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Flow acoustics in solid-fluid structures

Morten Willatzen and Mikhail Vladimirovich Deryabin

Abstract—The governing two-dimensional equations of a het-
erogeneous material composed of a fluid (allowed to flow in the
absence of acoustic excitations) and a crystalline piezoelectric cubic
solid stacked one-dimensionally (along the z direction) are derived
and specia emphasis is given to the discussion of acoustic group
velocity for the structure as a function of the wavenumber component
perpendicular to the stacking direction (being the z axis). Variations
in physical parameters with y are neglected assuming infinite material
homogeneity along the y direction and the flow velocity is assumed
to be directed along the = direction. In the first part of the paper,
the governing set of differential equations are derived as well as the
imposed boundary conditions. Solutions are provided using Hamil-
ton’s equations for the wavenumber vs. frequency as a function of the
number and thickness of solid layers and fluid layers in cases with
and without flow (also the case of a position-dependent flow in the
fluid layer is considered). In the first part of the paper, emphasis is
given to the small-frequency case. Boundary conditions at the bottom
and top parts of the full structure are left unspecified in the general
solution but examples are provided for the case where these are
subject to rigid-wall conditions (Neumann boundary conditions in the
acoustic pressure). In the second part of the paper, emphasis is given
to the general case of larger frequencies and wavenumber-frequency
bandstructure formation. A wavenumber condition for an arbitrary
set of consecutive solid and fluid layers, involving four propagating
waves in each solid region, is obtained again using the monodromy
matrix method. Case examples are finally discussed.

Keywords—Flow, acoustics, solid-fluid structures, periodicity.

I. INTRODUCTION

N previous papers on acoustic propagation in periodic

composition of fluid layers[1], [2], [3], [5], [4], [6], [7]. [8],
the phenomena of obtaining effective reduction in the group
velocity (below the individual material sound speeds) are
discussed and implications for sound-beam focusing, acoustic
surgery, and flow measurement presented [9], [10], [11], [6].
In recent works by the authors, results for wavenumber-
frequency relations in a finite set of alternating layers of two
fluid materials allowing for fluid flows are presented along
with discussions of acoustic stability properties. Using the
monodromy matrix method analytical results can be obtained
for the effective group velocity even in the presence of a
fluid flow. In the present work, we extend the analysis to
include the practically more relevant case with a finite set
of aternating layers of solid and fluid layers (with a possible
flow in the fluid layer). The thickness of each solid and fluid
layer can be arbitrary as well as the flow-velocity dependence
on position in the fluid layer. The solid materials are as-
sumed to be cubic piezoelectric crystals including the simpler
case of isotropic solids. Firstly, the general set of governing
differential equations, interface, and boundary conditions is
derived for the case of small frequencies. A single equation
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describing the dependence of the group velocity on the number
and thicknesss of structure consisting of N solid layers and
M fluid layers as well as the flow velocity is obtained. It is
shown that a cut-off thickness of the fluid layer relative to
the solid layer thickness exists for a set of complete solid
and fluid layers N = M below which evanescent waves
corresponding to imaginary group velocities are solutions and
above which usual travelling waves can propagate. Near this
cut-off thickness, changes in the group velocity with flow
velocity are significantly amplified if the (tangentia) flow
velocity at the interface between the fluid and solid layers
is nonzero.

In the second part of the paper, discussions are extended
to account for the case of larger frequencies. Based on a
monodromy matrix method, a wavenumber relation is obtained
for aset of NV solid layersand M fluid layers. In particular, it
is shown that four waves can generally propagate in the solid
layer. A case study for wavenumber-frequency bandstructure
formation is discussed.

Il. THEORY

In this section, a derivation of the governing differentia
equations for a structure composed of layers of a solid and
a fluid is presented. Interface conditions are derived in the
presence of a fluid flow along with boundary conditions
imposed. A Hamiltonian method is used to obtain an equation
for the group velocity at small frequencies for a structure with
a finite number and varying thicknesss of solid and (moving)
fluid layers. In the second part, the derivation is extended to
account for general frequencies and solid-fluid in alternatingly
stacked structures by use of the monodromy matrix method.

A. Solid layer

In the following, we consider a system composed of two
materials A and B, where A is a solid layer and B is a fluid
layer. The fluid layer is allowed to move, albeit at constant
velocity in time, i.e., steady-state flow, in the absence of sound
excitation. We do not, unless explicitly stated, assume that the
full structure is composed by alternatingly stacking material
layers A and B (i.e., local periodicity is not necessary). In the
Cartesian coordinate system (z,y, z), we take z as the direc-
tion of material inhomogeneity, see Figure 1. Furthermore, we
assume monofrequency acoustic excitation, i.e., all dynamic
variables vary as exp(iwt) with w the frequency and ¢ is time.

