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Abstract—A new robust nonlinear control scheme of a 
manipulator is proposed in this paper which is robust against 
modeling errors and unknown disturbances. It is based on the 
principle of variable structure control, with sliding mode control 
(SMC) method. The variable structure control method is a robust 
method that appears to be well suited for robotic manipulators 
because it requers only bounds on the robotic arm parameters. But 
there is no single systematic procedure that is guaranteed to 
produce a suitable control law. Also, to reduce chattring of the 
control signal, we replaced  the sgn function in the control law by a 
continuous approximation such as tangant function. We can 
compute the maximum load with regard to applied torque into 
joints. The effectivness of the proposed approach has been 
evaluated analitically demonstrated through computer simulations 
for the cases of variable load and robot  arm parameters. 

 

Keywords—Variable structure control, robust control, 
switching surface, robot manipulator.  

I. INTRODUCTION 
HE robotic control and its application are very popular 
research topics in control field as well as in industry 

automation. A robot manipulator is a highly nonlinear and 
dynamically coupled system, which is subject to 
disturbances and model uncertainties. The general control 
methods, such as computed torque method, PD control 
method, etc., will not render the expected performance with 
the presence of disturbances and model uncertainties. Also, 
a number of approaches have been proposed to develop 
controllers that are more robust so that their performance is 
not sensitive to modeling errors. 

The sliding mode control (SMC) theory has been applied 
to robot manipulators for the last decade [1-5]. SMC is 
commonly favored as a powerful robust control method for 
its independence from parametric uncertainties and external 
disturbances under matching conditions. In general, SMC 
comprises a discontinuous control input that drives the 
control system toward a specified sliding surface. Usually, a  
large control gain formula is applied to handle the unknown 
parametric variations and external disturbances [6]. 

Here, we develop a class of sliding mode controllers to 
the case of two link elbow robot manipulator with variable 
structure control method [7, 8]. 

 

This paper organized as follows: the basic concept of 
sliding mode is presented in section III the manipulator 
dynamics is introduced and a new control structure is 
proposed developed. Simulation results are presented in 
section IV. Section V gives the conclusion. 

II. SLIDING MODE CONCEPT 
The basic idea behind adaptive control is that the 

controller gains gradually changes as parameters of the 
system being controlled evolve.[9] It is also possible to 
change the control signal abruptly on the basis of the state of 
system being controlled. Control systems of this type are 
referred to as variable structure systems (VSS)[10-12]. A 
block diagram of a variable structure controller for a robotic 
arm is shown in Fig. 1. 

 

 

 

 

 

Fig. 1 Variable structure control of a robotic arm 

To apply variable structure control, we do not have to 
know the exact robotic arm parameters, instead only bounds 
on these parameters. Variable structure controllers are 
robust in the sense that they are insensitive to errors in the 
estimates of the parameters as long as reliable bounds on the 
parameters are known. To formulate a variable structure 
control law, it is helpful to first recast the state equations in 
terms of the tracking error and its derivative. Suppose the 
reference input ݎሺݐሻ is sufficiently smooth that is has at least 

one derivative. Define the state vector as ݔ ؜ ൦

ଵݔ
ଶݔ
ଷݔ
ସݔ

൪ where: 

൜ݔଵ ൌ ݁ଵ ൌ ଵݎ െ ଶݔ      ,     ଵݍ ൌ ݁ଵሶ ൌ ଵሶݎ െ ଵሶݍ
ଷݔ ൌ ݁ଶ ൌ ଶݎ െ ସݔ      ,     ଶݍ ൌ ݁ଶሶ ൌ ଶሶݎ െ ଶሶݍ
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Given a reference trajectory ݎሺݐሻ, the objective is to find a 
variable structure control law τ ൌ ݂ሺݔሻ such that the 
solution of the closed loop system satisfies lim௧՜∞ ሻݐሺݔ ൌ 0. 
Consider the following linear constraint on the state 
variables: 

ሻݔሺߪ ؜ ࢋܨ ൅ ሶࢋ ൌ 0                                                            (2) 

Here F can be any positive definite matrix. For example, F 
might be a diagonal matrix with positive diagonal elements: 

ܨ ൌ ݀݅ܽ݃ሼ ଵ݂ , ଶ݂ , … , ௡݂  ሽ                ௜݂ ൐ 0                          (3) 

