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Existence and exponential stability of almost
periodic solution for Cohen-Grossberg SICNNs

with impulses
Meng Hu and Lili Wang

Abstract—In this paper, based on the estimation of the Cauchy ma-
trix of linear impulsive differential equations, by using Banach fixed
point theorem and Gronwall-Bellman’s inequality, some sufficient
conditions are obtained for the existence and exponential stability
of almost periodic solution for Cohen-Grossberg shunting inhibitory
cellular neural networks (SICNNs) with continuously distributed
delays and impulses. An example is given to illustrate the main
results.
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I. INTRODUCTION

IN recent years, considerable attention has been paid to
study the dynamics of artificial neural networks because

of their potential applications in the areas as signal and
image processing, pattern recognition, parallel computations
and optimization problems.

One of the most popular models in the literature of artificial
neural network is the following shunting inhibitory cellular
neural networks (SICNNs) with delays:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋij(t) = −aij(t)xij(t)
− ∑

Ckl∈Nr(i,j)

Ckl
ij (t)fij(xkl(t))xij(t)

+Lij(t), t ≥ 0,
xij(t) = ϕij(t), t ∈ [−τ, 0],

i = 1, 2 . . . , n, j = 1, 2 . . . , m,

where Cij(t) denotes the cell at the (i, j) position of the lattice
at the t; the r-neighborhood Nr(i, j) of Cij(t) is

Nr(i, j) = {Ckl(t) : max(|k − i|, |l − j|) ≤ r, 1 ≤ k ≤ n,

1 ≤ l ≤ m},
xij(t) is the activity of the cell Cij(t); Lij(t) is the external
inputs to Cij(t); aij(t) > 0 represents the passive decay rate
of the cell activity; Ckl

ij (t) ≥ 0 is the connection or coupling
strength of postsynaptic activity of the cell transmitted to the
cell Cij ; the activity functions fij(·) are continuous functions
representing the output or firing rate of the cell Ckl(t), ϕij(t)
are the initial functions.

Since Bouzerdout and Pinter in [1-3] described SICNNs as
a new cellular neural networks, SICNNs have been extensively
applied in psychophysics, speech, perception, robotics, adap-
tive pattern recognition, vision, and image processing. It is
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well known that studies on neural dynamic systems not only
involve a discussion of stability properties, but also involve
many dynamic behaviors such as periodic oscillatory behavior,
almost periodic oscillatory properties, chaos and bifurcation.
In applications, if the various constituent components of the
temporally nonuniform environment is with incommensurable
(nonintegral multiples) periods, then one has to consider the
environment to be almost periodic since there is no a priori
reason to expect the existence of periodic solutions. If we
consider the effects of the environmental factors, the assump-
tion of almost periodicity is more realistic, more important and
more general. Recently, a lot of sufficient conditions have been
given for almost periodic oscillation of SICNNs with constant
time delays or time-varying delays in the literature, see [4-10]
and the references cited therein.

On the other hand, impulsive effects widely exist in many
dynamical systems involving such areas as population dynam-
ics, automatic control, neural networks and so on. For example,
in implementation of electronic networks in which state is
subject to instantaneous perturbations and experiences abrupt
change at certain moments, which may be caused by switching
phenomenon, frequency change or other sudden noise, that is,
does exhibit impulsive effects. For significance of impulsive
effects, one can see [11-18].

Let R = (−∞,∞), R
+ = [0,∞), Ω ⊂ R, Ω �= ∅ and

B = {{τk} ∈ R : τk < τk+1, k ∈ Z, lim
k→±∞

τk = ±∞}
denote the set of all sequences that are unbounded and strictly
increasing.

To the best of our knowledge, the almost periodic oscillatory
behavior is seldom considered for Cohen-Grossberg SICNNs
with continuously distributed delays and impulses, which is
described by the following integro-differential equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′
ij(t) = −aij(xij(t))

[
bij(xij(t))

+
∑

Cgl∈Nr(i,j)

Cgl
ij (t)wij

( ∫ +∞
0

kij(s)×

xgl(t − s)ds

)
xij(t) − Iij(t)

]
,

t �= τk, k ∈ Z,
Δxij( τk) = αijkxij(τk) + γijk,

i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z,

(1)

where aij(xij(t)) and bij(xij(t)) represent an amplification
function at time t and an appropriately behaved function at
time t, respectively; wij ∈ C(R, R+) denote the normal and
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the delayed activation functions; {τk} ∈ B, with the constants
αijk ∈ R, γijk ∈ R, k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Let t0 ∈ R. Introduce the following notation:
PC(t0) is the space of all functions φ : [−∞, t0] → Ω

having points of discontinuity at θ1, θ2, . . . ∈ (−∞, t0) of the
first kind and left continuous at these points.

