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Abstract—In this paper, a novel wave equation for electromagnetic
waves in a medium having anisotropic permittivity has been derived
with the help of Maxwell’s curl equations. The = and y components
of the Maxwell’s equations are written with the permittivity (¢) being
a 3 x 3 symmetric matrix. These equations are solved for E, , E,,
H,, H, in terms of E., H., and the partial derivatives. The Z
components of the Maxwell’s curl are then used to arrive to the
generalized Helmholtz equations for E. and H..
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I. INTRODUCTION

VER the several decades, anisotropic materials have

been extensively analysed and studied as they can suc-
cessfully describe the real-world configurations. In addition to
this, devices incorporating these materials acquire interesting
directionally dependent properties which are useful in their
operations [1]. In recent years, there have been increasing
interests in the interactions between electromagnetic fields
and anisotropic media [2]-[20]. Anisotropic medium has wide
applications in the design and analysis of various novel
antenna and microwave devices of high performance and
utility [21] -[25]. With the advancement of the technology,
the reconstruction of anisotropic constructive parameters and
principal axis in three dimensional problem is of practical
importance in microwave range. In the studies of Fedorov, and
Borzdov, the direction of the principal axis of the anisotropic
medium was obtained [24]-[27]. The idea of excluding the
transverse components in favour of the longitudinal compo-
nents of the electromagnetic field in a anisotropic medium
has been applied, number of times, in connection with the
anisotropic dielectric waveguide or optic fibres [28]-[38]. This
work extends this idea for a more general model of a medium.
In particular, a novel system of two coupled equations has been
presented for the longitudinal components of the electromag-
netic field in a waveguide filled with a homogeneous medium
characterized by a general symmetric permittivity tensor.

I1. WAVE EQUATION WITH ANISOTROPIC PERMITTIVITY

The vector wave equation which describes the wave propa-
gation along a rectangular waveguide with a nonhomogeneous
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cross section and anisotropic dielectric material may be ob-
tained from the Maxwell equations. The fields are assumed
to propagate in the Z direction and have a harmonic time
dependence of the form e/“=7% where v = a4+ 53, with w, o
and f being the angular frequency, the attenuation constant and
the phase constant, respectively. The magnetic permeability
4 is assumed to be constant and equal to the free space
permeability, i.e., u = po. The Maxwell equations are given
as follow:

V x E=—jwuH ()

V x H = jweFE 2

where the electric and magnetic field vectors E and H are
given by
E=E;i+ Eyj+ E.k, 3)

H = H,i+ Hyj+ H.k. (4)

Here i, 7 and k are the unit vectors along the z, y and z
directions. The tensor permittivity e is given by,

€= €yz  Cyy Cyz (5)

Now expanding equation (1) and comparing the coefficients
of ¢, jand k

i ik
%y e | = —jwn(Hei+ Hyj+HE) ()
E, E, E,
It can be written as follow:
OE. OFE . .
By - a—zy = —jwuH, or E.,+vE, = —jwuH,
(7
OE, OF, . .
(9:; — 8; = jwpH, or E. .+vE,; = jwpH, (8)
oF, oL, . .
[)—xy - 3y = —jwuH, or Eyo—E;y=—jwuH,
9)
where
E;
% = —7 and E;,;= a@j L,j=x,Y,2

Similarly, from equation (2), we have
Hz,y + 'VHy = jw(fszz + emyEy + ezzEz) (10)
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H,»+vH; = —jw(eya By + €yy By + €4, E>) (11)
Hy,— Hyy = jw(ezaly + e:yEy + €. E) (12)

After rearranging equations (7), (8), (10) and (11), we have:
vEy + jwupH, = —E, (13)

VE: — jwpHy = —FE. » (14)

Jweszs By + jwesy By —vHy = H, y — jweg. B, (15)
Jweye By + jweyy By +vH, = —jwey, E, — H,,  (16)

The above four equations can be written as a matrix
equation for the variables E,, E,, H, and H, in terms of
E. and H, and their partial derivatives as follow:

0 ¥ Jwp 0 E,
0 0 0 —jwp E,
Jwery Jwezy 0 — H,
Jweye  Jweyy y 0 H,
_jweyzEz —H, .~ Ez,y
_ _Ez,x
N Hz,y - jweszz (17)
_.jweyzEz - Hz,w
Or
E, 0 ¥ Jwp 0 -1
L, _ 0l 0 0 —jwp
H, | Jwere jwesy 0 —y
H?/ jweym jweyy Y 0
—jwey B, —H,,—E.,
7Ez,z
H,, —jwe . E, (18)