The set of all x such that ߪሺݔሻ ൌ 0 is a  
(2n-1)_dimensional subspace or "hyperplane" in Թଶ୬ which 
we refer to as the switching surface. The switching surfaces 
divide the state space into two regions. If ߪሺݔሻ ൐ 0, then we 
are on one side of the switching surface and the control law 
will have one form; if ߪሺݔሻ ൏ 0, then we are on the another 
side of the switching surface and the control law will have a 
different form. Thus the controller changes the structure 
when the state of the system crosses the switching surface. 
In this paper, the switching surface is a plane for n=2.  
Our objective is to devise a control law τ ൌ ݂ሺݔሻ which will 
drive the system to the switching surface in a finite time and 
then constrain the system to stay on the switching surface. 
When the system is operating on the switching surface, we 
say that it is in the sliding mode. The dynamics of the 
system simplify substantially in the sliding mode. If σ ൌ 0, 
then from Eq.2 the state equation for ሶ݁ reduced to:  
݁ ൅ ݁ܨ ൌ 0ሶ                                                                          (4) 

Thus when the system is in the sliding mode the tracking 
error is independent of the robotic arm parameters. The 
solution depends only on the matrix F, which is a design 
parameter called the sliding mode gain matrix. Recall from 
Eq.3 that F is a diagonal matrix with positive diagonal 
elements. Consequently, the sliding mode equation is not 
only linear but also uncoupled and the solution is: 

݁௞ሺݐሻ ൌ expሺെ ௞݂ݐሻ . ݁௞ሺ0ሻ                                                 (5) 

Clearly ൝eሺtሻ ՜ 0

t ՜ 0
 . not only does the error go to zero by 

sliding down the switching surface, but the rate at which the 
error decreases can be controlled through the specification 
of the gain F, which controls the slope of the surface. Since 
Eq.(5) is totally independent of the robotic arm parameters, 
the variable structure control system is robust when it is 
operating in the sliding mode. There remains the problem of 
developing a control law τ ൌ ݂ሺݔሻ which will ensure that 
the system operates in the sliding mode. To develop a 
suitable control law, we make use of liapunov techniques. 
Consider, in particular, the following function:  

௅ܸሺݔሻ ൌ σTሺ୶ሻ.σሺ୶ሻ
ଶ

                                                                (6) 

This is a liapunov – type function in the sense that Lܸሺxሻ is 

continuously differentiable and ቊ ௅ܸሺݔሻ ൒ 0
௅ܸሺݔሻ ൌ 0 ֞ ሻݔሺߪ ൌ 0   

To show that the solution of the closed loop system 
approaches the switching surface, it is sufficient to show 
that, along solution of the dynamics robot: 

ሶܸ௅൫ݔሺݐሻ൯ ൑ 0                                                           
ሶܸ௅൫ݔሺݐሻ൯ ؠ 0 ֜ ሻሻݐሺݔሺߪ  ؠ 0                                           (7)          

Where ሶܸ௅൫ݔሺݐሻ൯ ൌ .ሻݔሺ்ߪ  . ሻݔሶ௅ሺߪ
However, this would only guarantee that the solution 
approaches the switching surface in the limit as ݐ ՜ ∞.  

III. SYSTEM DYNAMICS AND THE CONTROL STRUCTURE 

We must find the control law τ ൌ ݂ሺݔሻ such that 
.ሻݔሺ்ߪ ሻݔሺߪ ൑ െߛԡߪሺݔሻԡ for some ߛ ൐ 0 . For an n-axis 
robot, this is challenging task. To illustrate the derivation of 
a control law, we examine a special case, the two-axis robot 
in Fig. 2.  