The Navier's equations representing the acoustic equations
for the solid A read:

6T,¢j
(95(/‘]'

with T35, x;, pa, and u; the stress tensor, the spatial coordi-
nates [(z1, z2,23) = (z,y, z)], the mass density of material

= _pAUJQ’U,,‘, 1= 17 23 37 (1)
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A, and the displacement components, respectively. Repeated
indices are to be summed over (Einstein notation). The stress
tensor relates to the strain tensor S;; according to Hooke's
law in addition to piezoelectric effects accounting for the
crystaline nature of material A. In other words:

Tij = cijtiSk — €iju L, 2
Ou; ou

Sij = % (gzj + OIZ) ’ (3)
where c¢;j1; is the stiffness tensor components alowed by
crystal symmetry, e;;;; is the piezoelectric e tensor, and Ej
is the k’th component of the electric field. Finaly, we must

include the Poisson equation:
oD;
03:1-
where D; is the electric displacement and py.. is the free-

carrier charge density supplemented by the congtitutive rela-
tion:

= Pfrees (4)

D; =€ E; + eijiSjk, ©)

with €;; the permittivity tensor.

In order to simplify the above system, we will analyze
cases where the material-system dimensions in the x and
y directions are much larger than along the z direction.
This alows for considering the well-known (infinite-plate)
capacitor conditions, i.e., the €electric field and the electric
displacement point along the z direction:

E, =Ey;=0, (6)
D1 = D2 =0. (7)

Considering also that no free electrical charges are present in
the system, Equation (4) simplifies to:

0D
= 0. 8
92 0 ®
Employing the constitutive relation [Equation (5)] then gives:
OE3 ey 05,
9z  em 0z ©

If, as is usually the case, the fluid is an insulator, electric
currents cannot move through the system. At ultrasonic fre-
guencies the important contribution to the electric current is
the displacement current being proportional to the electric
displacement. Thus, we may simplify further and require

which by use of Equation (5) allows for augmenting the
electric field in terms of the strain coefficients:

By =-%utg, (11)
Employing Equations (11), (2) in Equation (1) yields
(Cijkl + M) % — _,OAUJQUZ', (12)
€33 ail'j

which upon combining with the strain definition in terms
of (elastic) displacements are three second-order differential
equations in the (elastic) displacements. Notice that the effect

of piezoelectricity is simply to alter the effective stiffness from
Cijkl to Cijkl + @

In order to obtain specific equations, information about the
crystal symmetry of material A is necessary. Consider material
A to be a zinc-blende crystal (cubic, piezoelectric crystal due
to lack of inversion symmetry). We have aso assumed that
our variables do not depend on y. The three Navier equations
[Equation (12)] become:

82u1 621L3 (’44 0 8u1 (r“)U3 2
gt g 3 g (52t g ) = et (69
2 2 2

Cay €4 0%uy  O0%us _ 9
< 5 + 2633) (8372 + 92 ) = —paw-uy, (14)
82 8 uy Cqq 0 8u1 8U3 2
N et STt 20 I 1
g g 281‘(62 81’) paw-us; (19)

following the contracted tensor notation used in, eg.,

Ref. [12]. If materid A is an isotropic solid, the above

equations simplify to

011%%2 + 61288 gg . ;(312 % (% + %) = —paw?ui, (16)
c11 ;(112 <a;;422 8;:;) = —paw’uy, (17)

011%%2 . (»1222;1 c11 2012 % (% + %) = —paw?us, (18)

since piezoelectric coefficients are zero and cuy = (c11 —
c12)/2 in the case of isotropic solids. Note that the form of
the above system of differential equationsis the same for zinc-
blende and isotropic crystals.

Observe that the approximations made lead to decoupling
of us fromthe uy, us (elastic) displacement componentsin the
case with zinc-blende crystal symmetry (and of course also for
isotropic crystals). The above eguations can be further simpli-
fied due to the material homogeneity along the x direction.
This fact alows us to search for solutions in the form:

Ou; .
9 i0u;.

Parameter 3 will be referred to as a wavenumber.