_]weyzEz - Hz,x

Letting A denote the coefficient matrix [39] and A = | 4|, we

have

A7l = % =B (19)

Now the determinant of matrix A is given by

A=|Al= —y* - 72002#(511 +eyy) — W4M2(€m€yy — €ay€ya)

(20)
We write down explicit expression for all the matrix elements
of B

—1)"I Dy,
b = )A : 21)
Here,
1 €xe T €
A =-w! L_‘l N w — 1P (€ratyy — Gwyny)}
= —w'k (22)

k= {l . €az + €yy)

ct c2 — 1 (€aatyy — Ezyeyz)} (23)

Here c is the speed of light and is equal to 3 x 108 meter/second

and k is an arbitrary constant. The solution to the transverse
components of the electric and magnetic fields is given by

Ez _jweyzEz - Hz,z - Ez,y

Ey _ _Ez,x

H(L‘ =B Hz7y - jwezzEz (24)
Hy _jweyzEz - Hz,sc

Now the components of matrix B and b;; are given by

bfi=1-4,5=1] =
W pryeqy
_’Y(’Yz + WQ/“yy)
jw'Vzeyy + ngﬂ'(fzzeyy — €ay€ya)
0

bli=1-4,j=2) =
—7(7? + w?peyy)
w2lu/'7€y9c
L wa
—jwy ey — JWBN(eszyy — €xy€yz)

bli=1-4,j=3,4 =
jw,u('yz + Wzﬂeyy)
_jWB,U/QEyz
wzu'yeyz
V(Y + wipeyy)

JwPuP ey
jw,u(’yQ + Wz/“yy)
7’7(72 + wzﬂﬁzz)

—wzuvemy

Now, with the help of above components and the equations 9
and 12, we get the following set of equations

’E. 0’E

) ‘ .
7 + w2uem)m — e = Wiy

azHZ—'we % —'w(2+w26 )
axay JWEgz o JWHY HExg

0’H . 0FE 0*’E
< 3122 "".7“61;28—) +W2N€myﬁgz +’Y(’Y2 +W2N€yy)

4
X
PE. 5, O*H., . OE,

9oz — Jwp(y® + w peyy) <a—yQ +JWGyza—y>
2E

z .
Dyox + Jwe

OF. .
—) = —jwuHzA

- 03
—JW ey < Yz ay

(25)

OH,
W2N |:—x (Ezy (72 + w2ﬂ€zw) + WQ/LEwyGZl'):| +
O0H,
wp { dy (_621(72 + W2N€yy) + Neyzezy)] +

. oE, | .
Jwy [521;(72 + WQ%“ZI) - WZ/“zysz} E + jwk,

[ezz + WQHGZg;Gyz('YQ + w2,U/€.7:z) + 'Yszﬂexzez.t +
W4,U/Ezzeyyezz] = _jw’YQE:Ez - ngﬂ(emzeyy - Emyeym)
o2 o? , 02H.

H
z 2 2 z
52 T W “6yy)—axay Tty
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. 2 2 82Ez
+Jw [’Y €yy T+ W p(€zatyy — 6wy€yx)] a—yg
e PE o OPH.

Jor ey g — WMV 5
2H

- (72 + W2N€wx) Wa; — Jjwy
[eyz (V2 + w?pean) — W pieyoeas]

(26)

These are the two wave equations for a rectangular waveg-
uide with anisotropic permittivity.

I1l1. CONCLUSION

We write down the = and y components of the Maxwell’s
equations
VX E=—jwupH 27)

And
V x H = jweE (28)

Where € is a 3 x 3 symmetric matrix, given by,

€xx  €xy €xz
e=| € €y €y (29)

€rx  €zy €zz

We impose the condition that the fields depend on z as e/«*~7#
where v = a + j8, w, @ and 3 being the angular frequency,
the attenuation constant and the phase constant respectively.
Then result is a set of four linear algebraic equations for E.. ,
E, H,, Hyintermsof E,, H., E. ;, E. ,, H. , and H .
These are solved yielding E, , E,, H,, H, in terms of E.,
H. E.. E., H.,and H,,. These expressions are then
substituted into the =z components of the V x E and V x H
equations giving thereby a pair of second order coupled linear
partial differential equations for (E., H.). It is to be noted
that E, or H, can not be set to 0 because one of the pair of
equations so obtained may not be satisfied. This is in contrast
with the isotropic case.
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