 

 

 

 

 

 

 
 

 

Fig. 2 Schematic of two axis robot 

The dynamic equation of a rigid robot manipulator is shown 
as follows: 

ሷݍܦ ൅ ܪ ൅ ܩ ൌ ߬ 

ܦ ൌ ൤݀ଵଵ ݀ଵଶ
݀ଶଵ ݀ଶଶ

൨ ,ݍሷ ൌ ൤ݍଵሷ
ଶሷݍ

൨ ,ܪ ൌ ൤݄ଵ
݄ଶ

൨,ܩ ൌ ቂ
݃ଵ
݃ଶ

ቃ , ߬ ൌ ቂ
߬ଵ
߬ଶ

ቃ    

                  (8) 

Where ݍሺݐሻ א ܴଶ and suppose the links mass ݉ଵ and ݉ଶ , 
load mass ݉୮, links length ܮଵ and ܮଶ, center of links length 
 :ଶܫ ଵ andܫ ୡమ and moment inertiaܮ ୡభ andܮ

݀ଵଵ ൌ ܽଵ ൅ ܽଶ ൅ 2ܽଷ cos ଶ  , ݀ଵଶݍ ൌ ݀ଶଵ ൌ ܽଶ ൅ ܽଷ cos      ଶݍ
݀ଶଶ ൌ ܽଶ  

݄ଵ ൌ െܽଷ sin ሶଶݍሶଵݍଶሺ2ݍ ൅ ሶଶଶሻ ,  ݄ଶݍ ൌ ܽଷ sin  ሶଵଶሻݍଶሺݍ

݃ଵ ൌ ݃ሺܽସ cos ଵݍ ൅ ܽହ cosሺݍଵ ൅   ଶሻሻݍ

݃ଶ ൌ ݃ܽହ cosሺݍଵ ൅  ଶሻݍ

ܽଵ ൌ ଵܫ ൅ ݉ଵܮ௖భ
ଶ ൅ ሺ݉ଶ ൅ ݉௣ሻܮଵ

ଶ  

ܽଶ ൌ ଶܫ ൅ ݉ଶܮ௖మ
ଶ ൅ ݉௣ܮଶ

ଶ  
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ܽଷ ൌ ௖మܮଵ൫݉ଶܮ ൅ ݉௣ܮଶ൯ , ܽସ ൌ ݉ଵܮ௖భ ൅ ൫݉ଶ ൅ ݉௣൯ܮଵ , 
ܽହ ൌ ݉ଶܮ௖మ ൅ ݉௣ܮଵ                                                           (9) 

Using the Chang of variables: 

 ൜ݔଵ ൌ ݁ଵ ൌ ଵݎ െ ଶݔ      ,     ଵݍ ൌ ݁ଵሶ ൌ ଵሶݎ െ ଵሶݍ
ଷݔ ൌ ݁ଶ ൌ ଶݎ െ ସݔ      ,     ଶݍ ൌ ݁ଶሶ ൌ ଶሶݎ െ ଶሶݍ

                  (10) 

the state space is as follows: 

ሶଵݔ ൌ      ଶݔ

ሶଶݔ
ൌ ሷଵݎ െ

݀ଶଶ߬ଵ ൅ ݀ଶଶ݄ଵ െ ݀ଶଶ݃ଵ െ ݀ଵଶ߬ଶ ൅ ݀ଵଶ݄ଶ ൅ ݀ଵଶ݃ଶ

∆  

ሶଷݔ ൌ  ସ                                                                              (11)ݔ

ሶସݔ
ൌ ሷଶݎ  െ

െ݀ଵଶ߬ଵ െ ݀ଵଶ݄ଵ ൅ ݀ଵଶ݃ଵ ൅ ݀ଵଵ߬ଶ െ ݀ଵଵ݄ଶ െ ݀ଵଵ݃ଶ

∆  

Where: 

݄ଵ ൌ ൫݉ଶܮଵܮ௖మ ൅ ݉௣ܮଵܮଶ൯. sinሺݎଶ െ ଷሻݔ . ሾ2ሺݎሶଵ െ .ଶሻݔ ሺݎሶଶ
െ ସሻݔ ൅ ሺݎሶଶ െ  ସሻଶሿݔ

݄ଶ ൌ ൫݉ଶܮଵܮ௖మ ൅ ݉௣ܮଵܮଶ൯sin ሺݎଶ െ ሶଵݎଷሻሺݔ െ  ଶሻଶݔ

݃ଵ ൌ ݃଴ ቀ൫݉ଵܮ௖భ ൅ ݉ଶܮଵ ൅ ݉௣ܮଵ൯ቁ cosሺݎଵ െ ଵሻݔ ൅
൫݉ଶܮ௖మ ൅ ݉௣ܮଶ൯ cosሺݎଵ െ ଵݔ ൅ ଶݎ െ   ଷሻݔ

