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Partial Derivatives and Optimization Problem on
Time Scales

Francisco Miranda

Abstract—The optimization problem using time scales is studied.
Time scale is a model of time. The language of time scales seems to
be an ideal tool to unify the continuous-time and the discrete-time
theories. In this work we present necessary conditions for a solution
of an optimization problem on time scales. To obtain that result we
use properties and results of the partial diamond-alpha derivatives for
continuous-multivariable functions. These results are also presented
here.

Keywords—Lagrange multipliers, mathematical programming, op-
timization problem, time scales.

I. INTRODUCTION

HE calculus on time scales has been initiated by Aulbach

and Hilger in order to create a theory that can unify and
extend discrete and continuous analysis [1], [2]. One of the
main concepts of this theory that is very important to our work
is the diamond-alpha derivative, which is a generalization of
ordinary (time) derivative. If the time scale is the real set, we
get ordinary derivative. Many results of calculus on time scales
have been developed, particularly in partial differentiation
(see, e.g., [3]-[6]), where were studied properties of partial
delta and nabla derivatives and their applications. However,
there is no much information about partial diamond-alpha
derivatives and the few works that exist are limited to two
variables (see [7]). Our work gives us properties and results of
partial diamond-alpha derivatives for continuous-multivariable
functions with applications in the optimization problem on
time scales. The time scale systems are a powerful tool
in engineering and economics applications where both of
the discrete-time and continuous-time systems are used. The
unification of the discrete and continuous theories provides
a new perspective and easiness for modeling and solving
optimization problems on a general domain. There are very
studies related with the problems of the calculus of variations
on time scales, that is, functional optimization problems (see,
e.g, [8]-[14]). However, to the best of our knowledge, the
function optimization problems for continuous-multivariable
functions have not been seriously treated. In [15] the authors
presented results for the linear and the quadratic programming
using convex optimization. In the present work we obtain
necessary conditions for a solution of an optimization problem
on time scales for a general continuous-multivariable function.
This is a generalization of the classical Lagrange multipliers
method for continuous-time case. In addition it is also an
important result to be applied in optimal control problems on
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times scales, because with that result we can obtain necessary
conditions to optimal solution for a control system.

This paper is organized as follows. In Section II we
introduce the properties and results about partial diamond-
alpha derivatives for m-variable functions. The generalized
optimization problem and other important results on time
scales are given in Section III. In the same section to illustrate
the possibility of the developed techniques we consider an
example. In Section IV we present the conclusions and the
future work that we propose to do.

Throughout this paper we denote by N, Z, R, and Ra' the
set of positive integers, the set of integers, the set of real
numbers, and the set of nonnegative real numbers, respectively.
By R™ we denote the usual n-dimensional space of vectors
x = (x1,%2,...,2,), where 7; € R, i = 1,n. The inner
product of two vectors  and y in R™ is expressed by (z,y) =
T1Y1 + Tays + ... + T,yn. We denote by the symbol () the
empty set. The boundary of a set A C R” is defined as 0A =
{z eR": U(x)NAZ£DAU(x)N A° # (0}, where U(z) is
any neighborhood of the point z and A€ is the complementary
set of A.

II. PARTIAL DERIVATIVES ON TIME SCALES

This section is devoted to the extension of the differen-
tiability of continuous-multivariable functions to time scales
using the diamond-alpha notion. Let n € N be fixed. Denote
by T;, i = 1, n, a time scale, that is, a nonempty closed subset
of the real numbers R. Let us set

A,=T; xTyx...xT,
={t=(t1,t2,...,tn) 1 t; € Ty,i = 1,n}.

We call A,, an n-dimensional time scale and it is a subset of
the usual n-dimensional space R™. The set A,, is a complete
metric space with the metric d defined by

n 1/2
d(t,s) = (Z |t; — si|2> for t,s¢€ Ap.
i=1

Therefore, for a given number 6 > 0, the d-neighborhood
Us(t9) of a given point t° = (¢9,19,...,10) € A,, is the set
of all points t € A,, such that d(t°,¢) < §. For functions
f + A, — R we have the concepts of the limit, continuity,
and properties of continuous functions on general complete
metric spaces. Following standard one-dimensional concepts,
we can define jump operators for each time scale T;, i = 1, 7.
For t? € T;, the i-th forward jump operator o; : T; — T; is
defined by

max T; if

t? # max T;,
t? = max T;.

