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Globally exponential stability for Hopfield neural
networks with delays and impulsive perturbations
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Abstract—In this paper, we consider the global exponential stabil-
ity of the equilibrium point of Hopfield neural networks with delays
and impulsive perturbation. Some new exponential stability criteria
of the system are derived by using the Lyapunov functional method
and the linear matrix inequality approach for estimating the upper
bound of the derivative of Lyapunov functional. Finally, we illustrate
two numerical examples showing the effectiveness of our theoretical
results.
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I. INTRODUCTION

INCE the American physicist Hopfield brought forward

the Hopfield neural network (HNN) in 1982. It has been
extensively studied and developed in recent years, and it has
attracted much attention in the literature on Hopfield neural
networks with time delays, (see, e.g., [1-4]). They are now
recognized as candidates for information processing systems
and have been successfully applied to associative memory, pat-
tern recognition, automatic control, model identification, opti-
mization problems, etc. (we refer to reader [5-12]). Therefore,
the study of stability of HNN has caught many researchers
attention. HNN with time delays has been extensively investi-
gated over the years, and various sufficient conditions for the
stability of the equilibrium point of such neural networks have
been presented via different approaches. In [7], [15], some
sufficient conditions of stability by utilizing the Lyapunov
functional method, and linear matrix inequality approach
for delayed continuous HNN are derived. In [16], G.Zong
and J.Liu established a novel delay-dependent condition to
guarantee the existence of HNN and its global asymptotic
stability by resorting to the integral inequality and constructing
a Lyapunov-Krasovskii functional. In [18], S.Long and D.Xu
got the sufficient conditions for global exponential stability and
global asymptotic stability by using Lyapunov-Krasovskii-type
functionaly of negative definite matrix and Cauchy criterion.
In this paper, we consider a class of HNN with delays and im-
pulsive perturbations. Some new sufficient conditions for the
global exponential stability of the equilibrium point for such
system are obtained by means of using a Lyapunov functional.
The effects of impulses and delays on the solutions are stressed
here. The conditions on global exponential stability are simpler
and less restrictive versions of some recent results.
This paper is organized as follows: In section II, an impulsive
continuous Hopfield neural network with delays model is
described. In addition, we present some basic definitions and
lemmas. New stability criteria for continuous Hopfield neural
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network are derived in section III. Two examples are given in
section IV, to illustrate the advantage of the results obtained.
Finally, some conclusions are drawn in section V.

II. PRELIMINARIES

Let R denote the set of real numbers, Z, denote the
positive integers and R™ denote the n-dimensional real space
equipped with the Euclidean norm ||.||.

Consider the following delayed HNN model with impulses

n

&i(t) = —cizi(t) + X2 aij fi(x;(t))

Jj=1
+ 22 bijg;(wi(t — 7(t)) + Li si t #ty
Jj=1
Azi\e=t, = xi(tp) —xi(ty) i=1,...,n, nkeZy,

where n > 2 corresponds to the number of units in a neural
network; the impulsive times ¢ satisfy 0 < &g < ¢ <
< tgp < ..., lim ¢ = +o0; x; corresponds to the

k—+o00
state of the unit ¢ at time t; ¢; is positive constant; f;, g;,

denote respectively, the measures of response or activation to
its incoming potentials of the unit j at time ¢ and ¢ — 7(t);
constant a;; denotes the synaptic connection weight of the
unit j on the unit ¢ at time ¢; constant b;; denotes the synaptic
connection weight of the unit j on the unit ¢ at time ¢t — 7(t);
I; is the input of the unit ¢; 7(¢) is the transmission delay
such that 0 < 7(¢) < 7 and 7(t) < p < 1; t > tg; 7,p are
constants.

The initial conditions associated with system (1) are of the
form:

x(s) = ¢(s), s € [to — 7, to], 2)

where z(s) = (v1(s), x2(s), ..., T (5))7,

¢(5) = (61(5), P2(s), .. on(s))" € PC([-7,0,R") = {¢ :

[-7,0) — R™, is continuous everywhere except at finite

number of points ¢, at which 1(¢;") and (¢, ) exist and

Y(tF) = ¥(ty)}. For o € PC([—7,0],R"), the norm of ¢

is defined by ||¢|| = sup ||¢(8)|. For any tg > 0, let
<6<0

PCs(to) = {4 € PC([=7,0},R™) : [[¢[|- < &}

In this paper, we assume that some conditions are satisfied
so that the equilibrium point of system (1) does exist,
see ([7], [13]). Assume that T = (&1,%2,...,2,) IS an
equilibrium point of system (1). Impulsive operator is
viewed as perturbation of the equilibrium point = of
such system without impulsive effects. We assume that
Ai\i—y, = milte) = wi(ty) = d) (wi(ty) — 7). d;) € R,
1=1,2,..,n, k=1,2,....