݃ଶ ൌ ݃଴൫݉ଶܮ௖మ ൅ ݉௣ܮଶ൯ ൅ cosሺݎଵ െ ଵݔ ൅ ଶݎ െ  ଷሻݔ

∆ൌ ݀ଵଵ݀ଶଶ െ ݀ଵଶ
ଶ                                                               (12) 

To develop a control law at first, bounds on the values of the 
robot parameters must be established, including the rate of 
change of the reference trajectory. Suppose: 

|ሶଵݎ| ൏ ܴଵଵ  , |ሶଶݎ| ൏ ܴଶଵ , |ሷଵݎ| ൏ ܴଵଶ , |ሷଶݎ| ൏ ܴଶଶ 

|݀ଵଵ| ൏ ݀ଵଵ
כ   , |݀ଵଶ| ൏ ݀ଵଶ

כ   , |݀ଶଶ| ൏ ݀ଶଶ
כ                            (13) 

Now the follow inequality can be written: 

|݄ଵ| ൏ ݄ଵ଴ሺ2ܴଵଵܴଶଵ ൅ 2ܴଵଵ|ݔସ| ൅ 2ܴଶଵ|ݔଶ| ൅ |ସݔ||ଶݔ|2
൅ ܴଶଵ

ଶ ൅ 2ܴଶଵ|ݔସ| ൅  ସ|ଶሻݔ|

݄ଵ଴ ൌ ௖మܮଵܮ൛݉ଶݔܽ݉ ൅ ݉௣ܮଵܮଶൟ 

|݄ଶ| ൏ ݄ଶ଴ሺܴଵଵ
ଶ ൅ 2ܴଵଵ|ݔଶ| ൅  ଶ|ଶሻݔ|

݄ଶ଴ ൌ ݄ଵ଴ 

|݃ଵ| ൏ ݃ଵ଴ ൌ ௖భܮ൛݃଴൫݉ଵݔܽ݉ ൅ ݉ଶܮଵ ൅ ݉௣ܮଵ ൅ ݉ଶܮ௖మ

൅ ݉௣ܮଶሻൟ 

|݃ଶ| ൏ ݃ଶ଴ ൌ ௖మܮ൛݃଴൫݉ଶݔܽ݉ ൅ ݉௣ܮଶ൯ൟ 

∆଴൏ |∆| ൏ ∆ଵ                                                                    (14) 

Using ܸሺݔሻ ൌ ଵ
ଶ

ଵߪ
ଶሺݔሻ ൅ ଵ

ଶ
ଶߪ

ଶሺݔሻ as liapunov function and 
considerig the sliding surface as follow: 

ሻݔሺߪ ൌ ൤ߪଵሺݔሻ
ሻ൨ݔଶሺߪ ൌ ݁ܨ ൅ ሶ݁ ൌ ݔܨ ൅ ሶݔ ൌ ൤ ଵ݂ 0

0 ଶ݂
൨ ቂ

݁ଵ
݁ଶ

ቃ ൅

൤ ሶ݁ଵ
ሶ݁ଶ

൨ ൌ ൤ ଵ݂݁ଵ ൅ ሶ݁ଵ
ଶ݂݁ଶ ൅ ሶ݁ଶ

൨ ൌ ൤ ଵ݂ݔଵ ൅ ଶݔ

ଶ݂ݔଷ ൅ ସݔ
൨                                    (15) 

now ሶܸ ሺݔሻ ൌ ሻݔሶଵሺߪሻݔଵሺߪ ൅  ሻ can evaluated alongݔሶଶሺߪሻݔଶሺߪ
solution of  (11)   and it must be negative. In the other hand, 
the following inequality must be shown: 

ሶܸ ሺݔሻ ൑ െߛሺݔሻ 

Thus: 

ሻݔሶଵሺߪሻݔଵሺߪ ൌ ሻሾݔଵሺߪ ଵ݂ݔሶଵ ൅ ሶଶሿݔ ൌ ሻݔଵሺߪ ቂ ଵ݂ݔଶ ൅ ሷଵݎ െ
ௗమమఛభାௗమమ௛భିௗమమ௚భିௗభమఛమାௗభమ௛మାௗభమ௚మ