938



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:7, No:6, 2013

The i-th backward jump operator p; : T; — T; is defined by

(19) = sup{t; € Ty : t; <12} if ¢ #minT;,
PR min T; if 9 =minT;.

A point t° € A,, is called i-right-dense, i-right-scattered, i-
left-dense and i-left-scattered if o; (t?) =19, o (t?) > 9,
pi (t2) =2 and p; (t?) < t2, respectively. The corresponding
i-th forward graininess and i-th backward graininess functions
i i« T; — R, respectively, are defined by p;(t?) = o;(t?) —
19 and ,(19) = 19 — pi(12).

In order to define partial derivatives properly, we introduce
the following. If T; has a ¢-left-scattered maximum, then we
define (Tl)h = Tz \ maxTi, otherwise (T,)N = Tl If Tl
has a i-right-scattered minimum, then we define (T;),, = T; \
min T;, otherwise (T;), = T;. We also introduce

(A:,L)K = Tl X TQ X ... X Ti,1 X (T,)Fv X T71+1 X ... X T,”
(A;)K:Tl XT2 X...XTi_l X (Ti)RXTi+1 X ... XTn,
(An)r = (A" N (A

:Tl X’]TQ X ...XTi_l X (Tl): XTi+1 X...XTn,

(Ap)"™ = (T1)" x (T2)" x ... x (Tp)"~,
(An)k = (T1)k X (T2)k X ... X (Ty)x,
(An): = (An)lﬁ n (An)n = (T1)Z X (TQ): X X (Tn)g

For a function f defined on A,,, to provide a shorthand notation
we set

Fi(t) = f(ti,ta, . tic, 05(t) i1y - - -5 tn),
fP(t) = f(tr,ta, .o timy, pi(te) tiga, -+ oy ),
and
fzs(t) = f(t17t27 cee 7ti71787ti+17 s atn)

Definition 1 (cf. [3]): Let f : A,, — R be a function and let
t0 € (A%)*. Then define f2:(t") to be the number (provided
it exists) with the property that given any € > 0, there exists
a neighborhood Us(t9) = (t? — 6,9 +8) N'T; for § > 0 such
that

780 = f7 ()] = 2 (t0)oa(t]) — )] < eloa(t]) — ti]
for all t; € Us(tY). f2(t°) is called the partial delta
derivative of f at t9 with respect to the variable t; (partial
A;-derivative). Similarly, the partial nabla derivative of f
at t° € (A%), with respect to the variable t; (partial V;-
derivative), denoted by fVi(tY), is the number (provided it
exists) with the property that given any ¢ > 0, there exists a
neighborhood Us(t9) = (9 — 4, +6) N'T; for § > 0 such
that

LF74(E%) = 4] = ST pale]) - ] < elpit) — b

for all ¢; € Us(t?).
From the works [4]-[6] we have that f2i(t°) and fVi(tY)
are equal to

L ) ) )
ti—t? wi(t2, ;) ti—t? i (L9, t:) ’
ti#0i(t0) tiFpi(t])

(D

respectively, where 11;(t9,¢;) = 0;(t?) — ¢; and n;(t2,¢;) =
pi(t9) — t;. For n = 1 we obtain the one-dimensional time
scales delta and nabla derivatives

f LD =IO ) — £
t—t° o(t%) —t t—¢0 p(t%) —t
t#£0(t°) t#p(t%)

respectively, where o and p are forward jump operator and
backward jump operator, respectively. See [16], [17].
Similarly to the one-dimensional time scale Ay, [16], [17],
we obtain the partial delta and nabla derivatives of sums,
products, and quotients of functions that have partial delta and
nabla derivatives.
Theorem 1: If f g : A, — R have partial delta and nabla

derivatives at t° € (A?)" with respect to the variable ¢;, then

(6] f + g has partial delta and nabla derivatives at ¢°
with respect to the variable ¢;, and

(f + 92 (%) = f2 (%) + g™ (%),

(f+ 97V (%) = [V (%) + gV ().