Observe that the approximations made lead to decoupling
of us fromthe uy, us (elastic) displacement componentsin the
case with zincblende crystal symmetry (and of course also for
isotropic crystals). The above equations can be further sim-
plified due to the material homogeneity along the = direction.
This fact alows us to search for solutions in the form:

081: = iﬁiti.
Parameter 3 will be referred to as a wavenumber.

Insertion of Equation (20) in Equation (13)-(15) leads to
(for zincblende crystal 9):

(19)

(20)

caq O [Ou
—B%crius +Zﬂc12 8 4 %@ ( Ep ! +lﬂus) = —pawuy, (21)
c 0%u
-3 <% + 2:343) up + W; = —pawus, (22)

82
Uy +lﬁc12 8 -+ % i3 (7 +zﬁu3) = —paw?us, (23)
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while for isotropic solids:

Ous: - o (0
7ﬁ2011U1 + ’iﬁqz% + %a (% + zﬁu3>
= —paw’uy, (24)
e —cz  Pup
Z 4 2 + 022

= —paw’uz, (25)
?ug . Oouy cnn—cia.,(Our .
611—8‘22 + 2/3’6125 + 1 i3 (E + L[)’ug) =
—paw’us. (26)

Remark. Thisisin fact a real-valued system of equations:
to see it, one has to denote iu; = wy, i.e., to consider real-
valued u3 and imaginary u. This choice of notation is natural,
and we shall see that when we couple two layers together: for
purely imaginary w1, the pressure p in layer B is area-valued
function (cf. relation (46) below).

B. Fluid layer

For the fluid layer B, the governing non-viscous equations
read:

9pB +9sv) _

Ot ij - I (27)
8Ui Ov; __ 1 9p 28
o0 TVits = o5 0w (28)

where v; isthe ¢’th component of the fluid particle velocity, pp
is the mass density of material B, and p is the fluid pressure.

We assume that the background flow is stationary, with the
velocity

Vo = ('U(),0,0), P = Po, (29)

We linearize Equations (28) in the neighbourhood of the

stationary flow (29), making use of the following assumption:

po = const (while the background velocity v, needs not

to be constant). From now on, we replace v,p and pp by

v + vo,p + po and p + po respectively, and consider the

parameters v, p and p being small acoustic perturbations.
Using the isentropic condition

p=cp, (30)
and the monofrequency condition:

9
ot
the linearized equations for the acoustic flow become

P = Do,

= tw,

iw vo Op Oovy  Ovy  Oug
2P 2, O(8x+8y+8z>

1wu1 + v %+v %Jrf) %—,ia_p
(WU 081' 283/ 382_ poax’
. 81)2 1 8])

I 31

WU + Vg oz % ay ( )
W3 + % ,i@
3 08 poaz’

see Ref. [8] for details.

Next, we are looking for solutions in the B-layer in the
same monofrequent form as above for the layer A (keeping
the assumption that there is no y-dependence):

g P —iv. (32
As above, we assume that the functions pg and vy do not
depend on y, and we assume that the pressure p does not
depend on y either. Substituting relations (32) into equations
(31), we get the following expression for the pressure p, cf.
Ref. [8]:

2(; @) (; o
0z \ po(w + Bug)? 0z cpo  po(w + Bug)?

C. Coupling

The above set equations in layer A and B constitutes the
full differential-equation framework. In order to complete
the model, we need to describe the interface and boundary
conditions. Notice that, in the layer A we have (actually) two
second-order equationsfor «; and ug, while in the layer B we
have one second-order equation for the pressure p. To solve the
whole system, we have to know the relations between uy, us
and p and their derivatives at the A — B boundary.

At interfaces between materials A and B we require that the
shear stresses are zero (since material B is considered an ideal,
non-viscous fluid and stresses are continuous everywhere
through the full structure). We also impose continuity of the
normal stresses (pressure), i.e.,

Tis =T =0, a A — B interfaces, (34)
Ts55 = p, a A — B interfaces. (35)

Finaly, we impose continuity of normal particle velocity at

A — B interfaces:
iwus = vs, a A — B interfaces. (36)

For the full-structure end-point boundary conditions [at z =
zr, and z = zg], we will consider:

Pinput = T33(2 = 2L), (37)

Ti3(z =z1) = Tas(z = 2z1) = 0, (38)
usz(z = zg) =0, (39)

Ti3(z = zg) = To3(2 = zr) = 0, (40)

where p;np 1S assumed to be a known input pressure acting
on the structure at z = zr,, while the other end of the structure
[at z = zR] isrigid. Both ends are not subject to shear stresses.