∆
ቃ ൌ െ ఙభሺ௫ሻ

∆
݀ଶଶ߬ଵ ൅

ఙభሺ௫ሻ
∆

݀ଵଶ߬ଶ ൅ ሻݔଵሺߪ ቂ ଵ݂ݔଶ ൅ ሷଵݎ െ ௗమమ௛భିௗమమ௚భାௗభమ௛మାௗభమ௚మ
∆

ቃ    

(16) 

 With considering െ ௗమమ
∆

߬ଵ ൅ ௗభమ
∆

߬ଶ ൌ  and using כ߬
triangular inequality (|ݔ ט |ݕ ൏ |ݔ| ൅  .and Eq ,(|ݕ|
(13),(14): 

ሻݔሶଵሺߪሻݔଵሺߪ ൏ ሻݔଵሺߪכ߬ ൅ |ଶݔ|ଵ݌ሻ|ሼݔଵሺߪ| ൅ |ସݔ|ଶ݌ ൅
ଶ|ଶݔ|ଷ݌ ൅ ସ|ଶݔ|ସ݌ ൅ |ସݔ||ଶݔ|ହ݌ ൅  ଺ሽ                              (17)݌

Where: 

ଵ݌ ൌ ଵ݂ ൅ ௗమమ
כ

∆బ
݄ଵ଴ሺ2ܴଶଵሻ ൅ ௗభమ

כ

∆బ
݄ଶ଴ሺ2ܴଵଵሻ,       

ଶ݌  ൌ ௗమమ
כ

∆బ
݄ଵ଴ሺ2ܴଵଵ ൅ 2ܴଶଵሻ  , ݌ଷ ൌ ௗభమ

כ

∆బ
݄ଶ଴ , ݌ସ ൌ ௗమమ

כ

∆బ
݄ଵ଴   ,      

ହ݌ ൌ 2 ௗమమ
כ

∆బ
݄ଵ଴  ,    

଺݌ ൌ ܴଵଶ ൅ ௗమమ
כ

∆బ
݄ଵ଴ሺ2ܴଵଵܴଶଵ ൅ ܴଶଵ

ଶ ሻ ൅ ௗమమ
כ

∆బ
݃ଵ଴ ൅

ௗభమ
כ

∆బ
݄ଶ଴ሺܴଵଵ

ଶ ሻ ൅ ௗభమ
כ

∆బ
݃ଶ଴                                                      (18)          

And with considering ௗభమ
∆

߬ଵ െ ௗభభ
∆

߬ଶ ൌ τככ and using 
triangular inequality (|ݔ ט |ݕ ൏ |ݔ| ൅  .and Eq ,(|ݕ|
(13),(14):  

ሻݔሶଶሺߪሻݔଶሺߪ ൏ ሻݔଶሺߪככ߬ ൅ |ଶݔ|଻݌ሻ|ሼݔଶሺߪ| ൅ |ସݔ|଼݌ ൅
ଶ|ଶݔ|ଽ݌ ൅ ସ|ଶݔ|ଵ଴݌ ൅ |ସݔ||ଶݔ|ଵଵ݌ ൅  ଵଶሽ                         (19)݌

Where: 

଻݌ ൌ ௗభమ
כ

∆బ
݄ଵ଴ሺ2ܴଶଵሻ ൅ ௗభభ

כ

∆బ
݄ଶ଴ሺ2ܴଵଵሻ              ,   

଼݌ ൌ ଶ݂ ൅ ௗభమ
כ

∆బ
݄ଵ଴ሺ2ܴଵଵ ൅ 2ܴଶଵሻ  ,   

ଽ݌ ൌ ௗభభ
כ

∆బ
݄ଶ଴   ,   ݌ଵ଴ ൌ ௗభమ

כ

∆బ
݄ଵ଴  , ݌ଵଵ ൌ 2 ௗభమ

כ

∆బ
݄ଵ଴ 

ଵଶ݌ ൌ ܴଶଶ ൅ ௗభమ
כ

∆బ
݄ଵ଴ሺ2ܴଵଵܴଶଵ ൅ ܴଶଵ

ଶ ሻ ൅ ௗభమ
כ

∆బ
݃ଵ଴ ൅

ௗభభ
כ

∆బ
݄ଶ଴ሺܴଵଵ

ଶ ሻ ൅ ௗభభ
כ

∆బ
݃ଶ଴                                                      (20) 