(i)  For any constant ¢, cf has partial delta and nabla
derivatives at t° with respect to the variable t;, and

(e)2(t%) = ef (1),

(/)Y (t") = ef¥ (1)

(iii)  fg has partial delta and nabla derivatives at t° with
respect to the variable ¢;, and
(fg)2(t%) = f2(t)g(t°) + f7 (%)™ (1°)
= g () + g ()72 (),
(fg)¥i(t%) = [V (t)g(t) + £7:(t)g " (%)
= g% S () + 7 ()7 (1),
(iv)  If g(t°)g7 (t°) # 0 and g(t%)g” (t°) # 0, then f/g

has partial delta and nabla derivatives at t° with
respect to the variable ¢;, and

(f)“‘ (@) = £ — F10)g (1)
9 g(t%)g7: (%) ’

PN o FT)(0) — F(10)7 (1)
(5) ()= 9(®)g7 (1) '

Proof: Using Definition 1 we can prove these properties
similarly to the proofs for the one-dimensional time scales
presented in [16] and [17]. Another method to prove this, is
to use (1). Let us prove the first equality of (iii). The other
results are proved by the same way. If ¥ is i-right-dense, then
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we have

(f9)> () = lm

t;—t? 14 (ti 5 ti)
t;,;ﬁal(t?)
C f‘a‘i(to)go'l(to)_fiti(to)gfi(to)
ti—t? (L9, t)
tiFoi(t])
+ lim (f7(°) = 7 (t°) g™ (t°)
tﬁ;(f’i(z?)
A A
= lim 0 g(t")
t;—t0 i (ti ) tz)
tz#di(z?)
oi ($0) — ti 0
+ hmo Logf’()f‘”(to)
ti—t wi(t9,t:)
f/i#m‘(z?)

= fR(E0)g(t%) + 7 ()9 (1),
because
oi (+0Y tL 0
ti—t? i (19, t5)
tiFoi(t])
tO _ t1 tO
o 90— gt ()

ti—+t2 i (t9, i)
tifoi(t?)

and f(t°) = fo:(¢°). If 9 is i-right-scattered, then we have

(fg)Ai (tO) _ lim (fg)ai (to) B (fg)Ll (to)

t—t0 1 (2, 1)
tliaz(t?)
e fzrl (to)g‘” (tO) _ f:i(to)gfz (tO)
tirt? i (t9 1)
titoi(t))

b g 9 =6 (#)

o; (40N _ £t 40

tiFo (7))
_ lim fgi (to) B fzt1 (to)g(tO)
ti—t? wi(t9,t;)
tiFoi(t])
) gzn (tO) _ g?z‘ (tO) o
1 e A Y (7
L R v R A
ti£o;(t9)
= FR()9(t0) + F(10)g™ (1),
because
90 =g (@) _ gt —g() _
ti—t? (9, i) i (89, 1)
titoi(t])

]

Definition 2: Let f : A, — R be a function and let t° €

(A%)%. Then define f©=i(t) to be the number (provided it

exists) with the property that given any € > 0, there exists a

neighborhood Us(t9) = (¢9 — §,t? + 6) N'T; for § > 0 such
that

a7 (t%) = £ ()i (8, t3) + (1= ) [F7 (t°) = £ (°)]

)i (t9,t:) — FOr ) s (89, ta)mi (87, 3)|

for all t; € Us(tY). fC«i (t°) is called the partial diamond-c;
derivative of f at t9 with respect to the variable t; (partial
O o, -derivative).

Easily, using the same process that Rogers Jr. and Sheng
used for one-dimension case in [18], we obtain that the partial
diamond-«; derivative is well-defined.

Now, we define the partial <, -derivative in relation to the
partial A;-derivative and partial V;-derivative.

Theorem 2: Let 0 < o; < 1, i =1,n. If f has both partial
A;-derivative and partial V;-derivative at t® € (A,,)%, then f
has partial <, -derivative at ¢° and

£ = auf () 4 (1= ().

Proof: The proof mimics the one given in [18] for
the one-dimensional time scales. Assume that f2:(¢°) and
FYVi(t9) exist at t° € (A%)%. Then, for all ¢ > 0, there exists

a neighborhood Us, (t9) = (¢ — 61,t) + §1) N'T; for §; > 0
such that

L7 (E%) = £ ()] = 2 () (8, 0)| < elpa(#, )]

for all t; € Us, (t9) and there exists a neighborhood Us, (t7) =
(t? — 62,19 + 82) N'T; for d > 0 such that

F25(E0) = f7 (0] = £V @) )] < elma(e?, 1))
for all t; € Us, (t9). Then, for all t; € Us, (t9), we get
o[£ (8%) = S s8] 83) — i f 2 (Va8 1) (8] )|