Expressionsfor the stress components T’y 3, T3, T33 in terms
of displacements are needed when imposing the boundary
conditions listed in Equations (34)-(40):

N Cyqq 8u1 3U3
T13_2(8z+8x>’ “D)
c44 Oug

Tog = ——-, 42
b=y o (42)
0 0
T33 = C12% + Cug (43)

We notice also that e33 for a cubic crystal (and for isotropic
crystals) equals €.

)p —0. (3

405



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:2, No:7, 2008

Due to Equation (31), we get
. . 1 0p
L=—— 44
(tw + ifvg)v 0 02 (44)
As v, = iwus (the continuity of the norma velocity at the
A — B interface), we get:

1 dp

o ) __1lop 45
iw(iw + iBvg)us 002 (45)
Applying relation Ts3 = p on the interface, we get:
. ou:
c12ifu1 + c11 % =Dp- (46)
z
As T3 = 0 on the interface, we have:
L iBuy = 0. (47)
0z

Conditions (45)-(47) are enough to solve completely our
system. Indeed, let p and dp/0z be given at the beginning of
alayer A, i.e, if this layer is given by relation z € [z, z7],
then p and its derivative are given a z = z7'. In order to find
the pressure and its derivative at z = 27, we solve system
(21)-(23) [or (24)-(26)] subject to the boundary conditions
above. At z = 27, conditions (45)-(47) must be satisfied
while Equation (47) applies at z = z%. Thus, four boundary
conditions are given which uniquely define the solution of
system (21)-(23). Next, at z = 25, we use relations (45, 47)so
as to determine p and dp/dz. Notice that the mapping

p7 ap/az‘zzzf _>p7 ap/azlzzzg

is linear, and one can find the monodromy matrix for this sys-
tem. We then solve Equation (33) with these initial conditions
a2z = zﬁ, and so on. Thus, the above set of equations is
solved following a procedure similar to the one presented in
Refs. [7], [8].

Remark. Notice that formaly, we have systems of dif-
ferent dimensions in layers A and B: A four-dimensional
system in A (two second-order differential equations) and
a two-dimensional system in B (two first-order differentia
equations). The complete system is however well-defined by
the conditions at the boundaries between layers A and B as
mentioned above.

[11. GROUP VELOCITY

The group velocity for our composite media is defined by
8w|
Cqg = 750

9 a/@
see Ref. [6]. In this section, we only consider the group
velocity in the case where w tends to zero as 3 tends to zero.
To determine the function w(3), one has to solve the whole
system with the boundary conditions at z = z;, and z = zg.

We first rewrite Equation (33) in the following form. We
introduce the variable

(49)

1 dp

SR —— 49
9 po(w + Bug)? Iz (49)
Equation (33) now becomes
g=-E y_ o (50)

op oq’

which are Hamilton's equations, where ()’ = 9/9z, and the
Hamiltonian equals

1

Hm®:2

(Po(w + Bvo)?q® + (L -
cpo po(w + Bug

To find the derivative dw/90, the following trick is used.
We substitute w = ¢,8 + O(5?) into the full system of
equations, tend 5 — 0, and then write down the solution
to these equations — instead of first solving the equations,
and then tending 8 — 0. This is a correct operation, as
the equations depend regularly on j3: the right-hand side of
Equations (50) tends to a finite limit as 5 — 0, w — 0,
w/B — ¢4, and so do Equations (21)-(23) [or (24)-(26)]
and the boundary conditions (45).(47). Thus, by Poincar€'s
theorem, on any bounded interval, the solution to Hamilton's
equations for 8 — 0, w — 0, w/B — ¢, tends to the solution
a3=0,w=0,w/8=c, Notice that in this limit case, the
group velocity coincides with the phase velocity ¢, = w/g.

Remark. Observethat, as 3,w — 0, Equation (33) becomes
singular. This has apparently been the reason for numerical
inaccuracies in solving Equation (33) in Ref. [6]. As we have
shown, the singularity is removed by passing to Hamiltonian
equations.