Thus in general: 
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ሶܸ ሺݔሻ ൌ ሻݔሶଵሺߪሻݔଵሺߪ ൅ ሻݔሶଶሺߪሻݔଶሺߪ ൏ ሻݔଵሺߪכ߬ ൅ ሻݔଶሺߪככ߬ ൅
|ଶݔ|ଵ݌ሻ|ሼݔଵሺߪ| ൅ |ସݔ|ଶ݌ ൅ ଶ|ଶݔ|ଷ݌ ൅ ସ|ଶݔ|ସ݌ ൅
|ସݔ||ଶݔ|ହ݌ ൅ ଺ሽ݌ ൅ |ଶݔ|଻݌ሻ|ሼݔଶሺߪ| ൅ |ସݔ|଼݌ ൅ ଶ|ଶݔ|ଽ݌ ൅
ସ|ଶݔ|ଵ଴݌ ൅ |ସݔ||ଶݔ|ଵଵ݌ ൅  ଵଶሽ                                          (21)݌

Now the virtual control law ߬כሺݔሻ and ߬ככሺݔሻ must be 
selected in such a way that  it dominates the other positive 
terms. As a candidate, consider the following virtual 
variable structure control law: 

ሻݔሺכ߬ ൌ െ ௗమమ
∆

߬ଵ ൅ ௗభమ
∆

߬ଶ ൌ െ݇ଵߪଵሺݔሻ. ሻሽݔଵሺߪሼ݊݃ݏ െ
݇ଶߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇ଷߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ସݔ

ଶ െ
݇ସߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ                   ସݔ

ሻݔሺככ߬ ൌ ௗభమ
∆

߬ଵ െ ௗభభ
∆

߬ଶ ൌ െ݇ହߪଶሺݔሻ. ሻሽݔଶሺߪሼ݊݃ݏ െ
݇଺ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇଻ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ସݔ

ଶ െ
.ሻݔଶሺߪ଼݇ .ሻݔଶሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ  ସ                                  (22)ݔ

Here  ݇୧ ൐ 0 are controller gains that remain to be 
determined. 

By substiuting Eq. (22) in (21) and using identity 
.ሻݖሺ݊݃ݏ ݖ ൌ  :yeilds |ݖ|

 

ሶܸ ሺݔሻ ൏
െ݇ଵߪଵሺݔሻ. ሻሽݔଵሺߪሼ݊݃ݏ െ ݇ଶߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇ଷߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ସݔ

ଶ െ
݇ସߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ ସݔ െ
݇ହߪଶሺݔሻ. ሻሽݔଶሺߪሼ݊݃ݏ െ ݇଺ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇଻ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ସݔ

ଶ െ
.ሻݔଶሺߪ଼݇ .ሻݔଶሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ ସݔ ൅ |ଶݔ|ଵ݌ሻ|ሼݔଵሺߪ| ൅
|ସݔ|ଶ݌ ൅ ଶ|ଶݔ|ଷ݌ ൅ ସ|ଶݔ|ସ݌ ൅ |ସݔ||ଶݔ|ହ݌ ൅ ଺ሽ݌ ൅
|ଶݔ|଻݌ሻ|ሼݔଶሺߪ| ൅ |ସݔ|଼݌ ൅ ଶ|ଶݔ|ଽ݌ ൅ ସ|ଶݔ|ଵ଴݌ ൅
|ସݔ||ଶݔ|ଵଵ݌ ൅ ଵଶሽ݌ ൌ ሻ|ሼെ݇ଵݔଵሺߪ| െ ݇ଵݔଶ

ଶ െ ݇ଵݔସ
ଶ ൅

ସ|ଶݔ|ସ݌ଶ|ଶ൅ݔ|ଷ݌ ൅ ଺ሽ݌ ൅ .ሻݔଵሺߪ| ଶ|ሼെ݇ଶݔ ൅ ଵሽ݌ ൅
.ሻݔଵሺߪ| ସ|ሼെ݇ଷݔ ൅ ଶሽ݌ ൅ .ሻݔଵሺߪ| .ଶݔ ସ|ሼെ݇ସݔ ൅ ହሽ݌ ൅
ሻ|ሼെ݇ହݔଶሺߪ| െ ݇ହݔଶ