For J ⊂ R, PC(J, R) is the space of all piecewise
continuous functions from J to R with points of discontinuity
of the first kind τk, at which it is left continuous.

Let x(t) = x(t, t0, x0), x = (x11, · · · , xij , · · · , xmn)T ,
x0 = (x011, · · · , x0ij , · · · , x0mn)T . The system (1) is supple-
mented with initial values problem given by

x(t0 + 0, t0, x0) = x0.

The rest of this paper is organized as follows: In Section
2, we will introduce some necessary notations, definitions
and lemmas which will be used in the paper. In Section 3,
some sufficient conditions are derived ensuring the existence
and exponential stability of the almost periodic solution. An
example is given to illustrate the effectiveness of our results
in section 4.

II. PRELIMINARIES

In this section, we shall first recall some basic definitions,
lemmas which will be used in what follows.

Definition 2.1([19]) Let x(t) ∈ C(R, R) be continuous in
t. x(t) is said to be almost periodic in the sense of Bohr on
R, if for any ε > 0, the set T (x, ε) = {τ : |x(t + τ)−x(t)| <
ε,∀t ∈ R} is relatively dense, i.e., for any ε > 0, it is possible
to find a real number l = l(ε) > 0, for any interval with length
l(ε), there exists a number τ = τ(ε) in this interval such that
|x(t + τ) − x(t)| < ε, ∀t ∈ R.

Definition 2.2([20]) A sequence x : Z → R is called an
almost periodic sequence if the ε- translation set of x:

T{ε, x} := {τ ∈ Z : |x(n + τ) − x(n)| < ε for all n ∈ Z}
is a relatively dense set in Z for all ε > 0, that is, for any given
ε > 0, there exists an integer l > 0 such that each discrete
interval of length l contains a integer τ = τ(ε) ∈ T{ε, x} such
that

|x(n + τ) − x(n)| < ε for all n ∈ Z,

τ is called the ε- translation number of x(n).
Definition 2.3([21]) The set of sequences {τ j

k}, τ j
k = τk+j−

τk, k, j ∈ Z, {τk} ∈ B is said to be uniformly almost periodic
if for arbitrary ε > 0 there exists a relatively dense set of
ε-almost periods common for any sequences.

Definition 2.4([21]) The function x(t) ∈ PC(R, R) is said
to be almost periodic, if the following hold:
(a) The set of sequences {τ j

k}, τ j
k = τk+j − τk, k, j ∈

Z, {τk} ∈ B is uniformly almost periodic.
(b) For any ε > 0 there exists a real number δ > 0 such

that if the points t
′

and t
′′

belong to one and the same
interval of continuity of x(t) and satisfy the inequality
|t′ − t

′′ | < δ, then |x(t
′
) − x(t

′′
)| < ε.

(c) For any ε > 0 there exists a relatively dense set T such
that if τ ∈ T , then |x(t + τ) − x(t)| < ε for all t ∈ R

satisfying the condition |t − τk| > ε, k ∈ Z.
The elements of T are called ε-almost periods.

Throughout this paper, we assume that
(H1) aij(·) ∈ C(R, R+) and there exist positive constants aij

and aij such that 0 < aij ≤ aij(·) ≤ aij and āij ≤
aije, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

(H2) The set of sequences {τ j
k}, τ j

k = τk+j−τk, k ∈ Z, j ∈ Z,
{τk} ∈ B is uniformly almost periodic and there exists
θ > 0 such that inf

k∈Z

τ1
k = θ > 0.

(H3) The sequence {αijk} is almost periodic and aij

aij
− 1 ≤

αijk ≤ aij

aij
e2 − 1, k ∈ Z, i = 1, 2, . . . , n, j =

1, 2, . . . , m.
(H4) The sequence {γijk} is almost periodic and γ =

sup
k∈Z

|γijk|, k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

(H5) bij(·) ∈ C1(R, R) and bij(0) = 0. There exist positive
constants b′ij , b

′
ij and Lb such that 0 < b′ij ≤ b′ij(t) ≤ b

′
ij ,

i = 1, 2, . . . , n, j = 1, 2, . . . , m, and for u, v ∈ R,
max

1≤i≤n,1≤j≤m
|bij(u) − bij(v)| ≤ Lb|u − v|.

(H6) The functions Cgl
ij (t), Iij(t) are almost periodic in

the sense of Bohr and |Iij(t)| < ∞, t ∈ R, i =
1, 2, . . . , n, j = 1, 2, . . . , m.

