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Finite-time stability analysis of fractional-order with
multi-state time delay

Ligiong Liu and Shouming Zhong

Abstract—In this paper, the finite-time stabilization of a class of
multi-state time delay of fractional-order system is proposed.First, we
define finite-time stability with the fractional-order system.Second,by
using Generalized Gronwall’s approach and the methods of the
inequality,we get some conditions of finite-time stability for the
fractional system with multi-state delay.Finally,a numerical example
is given to illustrate the result.
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I. INTRODUCTION

N recent years, many studies focus on a lot in fractional

order systems.They study aspects of fractional order
systems.For instance, in [1],the author study the existence
of solutions for fractional differential equations,and in[2],
the author study existence and uniqueness of solutions for
the linear time-delay differential equations of fractional
order systerms.It comes to time-delay systems, time-delays
are often present invarious engineering systems such as
biological,economical systems,chemical processes. Time-
delays are described by differential-difference equations
which belong to a class of functional differential equations
[3]. Stability analysis is one of the most important issues for
control systems, although this problem has been investigated
for time-delay systems over many years in [4]. Recently,
for the first time, finite-time stability analysis of fractional
time-delay systems is presented and reported on paper
[5].And in [6], a stability test procedure is proposed for
linear nonhomogeneous fractional order systems with a pure
time delay using a recently obtained generalized Gronwall’s
inequality.Here, the finite-time stabilization of a class of
multi-state time delay of fractional-order system using
Gronwall’s approach is proposed.The main contribution of
this paper is to introduce multi-state time delay of fractional-
order system,and whent; = 0 [6]is the special circumstances
of this paper.

II. FUNDAMENTALS OF FRACTIONAL DERIVATIVE

There are many ways to define the fractional integral and
derivative, and three definitions are generally used in recent
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studies, they are Riemann-Liouville definition, Griinwald-
Letnikov definition and Caputo definition. Given , Riemann-
Liouville definition of g-th order fractional derivative operator
0 < ¢ < 1 is given by [7]

1 4
I'(l—gq)dt

Where I'(+) is the Gamma function generalizing factorial for
non-integer arguments

Df(t) = /O (G mdr )
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The Griinwald-Letnikov fractional derivative definition is
given by [8]
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where|[-] is a flooring operator.
And Caputo definition:
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A linear time-invariant function-order system can be repre-
sented in the following state-space form:

Diz (t) = Az (t) + Bu(t) Q)

WhereD9z(t) denotes the Riemann-Liouville fractional
derivative of order ¢ € R, z(t) € R", u(t) € R, A € R™*",
B € Rnxm, q= (Q17Q27 t 7Qn) S R

III. MULTI-STATE TIME DELAY OF FRACTIONAL-ORDER
SYSTEM WITH INPUT DELAY

Consider the following fractional order systerm:

n
Dz (t) = Aoz (t) + > Aixz (t — 1) + Bou, (t)t >0
i=1
z(t) =V, (t),t €[-1,0]
(6)
where D9 denotes Riemann-Liouville derivative of order g,
0<q<1, ¥,()is a given continuous function on [—,0],
T = max (T, T2, -+, Tn) ,and 7; is a constant with 7; > 0.In
Eq.(6),z(t) € R™is a state vectoru(t) € R™is a input
control vector,Ag, A;, By are constant system matrices of
appropriate dimensions,and the system is defined over time
interval J = [0,7],where T is a positive number ,u(t) is a
given continuous function on [0, 7.
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Let us denote by C([a,b]) the space of all continuous
real functions defined on [a,b] and by C([a,b],R") the
Banach space of continuous functions mapping the interval
[a,b] into R™ with the topology of uniform convergence.Let
C = C([-,0], R™),if [a,b] = [T, 0],and designate the norm
of an element ||V, ||c in C by

[allo = sup [[W(0)] @
—7<0<0

Before proceeding further,we will introduce the following
some definition and lemmas which will be used in the next
section.

Definition 3.1 The system given by homogeneous state
equation (6) (u(t) = 0,Vt), satisfying initial condition x(t) =
U, (t), =7 <t < 0 is finite-time stable w.r.t.{d,e, J}, if and
only if:

AR ®)

imply:
lz ()] <e,Vted (&)

Where J denotes time interval J = [0, T].
Definition 3.2 The system given by (6) satisfying initial

condition z(t) = W,(t), —7 < t < 0 is finite-time stable
w.r.t.{d,, qu, J}, if and only if:

[Palle <o (10)
and

u® < qu,Vt € J (11)
imply:

lz ()] <evVteJ (12)

Where J denotes time interval J = [0, 7.
Let

t
FO= [ -sy le@ldv e sp>0 a3
0
we have the following definition.