ଶ െ ݇ହݔସ
ଶ ൅ ସ|ଶݔ|ଵ଴݌ଶ|ଶ൅ݔ|ଽ݌ ൅ ଵଶሽ݌ ൅

.ሻݔଶሺߪ| ଶ|ሼെ݇଺ݔ ൅ ଻ሽ݌ ൅ .ሻݔଶሺߪ| ସ|ሼെ݇଻ݔ ൅ ሽ଼݌ ൅
.ሻݔଵሺߪ| .ଶݔ ସ|ሼെ଼݇ݔ ൅  ଵଵሽ                                               (23)݌

It is clear from expression (23) that ሶܸ ሺݔሻ can be made 
negative if the controller gains ݇୧ ൐ 0 are sufficiently large, 
that is, if : 

ሼ݇ଵ ൐ ଷሽ݌ ת   ሼ݇ଵ ൐ ସሽ݌ ת   ሼ݇ଵ ൐ ଺ሽ   ,   ݇ଶ݌ ൐        ,       ଵ݌
݇ଷ ൐ ଶ     ,    ݇ସ݌ ൐  ହ݌

ሼ݇ହ ൐ ଽሽ݌ ת   ሼ݇ହ ൐ ଵ଴ሽ݌ ת   ሼ݇ହ ൐ ଵଶሽ   ,   ݇଺݌ ൐  , ଻݌
݇଻ ൐ ଼݇   ,଼݌ ൐   ଵଵ                                                          (24)݌

From Eq. (22), the variable structure control law, is as 
follow: 

߬ଵ ൌ
െ݀ଵଵሾെ݇ଵߪଵሺݔሻ. ሻሽݔଵሺߪሼ݊݃ݏ െ

݇ଶߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇ଷߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ସݔ

ଶ െ
݇ସߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ ସሿݔ െ
݀ଵଶሾെ݇ହߪଶሺݔሻ. ሻሽݔଶሺߪሼ݊݃ݏ െ
݇଺ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇଻ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ସݔ

ଶ െ
.ሻݔଶሺߪ଼݇ .ሻݔଶሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ   ସሿݔ

߬ଶ ൌ
െ݀ଵଶሾെ݇ଵߪଵሺݔሻ. ሻሽݔଵሺߪሼ݊݃ݏ െ
݇ଶߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇ଷߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ଵߪଵሺݔሻ. .ሻሽݔଵሺߪሼ݊݃ݏ ସݔ

ଶ െ
݇ସߪଵሺݔሻ. .ሻݔଵሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ ସሿݔ െ
݀ଶଶሾെ݇ହߪଶሺݔሻ. ሻሽݔଶሺߪሼ݊݃ݏ െ
݇଺ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ଶሽݔ ଶݔ െ
݇଻ߪଶሺݔሻ. .ሻݔଶሺߪሼ݊݃ݏ .ସሽݔ ସݔ െ ݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ଶݔ

ଶ െ
݇ହߪଶሺݔሻ. .ሻሽݔଶሺߪሼ݊݃ݏ ସݔ

ଶ െ
.ሻݔଶሺߪ଼݇ .ሻݔଶሺߪሼ݊݃ݏ .ଶݔ .ସሽݔ .ଶݔ  ସሿ                                 (25)ݔ

Thus if the controller gains satisfy inequalities (24), then the 
variable structure control law in Eq. (25) will drive the two 
axis robot to the switching surface and then keep it there. 
Consequently, ݔଵ will track ݎଵሺݐሻ and ݔଶ will track ݎଶሺݐሻ 
with a performance that is independent of the robotic arm 
parameters. 

IV. SIMULATION AND RESULT 

Consider the bouds of robotic parameters as follows: 

1.8 ൑ ݉ଵ ൑ 2.2   ,   1.8 ൑ ݉ଶ ൑ 2.2   ,   0.4 ൑ ଵܮ ൑ 0.6  ,  
0.4 ൑ ଶܮ ൑ 0.6 

0.2 ൑ ௖భܮ ൑ 0.3   ,  0.2 ൑ ௖మܮ ൑ 0.3  ,  0.024 ൑ ଵܫ ൑ 0.066  
,  0.024 ൑ ଶܫ ൑ 0.066 

and suppose the reference trajectory as follows: 