In the A layer, we get from Equations (21)-(23) the follow-
ing system of equations as w, 3 — 0

(921141 6211,3
52 =0 g2 = 0. (52)
In the B layer, we have from Equation (49)-(50)
1 /1 1
=0, ’:7_(_77) . 53
p q p() CQB (Cg + U0)2 p ( )

The boundary conditions are:

%:0, u3:<1+@>q, 011%:17. (54
z Cq 0z
System (52, 53, 54) can be readily solved. Let the n-th A— B
layer startat z = 27 andend at z = 24" (the n-th sub-layer A
isgiven by z € [z7%, 1], and the n-th sub-layer B is given by
z € [z, 25T]). We also assume that the background velocity
vp may depend on z, however, the values of the velocity on
the interfaces of A — B-layersvy(z7}), vo(2%) are al the same
and equal v4, g (for example, a natural assumption could be
VA,B = 0)

The pressure p equals the same constant in each B layer:
p = po, While the transformation of ¢ after the passage through
one A — B layer is given by

Ll
Po /A 1 1 .
; =Qq, — — —_—— z
dn+1 qn 00 o C2B (Cg+UO)2

Po
+———— (2% — 2%). 55

Cll(l + UA,B/Cg)( B A) ( )

Relation (55) alows the value of the group velocity ¢, to
be found. Suppose that the whole domain consists of N A
layers and M B layers of thickness L, (i =1,2,...,N) and
LY (j = 1,2,...,M), respectively (clearly, [M — N| < 1),

E >p2) . (51)
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and that ¢ should be zero when z = z;, and z = zp (rigid
embedding walls). Then, from Equation (55) we get:

Z 1+UAB/cg)

g

where L), = zi — 2% and Lg = 2" — 21, The above
expression is remarkably simple and general. It applies readily
for an arbitrary number of layers and arbitrary individual layer
thickness.

If vo = const = va,p, then (56) is a quadratic equation for
¢q, and the solution can be easily found explicitly. First, we
rewrite Equation (56) in the following form:

N i
cg(cngvo)ZL—“‘—i (M—QZUBJ (57)

c c
=1 1L Po B i=1

J+1

Ly [ (4

leB

(here we have assumed that ¢, # —vg). The solution to
Equation (57) is given by:

—Ay £ /AT AAs -
A )

Cg:

provided A; # 0, where we have denoted

AIZZU : ZLJ

T Cu POCB
N M
2’00
2A2 =9 E —_— — E LJ
(’11 OCB

=— Z L. (59)
po i

One can readily see that, with vy being flxed the group
velocity is a function of the ratio ZN L /Z L only,
and does not depend on the number or precise dlstrlbution of
layers.

Expression (56) simplifies for M = N (provided al layers
are identical):

L 1 (ks /1 1
La __/ (T—ig)dz:& (60)
ern(l+vas/eg)  poto ¢ (cg+ o)

When the layers are identical, except for some fixed number
of layers (for example, the first one and the last one are not
complete, or there is some local irregularity in the middle of
the structure), Equation (57) provides the asymptotics of the
group velocity when the number of layers N tends to infinity
for arbitrary bounded boundary conditions. Indeed, let the
"pressure gradient” ¢ be bounded on both sides of the domain,
and let N be the number of A — B layers. Then, the increase
of ¢ should be of order 1/N over each A — B-layer.
Remark. Strictly speaking, we have only shown that the
equation for the group velocity for a finite number of layers
tends to a similar equation for infinite number of layers. In
principle, the solutions may behave differently. For example,
we must be careful whenever Equation (59) has degenerate

solutions. For example, in the case with A; = 0, only
one solution exists for ¢, but the number of distinct group
velocities is not one as the number of layers approaches
infinity.

IV. DISPERSION RELATIONS

As noted above, the system of Equations (23), (50), and (51)
with boundary conditions (45-(47) can be solved explicitly. We
may use the monodromy matrix (for the mapping of p and ¢
across an A — B block) to find al possible (w, 3) solutions,
i.e, not only those for which 5,w — 0 for the case with
aternatingly stacked A and B layers.

To find the monodromy matrix, we only need to find
the mapping over the A-layer, which we assume to the the
isotropic solid. The governing egquations are:

2
c11 — c12 07wy

+ (/)AW2 - 011[7)2)“)1 -

4 0z2
0
(5012 + 5 > ;3 =0,
z
? c11 —
Cll_a:; + (PAW2 - 1 a2 [32) uz +
19}
(5612 rp e ) awl =0. (61)
z

Integration of this system (knovvn in classical mechanics, as a
system with gyroscopic forces) is performed in the standard
way, see, eg., [13]. First, we make the following notations:
we omit indices of w and u, denote by ' = 9/9z, and denote

A= 20127 By = paw® —enf?,
C = Beia + ﬁ¥7
AQ = C11, B2 = pAw2 — wﬁz (62)

