1+ At) log(1+ At) — Atlog At
1+ At)
which is again a result developed by Kapur|[2].

S,(4,t) = (15)

Differentiating (14) w.r.t. At, we get

(2]

B3]

[4]
(3]
(6]
(7]
(8]
[9]

[10]

— 201+ 2077 (AP + pa+ 207 (A 1Y
+ B+ (A + B+ At (a2

d

+ AL+ AP (A - 280+ A i3

4 _
d(at) S (4D =

(B-DI1+ ) — (A 1+ )T
Taking f —1 , we get
Lsz(ﬂ,t) _ Zlog}tt2
d(At) ((1+At)
Thus, uncertainty increases if At >1 and decreases if
At <1.
Also from (3.7), we have
Max S,(4,t) =2log2,when At=1.
Further whent =0 , the uncertainty is zero and when
t — oo, we have from(15)

>0 if At>1

2[(1+ At) log(1+ At) — Atlog At]
1+ At)

Thus in this case also, the uncertainty starts with zero value
at t =0 and ends with zero value att —» oo, and in between,

Lts,(Ln= Lt =2logl=0

it attains the maximum value at At =] thatist =l.

A

IV. CONCLUSION

In the steady state queuing process, it is shown that as the
arrival rate increases relatively to service rate, the uncertainty
increases whereas in the case of non-steady birth-death
process, the uncertainty first increases and attains its
maximum value and then with the passage of time, it
decreases and attains its minimum value. These results find
total compatibility with the real life situations and hence are
interesting.
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