(H7) The functions wij are almost periodic in the sense of
Bohr and wij(0) = 0, i = 1, 2, . . . , n, j = 1, 2, . . . , m.
There exist positive constant Lw such that for u, v ∈
R, max

1≤i≤n,1≤j≤m
|wij(u) − wij(v)| ≤ Lw|u − v|.

(H8) The delay kernels kij ∈ C(R, R) and there exist positive
constants kij such that∫ +∞

0

|kij(s)| ds ≤ kij , i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Now, we shall transform system (1) and state some nota-
tions, which will be used in later sections.

From (H1), the antiderivative of 1/aij(xij) exists. We
choose an antiderivative hij(xij) of 1/aij(xij) that satisfies
hij(0) = 0. Obviously, (d/dxij)hij(xij) = 1/aij(xij). By
aij(xij) > 0, we obtain that hij(xij) is strictly monotone
increasing about xij . In view of derivative theorem for in-
verse function, the inverse function h−1

ij (xij) of hij(xij) is
differentiable and (d/dxij)h−1

ij (xij) = aij(h−1
ij (xij)). By

(H5), composition function bij(h−1
ij (z)) is differentiable. De-

note uij(t) = hij(xij(t)). It is easy to see that u′
ij(t) =

x′
ij(t)/ai(xij(t)) and xij(t) = h−1

ij (uij(t)). Substituting these
equalities into system (1), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′
ij(t) = −bij(h−1

ij (uij(t)))

− ∑
Cgl∈Nr(i,j)

Cgl
ij (t)wij

( ∫ +∞
0

kij(s)×

h−1
gl (ugl(t − s)) ds

)
h−1

ij (uij(t))

+Iij(t), t �= τk,
Δuij( τk ) = hij((1 + αijk)h−1

ij (uij(τk)) + γijk) − uij(τk)
:= rij(uij(τk)),

(2)

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
If uij(t) �= 0 for all t ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . , m,

from the definitions of hij(z) and h−1
ij (z), using Lagrange
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mean-value theorem, we have

rij(uij(τk))
= hij((1 + αijk)h−1

ij (uij(τk)) + γijk) − uij(τk)

=
hij((1 + αijk)h−1

ij (uij(τk)) + γijk)

(1 + αijk)h−1
ij (uij(τk)) + γijk

×[(1 + αijk)h−1
ij (uij(τk)) + γijk] − uij(τk)

=
(1 + αijk)hij((1 + αijk)h−1

ij (uij(τk)) + γijk)

(1 + αijk)h−1
ij (uij(τk)) + γijk

×h−1
ij (uij(τk))
uij(τk)

uij(τk) − uij(τk)

+
hij((1 + αijk)h−1

ij (uij(τk)) + γijk)

(1 + αijk)h−1
ij (uij(τk)) + γijk

γijk

=
[
(1 + αijk)aij(ηijk)

aij(ξijk)
− 1

]
uij(τk) +

γijk

aij(ξijk)
= μijkuij(τk) + νijk,

where

aij(ξijk) =
1

h′
ij(ξijk)

=
(1 + αijk)h−1

ij (uij(τk)) + γijk

hij((1 + αik)h−1
ij (uij(τk)) + γijk)

, (3)

aij(ηijk) = aij(h−1
ij (ζijk)) = (h−1

ij )′(ζijk)

=
h−1

ij (uij(τk))
uij(τk)

, (4)

in which ηijk = h−1
ij (ζijk), ξijk is between 0 and (1 +

αijk)h−1
ij (uij(τk))+γijk, ηijk is between 0 and h−1

ij (uij(τk)),
and

μijk =
(1 + αijk)aij(ηijk)

aij(ξijk)
− 1, (5)

νijk =
γijk

aij(ξijk)
, (6)

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
Then system (2) can be rewritten as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′
ij(t) = −eij(uij(t))uij(t)

− ∑
Cgl∈Nr(i,j)

Cgl
ij (t)wij

( ∫ +∞
0

kij(s)×

h−1
gl (ugl(t − s)) ds

)
h−1

ij (uij(t))

+Iij(t), t �= τk,
Δuij( τk ) = μijkuij(τk) + νijk,

i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z,

(7)

where eij(uij(t)) := bij(h−1
ij (uij(t)))/uij(t) for all t ∈ R,

i = 1, 2, . . . , n, j = 1, 2, . . . , m.
System (1) has an almost periodic solution which is globally

exponentially stable if and only if system (7) has an almost
periodic solution which is globally exponentially stable.

Let Eij(t) = eij(uij(t)) =
bij(h−1

ij (uij(t)))

uij(t) , i =
1, 2, . . . , n, j = 1, 2, . . . , m.