4
Equations (61) become

Ajw” + Biw — Cu' =0, Asu” + Bou+ Cw' =0. (63)
The eigenvalues )\;, i = 1 — 4, satisfy the condition

AN+ B —Ox
de‘( CN AN+ B, )*0'

This gives a bi-quadratic equation
(A1N? + B1)(A)* + Bo) + C?)\? = 0, (65)

which has solutions

(64)

—(A1B2 + AQBl + 02)

2
= +
A 24,4,
\/(AIBQ + AQBI + 02)2 - 4A1A231B2
. (66)
2A; A,

The eigenvectors that correspond to these eigenvalues are
given by

& = (A2)] + Ba, —CN;),

and the general solution is:

i=1,...,4, (67)

4
, u=—Y cChieM, (68)

i=1

Z Ag)\2 + BQ
=1
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where ¢; are constants, determined by the initial conditions.
In our case, at al boundaried/interfaces the condition T3 =
0 applies. Hence,

w — fu = 0. (69)
Substituting this condition in the solution gives:

4
> (eiXi(A2A] + Ba) + BeiCNi) =

i=1

M%

Ni(A2A? + By)etila 4 Be;,Chietita) =0, (70)
L:1

where L4 = 2}, — 27}, see Section I1l. Here we have assumed
that the width of each A-layer is the same (otherwise, just
replace L4 by L', everywhere below).

Incase of A\; # A2 (mod 27mi/L 4), One can express c;
and ¢, through c3 and ¢4 by use of Equations (70):
St s (A2X2 + By + BON,) (el —e

(A2)7 + By + BCA;) (eMla — erala)

Zl 3G (AQ/\2 + By + BC\; ) ( Aila _ e)‘lLA)
(AQ)\% + By + /BC)\Q) ( A2la 6>‘1LA)

The solution can now be written in the following matrix form:

(WG)-ee(2)

where the matrix a(z) has the components

A2 L
o — ZA)

. (71)

Cy =

22: (A2)3 + By + BCA3) (sl — e

(A2)2 + By + BCN;) (erila — ers—ila)

(A9X? + By)eM® + (Ag)2 + By)e?s?,

22: (A2A2 + By + BCA) (M4 — eha-iLa)

22 (AN + By + BON) (eMEa — eXoiLa)

(A2X? + Ba)eM® + (A2\] + Ba)e,

_ 22: (A2 + By + BCA3) (M9l — Moila)
o= =1 (AQ)\f + By + ﬁCAZ) (e)‘lLA — e>\377,LA)

)\:S—iLA)

Ch;eM% — CA3e™?,
2\ (A2A] + By + Oy (eMla — era—ila)
an=- ; (A2 4+ By + BON;) (eNila — ehs—ila)
Chieti* — ChgeM?.
(73)

We can now find an expression for the pressure p and
pressure gradient ¢ after passing a single A-layer. To get this
expression, we employ the boundary conditions at the A — B-
layer:

Oug W
0z’ 1= w + Bug 3
If we introduce the matrices

ci12f3 0 ) ( 0 e )
n= ( w , V= 5 (75)
0 w+Bvo 0 0

= ifcioul + 11 (74)

the following expressions apply:

(2E0) =t s (). o

Cyq

( Z}(t%)) ) = a(zh) (pa(2}) + va' (z5) ( pg%; ) L

q
and finally,

( o ) = (=) + v’ (1)) (nal=3) + v/ (1)) )

() ). oo

Example. Consider the simplest case, when the material
consists of a solid A-layer. Let the boundary conditions be
g = 0. To determine the wavenumber  from a given w, one
must solve the following equation for 3:

(0 1) ((azB) +va/ (1) (wa=h) +ve' (1)) ") ( 0 ) —0. (79

The matrix

Ma, = (na(2) + va'(23)) (na(2%) +va' (%), (80)

is the monodrom?/ matrix for our system corresponding to
the n’th A-layer. [n the B- Ia}yer the equation system for p, ¢
is a linear first-order Hamiltonian system, and finding the
monodromy matrix Mp,_ for the mapping of p,q over the
n’th B-layér is given in Ref. [8]:

. c ‘/Fle( A+1,zg) ‘/%sin1/F1F2 (2A+ -
Bn = n+1
FrFy (27
with

1 32
koo polw + Pug)?
Thus, the monodromy matrix for p, g for the complete n-th
A — B-layer is M,, = Mp, - My, (layer A comes first).
The equation for the wavenumber 5 under conditions ¢ = 0
on zr, zr is (cf. Example above)

Fi = po(w + ﬂvo)z, Fy = (82)

<0 1)MR-MN-MN,1. .-Ml-ML< (1) ) -0, (83
where N is the number of complete A— B layers, and matrices
My, and Mp are the monodromy matrices for mappings from
theinitial point 2y, to the starting point = of the first complete
A — B-layer, and from the ending point z N“ of the last
complete A — B-layer to the end-point zg of the structure.