Since T is an equilibrium point of system (1), one can
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derive from system (1) that the transformation y; = z; — Z;,
1 =1, 2,..n transforms such system into the following system:

i(t) = —ean(®) + 3= aiF(15(0)

M:

+ 3 by Giu(t = m(0) if ¢ # :
J: 3
vilte) = L+ d)i(ty) i=1,...m, nkeZy

3

where
Fi(y; () = fi(@; +y;(t) — f;(z5)
Gj(y;(t —7(t)) = g;(T; +y;(t = 7(1)) — 9;(7;).

To prove the stability of & of system (1), it is sufficient to
prove the stability of the zero solution of system (3).
In this paper, we assume that there exist constants L,
M; > 0 such as | Fi(y) [< Li [y |, | Gi(y) [< M;i |y |,
ie A={1,2,..n}
Loz = max Liy Mpow = max M;

€A eA

Cmax = m%\x Cis Cmin = mln (&

Dy = diag(1 + d.", 1+d(2) 1 dM™)

Some definitions and lemma of stability for system (1)
at its equilibrium point are introduced as follows:

A. Definition
Assume y(t) = y(to, ¢)(t) be the solution of (3) through
(to, ®). then the zero solution of (3) is said to be [14]

P1 stable, if for any ¢ > 0 and ty > 0, there exists
some d(e,tg) > 0 such as ¢ € PCs(ty) implies

ly(to, ) (D) <€, t = to.
P2 globally exponentially stable, if there exists constant
a > 0, 8 > 1 such that for any initial value ¢,

lly(to, ©) @) < Bllp||re~t—to),
We now need the following basic lemma used in our work.

B. Lemma
For any a,b € R", the inequality
+2aTb < aTXa+bTX "1

holds, where X is any n x n matrix with X > 0 [17].

III. MAIN RESULTS

Now, we shall establish an theorem which provide sufficient
conditions for global exponential stability of system (1).

A. Theorem

Assumes there are constants € > 0, 0 > 0 and n X n

definite positive matrix Q) satisfy:

e - min |b;|
<—2  Vije{1,2,.,n}

max g;j
7,7 0 - maxc;
i

and assume that the following conditions are satisfy:

)

n
g 2\ @i
o T ggzagn{ Zl aij} + max {L; ;

Amaz(C 'BQ BT C
o Amea(C BQ

) 2% 1h
+ max {M; z; = 1bijl} <

2

(ii)  There exist constants v > 0, & € [0, €[ such that:
m

Z In max{&;.Cmaz, 1} — a(tm —to) <v
Vm S Z+,
where & is the largest eigenvalue of D,C~'Dy.

Then, the equilibrium point of system (1) is globally
exponentially stable and approximate exponentially convergent
rate is (=2

2
If more Q = I, in this Theorem, then we have this
corollary:
B. Corollary

Assume that there exist constants € > 0, o > 0 such as:

e 7 min |bi;|

o< # and

() — + max {- Z aij} + max {L] Z roud

Cmin 1<1<n
-[bij} <2

(i)  There are constants v > O aelo, e] such as

o

+ Amaz(C~ 'BBTC 1) + max {]\/[2 Z

Zlnmax{cm(m _ 1111de (1—|—d(2 V2, 1 —a(ty—to) < v

k=1

for all m € Z holds.
Then, the equilibrium point of system (1) is globally expo-
nentially stable and the approximate exponentially convergent

rate is (%)

2

IV. NUMERICAL APPLICATIONS

In this section, we present two numerical examples to
illustrate that our conditions are more feasible than that given
in earlier reference ([19],[25]).

A. Examplel

Consider the two-neuron delayed neural network with im-
pulses [19] as follows:

21 (t) = —z1(t) + gfl(wl( ) + 1 fa(z2(t))
+391(x1(t — 7)) — §g2(22(t — 7))

Zo(t) = —x2(t) + 4f1($1( ) + 3 fa(z2(t))
—gg1(x1(t — 7)) + fga(@2(t — 7))
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where t —tp_1 =1, 7% = (—1)’“\/%, k € Z,. Here

we consider 7 = 0.7.

fi(@) = fo(z) = g1(x) = g2() = 0.5(|z + 1] — [z — 1)
10 i1 i -1
o= (3 1) (§ Dn=( 4,