Together with the system (7) we consider the linear system{
u′

ij(t) = −Eij(t)uij(t), t �= τk,
Δuij(τk) = μijkuij(τk), k ∈ Z,

(8)

where t ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . , m.
Now let us consider the equations

u′
ij(t) = −Eij(t)uij(t), τk−1 < t ≤ τk, {τk} ∈ B

and their solutions

uij(t) = uij(s) exp
{
−

∫ t

s

Eij(σ) dσ

}

for τk−1 < s < t ≤ τk, i = 1, 2, . . . , n, j = 1, 2, . . . , m.
Then, recall [22], the Cauchy matrix of the linear system

(8) is

Wij(t, s) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

exp
{
− ∫ t

s
Eij(σ) dσ

}
, τk−1 < s < t < τk;

k+1∏
l=m

(1 + μijl) exp
{
− ∫ t

s
Eij(σ) dσ

}
,

τm−1 < s ≤ τm < τk < t ≤ τk+1,

and the solutions of system (8) are in the form

uij(t; t0;uij(t0)) = Wij(t, t0)uij(t0), t0 ∈ R,

i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Lemma 2.1 If the conditions (H1) − (H2), (H5) and the
following condition:

(H) uij(t) ∈ PC(R, R) is almost periodic function satisfying

0 < M ≤ inf
t∈R

|uij(t)| ≤ sup
t∈R

|uij(t)| ≤ N,

where M , N are positive constants, i = 1, 2, . . . , n, j =
1, 2, . . . , m.

hold. Then Eij(t) = eij(uij(t)) is almost periodic, i =
1, 2, . . . , n, j = 1, 2, . . . , m.

Proof: From the definition of eij(uij(t)), Eij(t) =

eij(uij(t)) =
bij(h−1

ij (uij(t)))

uij(t) , i = 1, 2, . . . , n, j =
1, 2, . . . , m.

Case I:dEij(t)
duij

= deij(uij(t))
duij

= 0, then Eij(t) = Ci, where
Cij is a constant, i = 1, 2, . . . , n, j = 1, 2, . . . , m.
Hence Eij(t) ∈ C(R, R) is almost periodic, i =
1, 2, . . . , n, j = 1, 2, . . . , m.

Case II:dEij(t)
duij

= deij(uij(t))
duij

�= 0, then Eij(t) depends on
uij(t), and Eij(t) ∈ PC(R, R), i = 1, 2, . . . , n, j =
1, 2, . . . , m.

We now check the three conditions given in Definition 2.4.

(a) With (H2), it is trivially satisfied.
(b) For any ε > 0, if t′ and t′′ belong to one and the same

interval of continuity Eij(t) (t′ and t′′ also belong to one
and the same interval of continuity uij(t)), by condition
(b) of Definition 2.4, there exists a positive numbers δij ,
such that |t′ − t′′| < δi implies |uij(t′) − uij(t′′)| <

M2ε
2LbaijN , i = 1, 2, . . . , n, j = 1, 2, . . . , m. We take δ =
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min
1≤i≤n,1≤j≤m

{δij}, when |t′−t′′| < δ, for 1 ≤ i ≤ n, 1 ≤
j ≤ m,

|Eij(t′) − Eij(t′′)|

=
∣∣∣∣bij(h−1

ij (uij(t′)))
uij(t′)

− bij(h−1
ij (uij(t′′)))
uij(t′′)

∣∣∣∣
=

∣∣∣∣uij(t′′)bij(h−1
ij (uij(t′))) − uij(t′)bij(h−1

ij (uij(t′′)))
uij(t′)uij(t′′)

∣∣∣∣
≤ |uij(t′′)bij(h−1

ij (uij(t′))) − uij(t′)bij(h−1
ij (uij(t′)))|

M2

+
|uij(t′)bij(h−1

ij (uij(t′))) − uij(t′)bij(h−1
ij (uij(t′′)))|

M2

≤ Lb|h−1
ij (uij(t′))||uij(t′) − uij(t′′)|

M2

+
N |bij(h−1

ij (uij(t′))) − bij(h−1
ij (uij(t′′)))|

M2

≤ LbaijN |uij(t′) − uij(t′′)|
M2

+
LbN |h−1

ij (uij(t′)) − h−1
ij (uij(t′′))|

M2

≤ LbaijN |uij(t′) − uij(t′′)|
M2

+
LbaijN |uij(t′) − uij(t′′)|

M2

=
2LbaijN

M2
|uij(t′) − uij(t′′)| < ε,

so condition (b) of Definition 2.4 is satisfied.
(c) Let Pij = M2

2LbaijN + 1, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

It is obvious that M2

2LbaijNPij
< 1. For any ε > 0,

with the almost periodicity of uij(t), by Definition
2.4, there exists a relatively dense set T such that if
τ ∈ T , then|uij(t + τ) − uij(t)| < M2ε