< azelpi (87, ti)ni (82,1

and, for all ¢; € Us, (t?), we obtain

(1= aq)[f7(t%) = fi ()82, 1)

—(1 = i) fY () (8] t)mi (7, 83)|

< (1= aq)elpi (8, t)mi (29, i)

Thus, for all ¢; € Us, (t?) N Us, (t9), we have
laa[F7(t%) = fi(@)n(e ) + (L= aa) [f7 (%) = £ (%))
)t ti) = laa fA () + (1= ) fY ()] (e, ti)n (19, 1)

< o[£ () = £ () mi(t, 1)

—ai A () i (19, ti)mi (2], 1)

(1 = ) [FP () = 1) (8, 1)

(L= i) fY () i (10, t)mi (£, 1)
< ae s (89, t)mi (19, t0) | + (1 — o )elpa (87, ta)mi (9, )|
= e|pi(td, ti)mi (), t)].

Therefore f<«i (t9) exists and
FO(t%) = o fA (%) + (1 — ) £V (°).

]
Remark 1: 1t is clear that f©: (t°) reduces to f2(t°) for
a; =1 and fVi(t°) for a; = 0.
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From Definition 2, Theorem 1 and Theorem 2 we obtain
the following properties.

Theorem 3: If f,g : A, — R have partial diamond-o;
derivative at t° € (A%)” with respect to the variable t;, then

@) f + ¢ has partial diamond-c; derivative at t° with
respect to the variable ¢;, and

(f +9) %= (t%) = O (%) + g% (1°).

(i)  For any constant ¢, cf has partial diamond-c«; deriva-
tive at t° with respect to the variable ¢;, and

(cf) e (t%) = cf =i (%)

(iii) fg has partial diamond-c; derivative at t with
respect to the variable ¢;, and

(fg)%=i (%) = [ (°)g(t") + a7 (t°)g™ (°)
(1 = ap) 1 (t)g " ().

Gv) If g(t%)g?:(t%)g” (t°) # 0, then f/g has partial
diamond-c; derivative at t° with respect to the vari-
able t¢;, and

<f> (1) = £ E)g7 ()9 (1)
g g(t0)g7: ()P (%)
ai f7H(°)g" (t°)g% (t°)
g(t0)g7 (t%)gr+ (%)

(L= a7 ()97 ()97 (1)
g(t%)g7: (%) g7+ (%) '

Definition 3: Suppose that there exist partial < -
derivatives at t° € (A,) for all 4 = T,n. The diamond-a
gradient of a function f : A,, — R at point t° € (Ap)f is the
vector whose coordinates are equal to partial <, -derivatives
at t° for i = 1,n. We denoted it by

Oaf(t%) = (FOr(1%), fO2(1%), ..., fOn (17)).

The delta and nabla gradients of f at t°, denoted by Af(t9)
and V f(t°), respectively, are defined equivalently.

III. OPTIMIZATION PROBLEM ON TIME SCALES

In this section we present the main result. Similarly to
definition of continuity on time scales to the one-dimensional
case we obtain the following.

Definition 4: A function f : A,, — R is continuous at t° if
for all £ > 0 there is some § > 0 such that | f (t) — f ()| < ¢
whenever d(t,t) < 6, t € A,,. We say that the function f is
continuous on A,, if it is continuous for all t° € A,, and we
write f € C(A,,R).

Suppose that max{d(t) : t € A,,} = oo, where

" 1/2
()= (ZMQ) :

Consider an optimization problem on time scales

f(t) = min,
gj(t) =0, j=1m,

(@)

where f: A, = R, gj: Ay > R, j=1,m, hy : A, = R,
k = 1,1, are continuous and have partial <,,-derivatives, ¢ =
1,n, for all t € A,,.

Definition 5: A point t* € A,, is a local solution to problem
(2) if there exists € > 0 such that for all ¢ that verifies the
conditions d2(t,t*) < e, g;(¢t) = 0, 5 = I,m, hi(t) <0,
k=1,1, we have f(t) > f(t*).