Lemma 3.1 ([9] Generalized Gronwall Inequality) Suppose
x(t), a(t) are nonnegative and local integrable on 0 <t < T
,some T' < +o0,and g(t)is a nonnegative,nondecreasing con-
tinuous function defined on 0 <t < T',g(t) < M =const,g >
0,with

ﬂﬂéﬂﬂ+ﬂﬂ£@—®“%@Ms (14)

on this interval. Then
z(t) <alt)

t | (g(t)l(g)"
B[ £ e

where 0 <t < T.

s)nq*la (s)| ds as)

Lemma 3.2([9]) Under the hypothesis of Lemma 3.1, let
a(t) be a nondecreasing function on [0,7) .Then holds:

z(t) <a(t)Eq(g(t)-T(q)-17) (16)

Where E, is the Mittag-Leffler function defined by

> z

IV. MAIN RESULTS

Theorem 4.1 The system given by (6) satisfying initial
condition z(t) = W,(t), —7 < t < 0 is finite-time stable
w.r.t.{d, e, qu, J },if the following condition is satisfied:

(n+1)ot?
I'(g+1)

qu.bo.tq

1
+ oT(q+1)

B, ((n+1)017) <

> ™

(18)
where 0,4, (+) being the largest singular value of matrix (-)
and

o1 = lrgzdxn {Urnax (Az)}

o = max {omax (Ao) , 01} (19)
bo = Omax (BO)

Proof: In accordance with the property of the fractional order
0 < g < 1, one can obtain a solution in the form of the
equivalent Volterra integral equation:

(t) =2 (0)+ w55 Jy (t— )" Aoz (s)

+ 3 Aix(s—7)+ Bou(s)ds
i=1

(20)

Applying the norm || - || on Eq.(20)and using appropriate
property of the norm,it follows that
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let
+1)o-t9 u-bo-t9
a(t) =¥ [1 + (nr(qin } + D 22)
_ (n+1)o
9(t) ="
by(21),we have
t
e @ <a®+9(0) [ (=5 sup_fla(e)]ds
0 s—7<t*<s
(23)
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Obviously,the right of the Eq.(23)is the nondecreasing contin-
uous functions defined on [0.7].We have

Sup _ H;v(t*)H <a(t)

t—71<
it -1 "
) fo t—s)"" sup [ (t)|ds
t—r<t*<t
24
Now, one may apply generalized Gronwall inequality, here,
obviously, it is easy to show:

lz (Ol < a(t) - Ey(g(t)-T'(q)-t7)
<a(t)-E,(n+1)o-T(q)-t9)
and
le @ < [6 (1+ S5°) + 055 )

xEy((n+1)o-T(g)-t9)

Hence, using the basic condition of Theorem4.1, relation (18)
yields:
|z (t)]| <e,Vt e Jy 27)

This is a proof of the theorem.
When u(t) = 0,we can get Theorem 4.2.

Theorem 4.2 The liner autonomous system given by (6)
satisfying initial condition x(t) = W, (t), —7 < ¢ < 0 is finite-
time stable w.r.t.{d, e, J},vt € J if the following condition is
satisfied:

(n+1)-0-t2 L

Proof: The proof immediately follows from the proof of
Theorem 4.1 applying the same procedure taking into account
Egs.(8)and (28).

(28)

> ™

V. AN ILLUSTRATIVE EXAMPLE

Using a time-delay P DY compensator on a linear system of
equations with respect to the small perturbationz(t) = y(t) —
ya(t),one can obtain:

b 2 (p
z(t)+wz(t):sz(t—n)+KD1~%
2@ (t—T.
+Kpz (t = 72) + Kp, - Ei™) 4 u (1)
(29)
Whereq— w=2Kp =3Kp =4Kp, = 01,Kp, =

0.2, and u(t )1s feed forward control, K p, K p, are gain matrix.
Also,all initial values are zeros.introducing:

z1 () = 21 (¢)

s (30)
) (t) = ldtllgt)
and
Dizy (t) = D22 (t) = 22 (t) (31)

Dz (t) = D}* (D12 (1) = 2 (1)
= —2$1 (t) + 321 (t — Tl) +4x9 (t — T1)
+0.121 (t — 72) + 0.229 (t — 72) + u (t)
(32)

Or ,in condensed form,where x(t) = (x1,22)7
obtain this as:

Dtl/zx(t):{ 0 1 {xl(t)}

,we can

-2 0 X2 (t)
0 X (t — Tl)
+ 1 [3 4} xg(t—Tl):|
0 (t 7'2) 0
+ Lol 02]{@@_72) }+{ 1 ]u(t)
(33)
or
D}z (t) = Az (t) + Ay (t — 11) + Ao (t — 72) + Bou (t)
(34
with the initial state of the function:
z(t) =9, (1) =0,—7 <t <0 (35)

And now, we check the finite-time stability w.r.t
{to =0,J =10,10],6 =0.1,e = 100,77 = 0.1, 72 = 0.01,
qu = 1}

where U, (t) = 0,vt € [-0.1,0].
From the initial data and Eqgs.(33)and (6)one can obtain:

(36)

sz (t)HC < 017 Umaz(AO) = 2’ Umaz(Al) = 5’
amaz(A2) = \/2 005,b0 =1

Then,we can obtain: ¢ = 5.
Applying the condition of Theorem (4.1) we can get:

(2+41)-5-T°° 11-T°°
[1 + T'(0.5+1) + 0.1-T°(0.5+1) } 37
‘Eos ((2+1)-5-T.0%) < 100

and then 7" =~ 0.15.
T, being”estimated time” of finite time stability.
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