2LbaijNPij
for

all t ∈ R satisfying |t − τk| > M2ε
2LbaijNPij

, k ∈ Z,
i = 1, 2, . . . , n, j = 1, 2, . . . , m.
Then for all t ∈ R satisfying the condition |t−τk| > ε >

M2ε
2LbaijNPij

, we obtain

|Eij(t + τ) − Eij(t)|

=
∣∣∣∣bij(h−1

ij (uij(t + τ)))
uij(t + τ)

− bij(h−1
ij (uij(t)))
uij(t)

∣∣∣∣
=

∣∣∣∣uij(t)bij(h−1
ij (uij(t + τ)))

uij(t)uij(t + τ)

−uij(t + τ)bi(h−1
ij (uij(t)))

uij(t)uij(t + τ)

∣∣∣∣
≤ 1

M2
|uij(t)bij(h−1

ij (uij(t + τ)))

−uij(t + τ)bij(h−1
ij (uij(t + τ)))|

+
1

M2
|uij(t + τ)bij(h−1

ij (uij(t + τ)))

−uij(t + τ)bij(h−1
ij (uij(t)))|

≤ LbaijN |uij(t + τ) − uij(t)|
M2

+
N |bij(h−1

ij (uij(t + τ))) − bij(h−1
ij (uij(t)))|

M2

≤ LbaijN |uij(t + τ) − uij(t)|
M2

+
LbN |h−1

ij (uij(t + τ)) − h−1
ij (uij(t))|

M2

≤ LbaijN |uij(t + τ) − uij(t)|
M2

+
LbaijN |uij(t + τ) − uij(t)|

M2

=
2LbaijN

M2
|uij(t + τ) − uij(t)|

<
ε

Pij
< ε,

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, hence the condition
(c) of Definition 2.4 is satisfied.

From Definition 2.4, Eij(t) ∈ PC(R, R) is almost periodic,
i = 1, 2, . . . , n, j = 1, 2, . . . , m. This completes the proof.

Now from [21], we have
Lemma 2.2 If the conditions (H1) − (H7) and (H) hold,

then for each ε > 0, there exist ε1, 0 < ε1 < ε, relatively
dense sets T of real numbers and Q of whole numbers, such
that the following relations are fulfilled:
(a) |Eij(t + τ) − Eij(t)| < ε, t ∈ R, τ ∈ T , |t − τk| > ε,

k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m;
(b) |Cgl

ij (t + τ) − Cgl
ij (t)| < ε, t ∈ R, τ ∈ T , |t − τk| > ε,

k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m;
(c) |Iij(t + τ) − Iij(t)| < ε, t ∈ R, τ ∈ T , |t − τk| > ε,

k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m;
(d) |wij(t + τ) − wij(t)| < ε, t ∈ R, τ ∈ T , |t − τk| > ε,

k ∈ Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m;
(e) |αij(k+q) − αijk| < ε, q ∈ Q, k ∈ Z, i =

1, 2, . . . , n, j = 1, 2, . . . , m;
(f) |γij(k+q) − γijk| < ε, q ∈ Q, k ∈ Z, i =

1, 2, . . . , n, j = 1, 2, . . . , m;
(g) |τ q

k − τ | < ε1, q ∈ Q, τ ∈ T , k ∈ Z.
Lemma 2.3 If the conditions (H1) − (H4) and (H) hold,

then the sequences {μijk} and {νijk} is almost periodic, k ∈
Z, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Proof: For convenience, let

Fij = max
{

2aijN(aij + 2aij)
a2

ijM
2

,
(aij + aij)N

a2
ijM

2

}
,

aij(aijN
2 + aijN

2 + aijM
2)

a2
ijM

2
,

Lij = max
{

2aijNγ(aij + aij)
a3

ijM
2
ij

,
aijN

2γ(aij + aij)
a3

ijM
2

,

aijNγ + aijNγ + aijaijM
2

a3
ijM

2

}
,

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, F =
max

1≤i≤n,1≤j≤m
{Fij}, L = max

1≤i≤n,1≤j≤m
{Lij} and H =

max{F, L}.
For any ε > 0, since uij(t) ∈ PC(R, R) is almost periodic

function, by Definition 2.4, there exists δ > 0 such that if
the points t

′
and t

′′
belong to one and the same interval of
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continuity of uij(t) and satisfy the inequality |t′−t
′′ | < δ, then

|uij(t
′
) − uij(t

′′
)| < ε

4H , i = 1, 2, . . . , n, j = 1, 2, . . . , m.
With the left continuousness of τk, take numbers ε0, τ ′

k < τk

such that τ ′
k and τk belong to one and the same interval of

continuity of uij(t), and 0 < ε0 < τk − τ ′
k < min{δ, θ

2 , ε
12H },

i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
From Lemma 2.2, for ε0 < ε