Lemma 1: Let X C A, be aclosedsetandlet f: A, = R
be a continuous function that verifies

lim f(t) = +o0.
d(t)—o0
tEAn
Then there exists t* € X such that f(t*) < f(¢) forall t € X.
Proof: In order to prove that result we need an auxiliary

function which extends f to [];-, [minT;, max T;],
fe H[minTi,maXTi] - R,
i=1

defined as
teA,,

gt) if teX!

for some [ € I, with I C N and #' a point i-right-scattered for
some ¢ = 1,n, where

foy= {103

i=1 i=1
i (t)#t} oi(th)=t;
g(t) is a continuous function on X,
lim g(t) = f(f) < g(t), feX'NA,, 3)
t—1

tex!

and [] is the cartesian product. By continuity of f and
by definition of f we deduce that f is continuous on
[T, [minT;, max T;]. We have also that

li f(t)= 1 :
d(t;riloo f( ) d(t%rj)loc f( ) oo
te[];—, [min T;,max T;] teA,

Consider X; C T; such that X = H?:l X;. Since X is closed
then there exist min X; and max X;, i = 1,n. As a direct
consequence of the Weierstrass theorem for the continuous-
time case, there exists * € X = [["_, [min X;, max X;] such
that f(t*) < f(t) for all t € X. See, e.g., [19].

_ Suppose that t* ¢ X. Then there is an [* € I C N such that
f(t*) = g(t*) for t* € XV, By (3) we have g(t*) > f(f f), t
XY N A,, and f(t*) > f({) = f(f) that is a contradlctlon.
Thus t* € X and f(t*) < f(t), t € X. This implies that
f*) < f(t) forall t € X. |

Definition 6: A function f : A,, — R has a local extremum
at t* € (A,,)% if there is a neighborhood U (¢*) of the point
t* such that either f(¢) > f(t*) or f(t) < f(¢*) for all t €
U(t*). For the case f(t) > f(t*), the image of ¢* by f is
defined by local minimum. For another case, f(t) < f(t*),
f(t*) is defined by local maximum.

Lemma 2: Suppose that a function f : A,, — R assumes
its local extremum at t* € (A,,)% and f has partial A; and
V;-derivatives at t*. Then, there exist a; € [0,1], i = 1,n,
such that O, f(t*) = 0.
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Proof: We prove this result for a local minimum. The
proof for a local maximum is done to a similar way. Suppose
that f assumes its local minimum at t* € (A,)%. Using (1) we
obtain f2i(+*) > 0and fVi(t*) <0,i=1,n. If f2(t*) =0
or fVi(t*) = 0, then we put o; = 1 or o; = 0, respectively.
If f2(+*) > 0 and fVi(t*) < 0 we make

fYite) — fRa(t)

Since fVi(t*) — f2i(t*) < 0 and f2i(t*) — fYVi(t*) >

—f V'i(t*) we have that 0 < a; < 1 and we obtain the result.
|

oy =

We can see that result for one-dimensional case in [20].
Let a € R be a number. By a; we denote the max{0,a}

and we take
. allal if az#0,
sign(a) = {0/‘ | if a . 0.

Now, we present the main result that consists to obtain
necessary conditions for a solution of problem (2).

Theorem 4: Let t* be a local solution of problem (2). Then
there exist \ € ]RO , uj = sign(g;(t))a;, a; € RY, 7 =1,m,
VkERO,kfl I, and o; € [0,1], ¢ = 1, n, such that

1.

ACaf (") + (1, Cag(t)) + (v, Cah(t™)) = 0, (4)
2. -
vehie(t*) =0, k=1, 5)
3. . .
N4> Y v #0, ()
j= =1
where
= (1, 2y -y i), V= (vi,va,...,1),
Cag(t’) = (Cagr(t’), aga(t’), ..., Cagm(t?)),
and
Coh(t™) = (Oah1(t"), Oqha(th), ..., Oahy(th)).

roof: Set v < f(t*) and )\”7;1;7,1/,2 €ER, j=1m,
k = 1,1. Consider the functions

++Zu]gj

D(t,y) =N(f

Z Z/th

and
F(t,v)

o(t,7) +sz i

where p; : T; — R are continuous functions such that
pilti) > (ti—t7)%, ti e T\ {t]},
pi(t;) =0,
and
< p; (1) < ailaa ) (s — 1)
for functions ¢; of [0,1] x T; into R and i = 1,n. If A7 > 0,

[
nj = sign(g;(t))aj, aj > 0, and v} > 0, then we have

®(t,y) >0 for all t € A,, and F(t,7) = +oo if d(t) — oc.
From Lemma 1 we get that F'(¢,~) has a global minimum at
a point ¢”. Since the functions f : A, = R, g; : A, = R and