V. NUMERICAL RESULTS AND DISCUSSIONS

Consider first the case with small 3, w values corresponding
to the first part of the Theory section. The group velocity in
the absence of afluid flow for a complete number N of layers
A and B becomes using Equation (60):

CB

g = (84)

zn)
B . (8
7zg) cos 4 / F1 Fy (z:+17zg)
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Fig. 1.  Variation of the group velocity (at zero flow velocity) with the
thickness of the fluid layer for a structure with N complete layers of material
A (stainless steel - isotropic solid) and B (water) [i.e, N = M]. The
thickness of the solid layer: L 4 is fixed to be 0.01 m.

thus, we have infinite group velocity if

Lp = L %L = [thres, (85)

C11

In other words, when L > L}ghres, all wavenumber solutions
are imaginary corresponding to evanescent wave propagation.
When L < Lthres, propagation along the 2 direction (perpen-
dicular to the stacking direction) is sinusoidal.

In Figure 1, we show the variation of the group velocity (at
zero flow velocity) with the thickness of the fluid layer for a
structure with N complete layers of material A (stainless steel
- isotropic solid) and B (water) [i.e.,, N = M]. The thickness
of the solid layer: L 4 isfixed to be 0.01 m. Evidently, as Equa-
tion (84) revedls, the group velocity is a function of the ratio
L 4/ L only [refer to the discussion before Equation (60)] and
it divergeswhen Lg = Lgm. For a steel-water structure, the
threshold water-layer thickness is: L7 = 0.013L 4. Other
material data used in the computations in this section are:
c11 = 2.61-10'" Pa, ¢1o = 1.06 - 10! Pa, p4 = 7500 kg/m?,
cp = 1500 m/sec, and py = 1000 kg/m?.

Figure 2 (upper plot) shows the continuous variation of
the absolute value of the group velocity as a function of
the full structure thickness at zero flow. Again, we consider
a structure composed of alternating layers of stainless steel
and water. The lower plot displays the total material A (dash-
dotted) and material B (dashed) thickness parts of the full
structure as a function of the full structure thickness (solid).
Parameters used are Ly = 0.0l mand Lp = 2.5L%" for
each complete A and B layer in the full structure. The last
layer is generally an incomplete layer of material A typeif the
secondlast complete layer is of material B type and vice versa.
More interesting, note that when the structure thickness equals
L+ L#res =0.0101 m or an integer number of L 4 + L7,
the group velocity becomes infinite. However, the structure
thickness never equals N (La + LtBWSZ for N > 1 since a
complete B layer thickness equals 2.5 L%, Furthermore, for
thicknesses below L 4+ L%, the group velocity isimaginary
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Fig. 2. The upper plot shows the continuous variation of the absolute value
of the group velocity as a function of the full structure thickness at zero flow.
The structure is composed of aternating layers of stainless steel and water.
The lower plot displays the total material A (dash-dotted) and material B
(dashed) thickness parts of the full structure as a function of the full structure
thickness (solid). Parameters used are L4 = 0.01 mand L = 2.5Lthres
for each complete A and B layer in the full structure.
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Fig. 3. Continuous variation of the absolute value of the group velocity as
a function of the full structure thickness at zero flow for parameter values:
Lp=00lmand L = 0.5L§§”55 for each complete A and B layer in
the full structure. Otherwise, conditions are the same as described in the text
for Figure 2.

corresponding to evanescent modes. Observe also the step
behavior in the absolute value of the group velocity as the full
structure thickness increases. This is understandable keeping
in mind the large differencesin the stiffness values of stainless
steel and water (c;; = 2.61-10 Pavs. pock = 2.25-10° Pa).