12H , because the sequences
{τ j

k}, k ∈ Z, j ∈ Z, {τk} ∈ B is uniformly almost periodic,
for q ∈ Q (without loss of generality, assuming q ≥ 0), let
τ = inf

k∈Z

{τ q
k}, implying τ ∈ T and τk + τ ≤ τk+q, where

the sets T and Q are determined in Lemma 2.2 such that
0 ≤ τ q

k − τ = τk+q − τk − τ < ε0 < min{ ε
12H , δ, θ

2}.
Then τk + τ and τk+q , τ ′

k + τ and τk + τ belong to one
and the same interval of continuity of uij(t), respectively,
i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.

By (H) and Lemma 2.2, we have

|uij(τk+q) − uij(τk)|
≤ |uij(τk) − uij(τk + τ)| + |uij(τk + τ) − uij(τk+q)|
≤ |uij(τ ′

k) − uij(τk)| + |uij(τ ′
k) − uij(τk + τ)|

+|uij(τk + τ) − uij(τk+q)|
≤ |uij(τ ′

k) − uij(τk)| + |uij(τ ′
k + τ) − uij(τ ′

k)|
+|uij(τ ′

k + τ) − uij(τk + τ)|
+|uij(τk + τ) − uij(τk+q)|

<
ε

4H
+

ε

12H
+

ε

4H
+

ε

4H
=

5ε

6H
, (9)

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
Let Gijk = (1 + αijk)h−1

ij (uij(τk)) + γijk, then Gijk =
xij(τ+

k ) = h−1
ij (uij(τ+

k )), M ≤ |hij(Gijk)| = |uij(τ+
k )| ≤

N , |Gijk| = |h−1
ij (uij(τ+

k ))| ≤ aij |uij(τ+
k )| ≤ aijN , i =

1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z. Then

|Gij(k+q) − Gijk|
=

∣∣[(1 + αij(k+q))h−1
ij (uij(τ(k+q))) + γij(k+q)

]
−[

(1 + αijk)h−1
ij (uij(τk)) + γijk

]∣∣
≤ ∣∣h−1

ij (uij(τ(k+q))) − h−1
ij (uij(τk))

∣∣
+

∣∣αij(k+q)h
−1
ij (uij(τ(k+q))) − αijkh−1

ij (uij(τk))
∣∣

+|γij(k+q) − γijk|
≤ aij

∣∣uij(τ(k+q)) − uij(τk)
∣∣ +

∣∣αij(k+q)h
−1
ij (uij(τ(k+q)))

−αij(k+q)h
−1
ij (uij(τk))

∣∣
+

∣∣αij(k+q)h
−1
ij (uij(τk)) − αijkh−1

ij (uij(τk))
∣∣

+|γij(k+q) − γijk|
≤ 2aij |uij(τ(k+q)) − uij(τk)|

+|h−1
ij (uij(τk))||αij(k+q) − αijk| + |γij(k+q) − γijk|

≤ 2aij |uij(τ(k+q)) − uij(τk)|
+aij |uij(τk)||αij(k+q) − αijk| + |γij(k+q) − γijk|

≤ 2aij |uij(τ(k+q)) − uij(τk)| + aijN |αij(k+q) − αijk|
+|γij(k+q) − γijk|, (10)

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.

By (3), (4) and (10), we obtain

|aij(ξij(k+q)) − aij(ξijk)|
=

∣∣∣∣ Gij(k+q)

hij(Gij(k+q))
− Gijk

hij(Gijk)

∣∣∣∣
=

∣∣hij(Gijk)Gij(k+q) − Gijkhij(Gij(k+q))
∣∣∣∣hij(Gij(k+q))hij(Gijk)

∣∣
≤

∣∣hij(Gijk)Gij(k+q) − hij(Gij(k+q))Gij(k+q)

∣∣
M2

+

∣∣hij(Gij(k+q))Gij(k+q) − Gijkhij(Gij(k+q))
∣∣

M2

≤ 1
M2

|Gij(k+q)|
∣∣hij(Gi(k+q)) − hij(Gijk)

∣∣
+

1
M2

|hij(Gij(k+q))||Gij(k+q) − Gijk|

≤
aijN
aij

|Gij(k+q) − Gijk| + N |Gij(k+q) − Gijk|
M2

≤ (
(aij + aij)N

aijM
2

|Gij(k+q) − Gijk|

≤ 2aij(aij + aij)N
aijM

2
|uij(τ(k+q)) − uij(τk)|

+
aij(aij + aij)N

2

aijM
2

|αij(k+q) − αijk|

+
(aij + aij)N

aijM
2

|γij(k+q) − γijk| (11)

and

|aij(ηij(k+q)) − aij(ηijk)|

=
∣∣∣∣h

−1
ij (uij(τk+q))
uij(τk+q)