&+ A — R have partial ©,-derivatives, ¢ = 1,n, for all
t € A, from (i)-(ii) of Theorem 3 we have that ®(¢,+) has
also partial <, -derivatives for all ¢ € A,,. Then F'(¢,) has
also partial <, -derivatives for all ¢ € A,, and from Lemma
2 there exist o; € [0,1], ¢ = 1, n, such that O, F (7, ) = 0.
From (i)-(ii) of Theorem 3 we obtain

N O f(t) +Z” g (tT +Zug<> hi(t) = 0. (7)

Jj=1

Set v = bl hy(t")4, b] >0,k =1,1, and v T f(t*). Without
loss of generahty we con31der that AV — A, ,uj — W, that is,
a — aj, and Vk — V. Since

S E(t"7) = X(f(t7) =)

we have {7 — t*. Therefore, passing to the limit in (7) we
obtain (4) and we have (5) because if hg(¢t*) < 0 then v, = 0.
The condition (6) is very important, because otherwise the
condition (4) is always verified. |

Remark 2: If optimization problem (2) has not any restric-
tions, the Theorem 4 becomes into Lemma 2. If A,, = R",
then O (1) = Vif (1), Cagi(t') = Vig;(t). j = Lm,
and O hg(t*) = Vihg (%), k = 1,1, where V; represents the
classical gradient in R™ with respect to the variable ¢, and
we obtain the classical conditions of the Lagrange multipliers
rule. See, e.g., [19].

Example 1: Consider the optimization problem

2 + 2 +t2 — min,
t +ta =1, ®)
tQ S 07

on time scale A3 = Z X Z x Z. Since

A8+ 13 +13) = (2t + 1,25 + 1,2t3 + 1),

V(242 412) = (2t1 — 1,2ty — 1,25 — 1),

A(tl +to — 1) = V(tl + 1o — 1) = (1, 1,0),
Aty = Vi, = (0,1,0),
by (4) we obtain
Qtl + 26(1 -1 1 0 0
A 2t +2a9 — 1 +u 1 +v|1 = 0 s
2ts + 203 — 1 0 0 0

where A > 0, u = sign(t; + to — 1)a, a > 0, v > 0, and
a; €[0,1], ¢ = 1,3. Set A = 0. Thus we obtain p = v = 0.
This contradicts the condition (6). Then we can choose A = 1.
We obtain

1—-201 —p

h=—"%
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1-20y —p—v
="y

and

o 1-— 20{3

-—

Since a3 € [0, 1], we get t3 € [—1/2,1/2]. Then we obtain
ts = 0 because t3 € Z. If v = 0 we have

t3

ty = 1—200 —p
2
and by the first restriction of problem (8) we obtain 1 =
—a1 — a. First, we make = 0. We obtain a; = —ae. That
implies
oo 1200 g, = 1202

2

Since we also have as € [0,1], we obtain ¢; € [1/2,3/2]
and to € [—1/2,1/2]. Then we get the critical point (1,0, 0).
Now, put 1 # 0. We obtain ¢ =0 and t2 =1 or t; = 1 and
to = 0. The first case contradicts the last restriction of (8) and
the second case is the same critical point (1,0, 0). Consider
v > (0. By condition (5) we get

1-200 —pu—v
b=

If =0, we obtain v = 1 — 2a5 and

1-— 20{]_
h=—p—.
Thus we have t; = to = t3 = 0 that contradicts the first
restriction of (8). Finally, taking p # 0 and using again the
first restriction of (8) we obtain the same critical point (1,0, 0).
Therefore, the image of the point (1,0,0) is the only local
extremum. Since the function f(t1,t2,t3) = 2 +t3 +t2 tends
to infinity when d((¢1,t2,t3)) tends to infinity, from Lemma
1 we have that f(1,0,0) is the global minimum.

=0.

IV. CONCLUSION

In this work we obtained necessary conditions for a so-
Iution of an optimization problem on time scales that are
a generalization of the results to the discrete and continu-
ous cases. The obtained result allows to solve optimization
problems on mixed domains. We also obtained important
properties and results about partial diamond-alpha derivatives
of continuous-multivariable functions. We presented the pro-
perties of the partial delta, nabla and diamond-alpha deriva-
tives of an n-dimensional function. We defined continuity to
an n-dimensional function, local extremum, local minimum
and local maximum, and we presented conditions to local
extremum. Based on this work, it is possible to obtain results
about necessary conditions for a solution of an optimal control
problem on time scales. That will be our future work.
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