Figure 3 shows the continuous variation of the absolute
value of the group velocity as a function of the full structure
thickness at zero flow for parameter values: L4 = 0.01 m
and L = 0.5L’j§”’°’5. Otherwise, conditions are the same
as described in the text for Figure 2. Note that the distance
between steps in structure thickness is smaller than for the
case with Lg = 10L§”‘es since the thickness of a complete
unit block of material A and B is smaller than above. In
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conditions described for Figure 2 apply.
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Fig. 5. Continuous variation of the (positive) and (negative) group velocity
solutions to Equation (58) as a function of tota structure thickness. The fluid
flow velocity equals approximately 30 m/sec such that only one group velocity
solution (albeit doubly degenerate) exists when the structure thickness equals
a complete layer of materia A and B. Refer to further details in the textual
description.

this case, where the thickness of the structure never equals
N(La+ Lthres) with N an integer, an infinite group velocity
is not possible.

In Figure 4, computed results are shown for L = 20L4res
otherwise the conditions described for the two preceding
Figures apply.

In Figure 5, the two group velocities computed from Equa-
tion (58) are plotted as a continuous function of the total
structure thickness. The upper plot shows the real (solid)
and imaginary (dashdotted) components of the group velocity
corresponding to choosing the positive sign in front of the
sguare root in Equation (58) (denoted the positive solution).
Similarly, the lower plot shows the real (solid) and imaginary
(dashdotted) components of the group velocity corresponding
to choosing the negative sign in front of the square root in
Equation (58) (denoted the negative solution). The fluid flow

Ac, [misec]

1 2 3 4 5 6 7 8 9 10
flow velocity [m/sec]

1 2 3 4 5 6 7 8 9 10
flow velocity [m/sec]

Fig. 6. The upper plot shows the change in group velocity as a function
of fluid flow velocity for a structure with Lg = 1()LtB”'“)~S (same number of
complete layers, the starting and ending layers are both complete layers).

[m/sec]

Ac

0 1 2 3 4 5 6 7 8 9 10
flow velocity [m/sec]

flow velocity [m/sec]

Fig. 7. The upper plot shows the change in group velocity as a function of
fluid flow velocity for a structure with L = 1.01Lt5},”85. Otherwise same
conditions as in Figure 6.

velocity vy is chosen to be such that the square root vanishes
when the total structure thickness is one complete block of
material A and B. In this case, a complete B layer has a
thickness equal to Lg = 0.9999L§§”es for which vy equals
approximately 30 m/sec. Observe that the peaks located near
integer values of 0.01 m correspond to places for which the
two group velocities are the same (degeneracy). Such a case
(with nonzero group velocities) occurs only if vy # 0 as one
easily verifies from Equation (58).

In Figure 6, we show (upper plot) the change in group
velocity as a function of fluid flow velocity for a structure
with Lz = 10L7es. Observe that the group velocity changes
exactly by the fluid flow velocity. In the lower plot, the relative
change in group velocity due to the fluid flow is shown.

In Figure 7, we show (upper plot) the change in group
velocity as a function of fluid flow velocity for a structure
with Lp = 1.01L%7e. Note that the flow-induced group-
velocity change is pronouncedly higher than the flow velocity
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Fig. 8. Plot of thefirst bands (in frequency) in the 3 interval: 110—180 m—!
for a structure composed of an A layer (steel) with thickness 0.01 m and a
B-layer(water) with thickness 0.001 m.
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Fig. 9. Plot of the first bands (in frequency) in the 3 interval: 110—180 m—1!
for a structure composed of an A layer (steel) with thickness 0.005 m and a
B-layer(water) with thickness 0.001 m.

and also the linear dependence with fluid flow velocity. In the
lower plot, the relative change in group velocity due to the
fluid flow is shown.

We next consider the case with finite values of §,w. In
Figure 8 a plot of the first bands (in frequency) in the 3
interval: 110 — 180 m~! for a structure composed of an A
layer (steel) with thickness 0.01 m and a B-layer(water) with
thickness 0.001 m. Notice, as expected, that for each g value
a discrete set of possible w solutions exist. In Figure 9, a
similar calculation is shown for the case with an A-layer (steel)
thickness equal to 0.005 m and a B-layer(water) with thickness
0.001 m.

V1. CONCLUSIONS

A discussion of group velocities in structures consisting of
aternating layers of piezoelectric cubic crystals (including the
case of isotropic crystals) and fluids alowing for a flow in

the fluid layers is presented. The thicknesses of each of the
solid and fluid layers can be arbitrary. It is found using the
Hamiltonian equations that a single equation for the group
velocity is obtained at small frequencies even in the presence
of a flow. Special consideration is provided for flow-velocity
dependencies and sensitivities of the group velocity. In the
second part of the paper, specia attention is given to the
general frequency case of a solid-fluid alternatingly-stacked
finite structure and the formation of bandstructures. These
results apply to the case of infinite number of layers as well.
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