− h−1
ij (uij(τk))
uij(τk)

∣∣∣∣
=

∣∣h−1
ij (uij(τk+q))uij(τk) − uij(τk+q)h−1

ij (uij(τk))
∣∣

|uij(τk+q)uij(τk)|

≤
∣∣h−1

ij (uij(τk+q))uij(τk) − h−1
ij (uij(τk+q))uij(τk+q)

∣∣
M2

+

∣∣h−1
ij (uij(τk+q))uij(τk+q) − uij(τk+q)h−1

ij (uij(τk))
∣∣

M2

≤ |h−1
ij (uij(τk+q))||uij(τk+q) − uij(τk)|

M2

+
|uij(τk+q)|

∣∣h−1
ij (uij(τk+q)) − h−1

ij (uij(τk))
∣∣

M2

≤ 2aijN

M2
|uij(τk+q) − uij(τk)|, (12)

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
Finally, with (5), (6) and (9) − (12), for each q ∈ Q,

|μij(k+q) − μijk|
=

∣∣∣∣( (1 + αij(k+q))aij(ηij(k+q))
aij(ξij(k+q))

− 1)

−(
(1 + αijk)aij(ηijk)

aij(ξijk)
− 1)

∣∣∣∣
≤ 1

a2
ij

∣∣1 + αij(k+q)

∣∣∣∣aij(ηij(k+q))aij(ξijk)
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−aij(ξij(k+q))aij(ηijk)
∣∣

+

∣∣aij(ξij(k+q))aij(ηijk)
∣∣∣∣αij(k+q) − αijk

∣∣
a2

ij

≤
∣∣aij(ηij(k+q))aij(ξijk) − aij(ηij(k+q))aij(ξij(k+q))

∣∣
aijaij

+

∣∣aij(ηij(k+q))aij(ξij(k+q)) − aij(ξij(k+q))aij(ηijk)
∣∣

aijaij

+
a2

ij |αij(k+q) − αijk

∣∣
a2

ij

≤
∣∣aij(ξij(k+q)) − aij(ξijk)

∣∣ +
∣∣aij(ηij(k+q)) − aij(ηijk)

∣∣
aij

+
a2

ij |αij(k+q) − αijk

∣∣
a2

ij

≤ 2aijN(aij + 2aij)
a2

ijM
2

|uij(τ(k+q)) − uij(τk)|

+
aij(aijN

2 + aijN
2 + aijM

2)
a2

ijM
2

|αij(k+q) − αijk|

+
(aij + aij)N

a2
ijM

2
|γij(k+q) − γijk|

< H
5ε

6H
+ H

ε

12H
+ H

ε

12H
= ε,

and

|νij(k+q) − νijk| =
∣∣∣∣ γij(k+q)

aij(ξij(k+q))
− γijk

aij(ξijk)

∣∣∣∣
=

∣∣γij(k+q)aij(ξijk) − γijkaij(ξij(k+q))
∣∣∣∣aij(ξij(k+q))aij(ξijk)

∣∣
≤ 1

a2
ij

∣∣γij(k+q)aij(ξijk) − γij(k+q)aij(ξij(k+q))
∣∣

+
1

a2
ij

∣∣γij(k+q)aij(ξij(k+q)) − γijkaij(ξij(k+q))
∣∣

≤ γ
∣∣aij(ξij(k+q)) − aij(ξijk)

∣∣ + aij |γij(k+q) − γijk|
a2

ij

≤ 2aijNγ(aij + aij)
a3

ijM
2

|uij(τ(k+q)) − uij(τk)|

+
aijN

2γ(aij + aij)
a3

ijM
2

|αij(k+q) − αijk|

+
(aijNγ + aijNγ + aijaijM

2)
a3

ijM
2

|γij(k+q) − γijk|

< H
5ε

6H
+ H

ε

12H
+ H

ε

12H
= ε,

where i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z. Since
Q is relatively dense set of whole numbers, hence the se-
quences {μijk} and {νijk} is almost periodic, k ∈ Z,
i = 1, 2, . . . , n, j = 1, 2, . . . , m. This completes the proof.

Lemma 2.4([21]) Let {τk} ∈ B and the condition (H2)
hold. Then for l > 0 there exists a positive integer A such
that on each interval of length l, we have no more than A

elements of the sequence {τk}, i.e.,

i(s, t) ≤ A(t − s) + A,

where i(s, t) is the number of the points τk in the interval
(s, t).