Next we show that the equ1hbr1um point of system 4) is
globally exponentially stable with 7 < 0.7. _
It is easy to calculate that L = M = 1, dgj) =
(—1)F &;*4 — 1. Then, we may choose € = 0.0695,
a=0.0495, 0 =11 v =0, Q = Id.
It is clear that:

a € [0,¢

and

Furthermore, we compute

— + max {- Z lai;|} + max {L] Zl o lai; [}

Cmin 1<i<2

_ 2
+ —"““”(C BBTCTY) + max {]W2 Z

5 -[bij |} <2
We also get, for any m € Z,,
S° Inmax{max;—1 2. (14 d\")2, 1} — a(t,, — to)
k=1
0.224 4
I T 0.0495m ~ —m0.0005 < 0 = v

Then, from Corollary III-B, the equilibrium point of system
4) (0,0)T is globally exponentially stable with approximate
exponential convergence rate 0.01. But for any o, A+AT +al
is not negative definite. Hence, the result in [20] cannot
applied in this case.

Remark : Meantime, the matrices —(A4 + A7) is obtained as

(=
N[

—(A4 AT =

1 1
2 4

It is obvious that —(A 4+ AT) is not a positive definite.
Therefore, the condition in ([21]-[24]) does not hold.

B. Example2

Consider the two-neuron delayed neural network with im-
pulses [25] as follows:

11,:1 (t) = —I (t) — 0.1f1(:£1 (t)) + 0.1f2(.1’2(t))
—0.1g1(z1(t — 7)) + 0.2g2(22(t — 7))

iy (t) = —wa(t) + 0.1f1(21(¢)) — 0-1fa(w2(F))  (5)
+0.2g1(z1(t — 7)) + 0.1g2(z2(t — 7))

z(ty) = ma(ty ), k=1,2,...

where tp —tp_1 =1, 7% = (—1)’“\/%, k € Z,. Here

we consider 7 = 1.

filz) = fo(x) = g1(x) = g2(x) = 0.5(|z + 1] —

10 —-0.1 0.1
“={01 )’A_( 0.1 —0.1 )
—-0.1 0.2
B= 0.2 0.1
Next we show that the equilibrium point of system (5) is
globally exponentially stable with 7 < 1. ‘
It is easy to calculate that L = M = 1, dg’) =

£0.224 4 4
5

(=1)Fy/ <+ — 1. Then, we may choose € = 0.8695,

a=0.0495 0 =38 v =0,Q = Id.
It is clear that:

|z —1])

a€0,€
and _
e~ 7. min [b;;|
)

o<
max c;
1

Furthermore, we compute

2
. B . 2y L
— + max {- Z laij[} + 112‘2(2{% z; “

Cmin © 1<4<2

aij|}
2
+M+ maX{M2Z = lbisly <2

We also get, for any m € Z,
m

>~ Inmax{max;=1,2, (1 + d;j>)2, 1} — @t — to)

k=1

60‘224 +4

=mln —0.0495m ~ —m0.0005 < 0 = v

Then, from Corollary III-B, the equilibrium point of system
(5) is globally exponentially stable with approximate
exponential convergence rate 0.41.

Remark: In the work [25], authors proved that equilibrium
point of system (5) is globally exponentially stable.
According to their works, the maximum allowable bound 7
for guaranteeing the exponential stability of system (5) is
0.5 and the convergence rate is 0.19. On the other hand, our
delay-dependent exponential stability criterion in Corollary
III-B presents 7 = 1 and the convergence rate is 0.41. It is
clear that for this example our criterion is less conservative
than the existing delay-dependent criteria [25].

V. CONCLUSION

In this paper, a class of HNN with delays and impulsive
perturbations is considered. The problems of exponential sta-
bility and exponential convergence rate for neural networks
with time-varying delays have been studied. We obtain some
new criteria ensuring the global exponential stability of the
equilibrium point for such system by using the Lyapunov
method and linear matrix inequality. Our results show the
effects of delay and impulsive to the stability of HNN. The
results here are discussed from the point of view to its
comparaison with earlier results. In comparison with some
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recent results reported in the literature, the present results
provide new stability criteria for delayed neural networks. As
well as these results can be applied to the case uncovered
in some earlier references. Our criterias are more simpler to
verify. An examples is given to illustrate the feasibility and
efficiency of the results. Has the continuation of this work, we
can refine and generalize our results for high-order Hopfield
type neural networks.