ሻݐଵሺݎ ൌ ߨ ቂ1 െ ݌ݔ݁ ቀെ ௧
ଶ
ቁቃ  ֜ ݎሶଵሺݐሻ ൌ గ

ଶ
൬݁݌ݔ ቀെ ௧

ଶ
ቁ൰   

ሻݐሷଵሺݎ ֜ ൌ െ గ
ସ

൬݁݌ݔ ቀെ ௧
ଶ
ቁ൰  

ሻݐଶሺݎ ൌ ߨ ቂ1 െ ݌ݔ݁ ቀെ ௧
ଶ
ቁቃ  ֜ ݎሶଶሺݐሻ ൌ గ

ଶ
൬݁݌ݔ ቀെ ௧

ଶ
ቁ൰   

ሻݐሷଶሺݎ ֜ ൌ െ గ
ସ

൬݁݌ݔ ቀെ ௧
ଶ
ቁ൰ 

Then the following bounds can calculated: 

|ሶଵݎ| ൏ ܴଵଵ ൌ 1.6 , |ሶଶݎ| ൏ ܴଶଵ ൌ 1.6  

|ሷଵݎ| ൏ ܴଵଶ ൌ |ሷଶݎ|   ,   0.8 ൏ ܴଶଶ ൌ 0.8  

|݀ଵଵ| ൏ ݀ଵଵ
כ ൌ 11    ,    |݀ଵଶ| ൏ ݀ଵଶ

כ ൌ 5   ,    |݀ଶଶ| ൏ ݀ଶଶ
כ ൌ 3    

݄ଵ଴ ൌ ௖మܮଵܮ൛݉ଶݔܽ݉ ൅ ݉௣ܮଵܮଶൟ ൌ 2.56 

݄ଶ଴ ൌ ݄ଵ଴ 

|݃ଵ| ൏ ݃ଵ଴ ൌ ௖భܮ൛݃଴൫݉ଵݔܽ݉ ൅ ݉ଶܮଵ ൅ ݉௣ܮଵ ൅ ݉ଶܮ௖మ

൅ ݉௣ܮଶሻൟ ൌ 97 
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|݃ଶ| ൏ ݃ଶ଴ ൌ ௖మܮ൛݃଴൫݉ଶݔܽ݉ ൅ ݉௣ܮଶ൯ൟ ൌ 42 

∆଴ൌ 1.2 

To determine the constraints on the controller gains, first the 
slope of the switching surface have to be choosen. Suppose 
the sliding mode gains are ଵ݂ ൌ 1  and ଶ݂ ൌ 1. Then the 
constraints on the variable structure controller gains are: 

݇ଵ ൌ 425   ,   ݇ଶ ൌ 55   ,   ݇ଷ ൌ 35   ,   ݇ସ ൌ 10   ,   
݇ହ ൌ875   ,   ݇଺ ൌ 105   ,   ݇଻ ൌ 70   ,   ଼݇ ൌ 25   

By applying the control law, the tracking error, applied 
torque and output are simulated at the Fig. 3 for load mass 
݉୮ ൌ 4 , 6 ,  :݃ܭ 8

݉୮ ൌ  ݃ܭ 4

 
(a) 

݉୮ ൌ  ݃ܭ 6

 
(b) 

Fig. 3 The tracking error, applied torque and output 

 

 

݉୮ ൌ  ݃ܭ 8

 
(c) 

Now the values of robotic arm parameters as follows are 
changed: 

݉௣ ൌ 6   ,   ݉ଵ ൌ 2.2  ,  ݉ଶ ൌ ଵܮ , 2.2 ൌ ଶܮ , 0.6 ൌ 0.6 ,  
௖భܮ ൌ ௖మܮ , 0.3 ൌ ଵܫ , 0.3 ൌ ଶܫ , 0.066 ൌ 0.066 

 
Fig. 4 Performance with variation of parameters 

As shown in Fig. 4, for acceptable values of robotic arm 
parameters, the performance is unchanged. In the other 
hand, performance is robust against uncertainties and 
modelling error. 

V. CONCLUSION 
The variable structure control method is a robust method 

that appears to be well suited for robotic manipulators 
because it requers only bounds on the robotic arm 
parameters. However, the variable structure control method 
does have its drawback. One is that there is no single 
systematic procedure that is guaranteed to produce a suitable 
control law. Also, to reduce chattring of the control signal, 
we replaced  the sgn function in the control law by a 
continuous approximation such as tangant function. 
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