APPENDIX A
PROOF OF THE THEOREMIII-A

Consider the Lyapunov functional as follows:
n

Vi = Loy 3ol [

i—1 =1 =1 t=7(t)

It is clear that : V' (y)(t) > 0, Vy # 0

We have:
e y®)I> < V(y(t)

< WMW+ZZWMﬂmemwMS

Cnnn
i=1j=1

€ Mrzn,aJ. E¢
;mwmw% mmZWMyHLm)m

<j<ni=1

| Blllly(®)] e (1 —e

e TO))]e |y ()]

<

< e y(e) P + A

Cmin Cmin

< [+ Mo B (L1

Cmin Cmin

7€T(t))

Therefore,
1 M, 'rznou —67’ ét 2
Vi)(t) < [+ = Bl (2 (1) (D) ©)

Besides we have:

Vk>1

V)t = & 2ot

+—;z;;z: 'ﬁ#'.fk r(t) es<;3(yj(5))d5

= ey () )+ 5 2 Bl e Gy ()
= ety (1 D Duatty)
+;;“%Lﬂ”$@@mm

< ety ()t + 3 3 B T et (s)ds

1
< e %yT( PO y(ty)
+22@L4M“@@ww
=1y

Therefore,

G (y;(s))ds

V(y(tr)) < max{&-Cmaz, 1}V (t}) @)

On the other hand, from (7), we have:

—— "y < V() < V(to)

‘max

H de{Ek: Cmax, }
to<tp<t
(8)
And from (6) we have:

M2

V(o) < [L+ ’”‘”HBH( (1 —e M)l lle]?

Therefore,

(O < [gaas + SoeeMane | B (L(1 - e=47))]

Cmin Cmin

efg(t*to)H(PHQ X H maX{gkﬁmazv 1}

to<tp<t

From the condition (ii) we will have:

ly(@)]? < [gner 4 mozMans | B (4(1 — e=7))]

Cmin Conin
e
So,

ly(@)I1? < M [jgl2e= 2Dt vt > £

Where

M = \/[m 4 Cmas. "‘”HBH(%(

Cmin Cmin

efér))]eu > 1
Hence, the zero solution of (1) is globally exponentially stable.

Verify now is function V() is Lyapunov function. To
ensure that, it is sufficient to show that:

1%
WO _,
ot
We have
W = et Y Ly + Y F2a(t)hilt) +
i=1 " i=1 "

igzMWﬂmm
— TGy (¢t — 7(0))(1 — (2))]

We know that:

+ Z bi; G (y;(t — 7(2))

Jj=1

yi(t) = —ciys(t

)+ Z%‘Fj(yj (1)

Therefore,

259



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:6, No:3, 2012

+ i aii (1)) + i bii G (y; (t — 7(1)))

+ z 5o Lulee(y, (1)

i=1j=1

TG (y; (t — (1)) (1 — 7(t))]
Therefore,

VWO L gt 3 Ly2(p)
i=1 e
—2e Z Yi ( )
+ 2 Z Z o i yi (6 F (y; (t))

+ 2¢¥t i i by ()G (y;(t —7(1)))

Therefore,

oV _ = n
WO < et y: Ly (1)

-2 3 y3(0)
¢ 3 Layu(t) +ot 3 3 ayFu(0)
20t 3% 3% buut)Gy it = (1)

é il etGQ( i(1)

e(t 7(t) )ZZ |b2J|G2 t— T( )))

=1 j=1

HM:

We have by Lemmall-B:
2 Z Z ~bijyi ()G (y;(t = 7(1)))

=2y ()CT ' BG(y(t — 7(1)))
=2GT(y(t — r(t)))BTC y(t)

= 2[G(y(t - 7(1))Vol" (BT Cy(t)

Si-

< oGT(y(t = 7(1)))QG(y(t — (t)))

+§yT<t>cleQlechly<t>

G it — (1))

1 -1 —1pT 1 S 2
—/\mazx B B i
+5hnar €T BQTUBTCT 3 k()

(C))

(10)

By substituting (10) in (9), we will have this result

AV (y)(¢ _a & L
PO < et 32 Ly2(t) — 27 3 y3(1)
nom ) 1=1 , 1=1
+e 30 Y sraiyi(t)
i=15=1

+et Y Y LaiFR(y;(1))

t[o 3 3 0@t ()
ACTBQTBTCT) YL 421
b

i Pl et G2y, (1))
pE(t—(t)) Z Z |b”‘G2(yj( 7(t)))

=1 j=

Therefore,

oV W1
ot <o

2 Qij 1 —
+ max {1 E R w(O

— 24 max{h Z ai;}

Cmin 1<i<n

lBQlechl)

+m.ax{M-22 b [Yet ; y2(t)
+{eto 3 "zq” G2(y;(t — (1))

i= 1]
r) 32 32 Bal R ¢ - (1)
=1 j=
Therefore, 5
M < ()
ot

Wich completes the proof.
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