Lemma 2.5 If the conditions (H1)− (H3), (H5), (H) and
the following condition:

(H9) αij = aijb
′
ij − 2A > 0, where constant A is

determined in Lemma 2.4, i = 1, 2, . . . , n, j =
1, 2, . . . , m.

hold, then:
(i) For the Cauchy matrix Wij(t, s) of system (8), there exist

positive numbers αij and βij such that

e−βij(t−s) ≤ Wij(t, s) ≤ e2Ae−αij(t−s),

where βij = aijb
′
ij , t ≥ s, t, s ∈ R, i = 1, 2, . . . , n, j =

1, 2, . . . , m.
(ii) For any ε > 0, t ≥ s, t, s ∈ R, |t− τk| > ε, |s− τk| > ε,

k ∈ Z there exists a relatively dense set T of the function
Eij(t) and a positive constant Γ such that for τ ∈ T it
follows that

|Wij(t + τ, s + τ) − Wij(t, s)| ≤ εΓe−
αij
2 (t−s),

t ≥ s, t, s ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Proof: Because the proof of the second part of this lemma
is similar to Lemma 3 in [23], hence we will only prove the
first part of the lemma.

From the definition of Eij(t), using Lagrange mean-value
theorem, one gets

Eij(t) =
bij(h−1

ij (uij(t)))
uij(t)

=
b′ij(oi)h−1

ij (uij(t))
uij(t)

= b′ij(oij)aij(ρij),

where oi is between 0 and h−1
ij (uij(t)), ρij is between 0 and

uij(t), i = 1, 2, . . . , n, j = 1, 2, . . . , m.
Thus

aijb
′
ij ≤ Eij(t) = b′ij(oij)aij(ρij) ≤ aijb

′
ij = βij ,

i = 1, 2, . . . , n, j = 1, 2, . . . , m. (13)

Since the sequence {μijk} is almost periodic, then it is
bounded. From (H3) and (5) it follows that 1 ≤ 1+μijk ≤ e2

for i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z.
With the presentation of Wij(t, s), the last inequality and

(13) it follows that

e−βij(t−s) ≤ Wij(t, s) ≤ (1 + μijk)i(s,t)e−aijb′ij(t−s)

≤ (1 + μijk)A(t−s)+Ae−aijb′ij(t−s)

= e2Ae(2A−aijb′ij)(t−s)

= e2Ae−αij(t−s),

where t ≥ s, t, s ∈ R, k ∈ Z, i = 1, 2, . . . , n, j =
1, 2, . . . , m. This completes the proof.

For convenience, we introduce the notation:

f = sup
t∈R

|f(t)|, f = inf
t∈R

|f(t)|.
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III. MAIN RESULTS

Let

M = min
1≤i≤n,1≤j≤m

{
Θij

βij
− γe2A

1 − e−αij

}
,

K = max
1≤i≤n,1≤j≤m

{
Iije

2A

αij
+

γe2A

1 − e−αij

}
,

r = max
1≤i≤n,1≤j≤m

{
e2A

αij

[ ∑
Cgl∈Nr(i,j)

C
gl

ijLwkija
2
ij

]}
,

λ = inf
1≤i≤n,1≤j≤m

αij ,

where Θij = inf
t∈R

{
− ∑

Cgl∈Nr(i,j)

Cgl
ij (t)wij

( ∫ +∞
0

kij(σ) ×

h−1
ij (ϕgl(t − σ)) dσ

)
h−1

ij (ϕij(t)) + Iij(t)
}

.

Theorem 3.1 Assume that (H1) − (H9) and (H) hold. If
M > 0, r < 1 and K

1−r < 1, then there exists a unique
nonzero almost periodic solution of (1).

Proof: Set X = {ϕ(t) ∈ PC(R, Rn) : ϕ(t) =
(ϕ11(t), . . . , ϕij(t), . . . , ϕnm(t))T , where ϕij(t) is a almost
periodic function satisfying 0 < M ≤ inf

t∈R

|ϕij(t)| ≤
sup
t∈R

|ϕij(t)| ≤ N = K
1−r , i = 1, 2, . . . , n, j = 1, 2, . . . , m

} with the norm

‖ϕ‖ = max
1≤i≤n,1≤j≤m

{sup
t∈R

|ϕij(t)|},

then (X, ‖ · ‖) is a Banach space.
Define an operator Φ on X by

(Φϕ)(t) = ((Φ11ϕ)(t), ..., (Φijϕ)(t), ..., (Φnmϕ)(t))T , t ∈ R,

where

(Φijϕ)(t)

=
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕij(s − σ)) dσ

)
h−1

ij (ϕgl(s))

+Iij(s)
]

ds +
∑
τk<t

Wij(t, τk)νijk,

i = 1, 2, . . . , n, j = 1, 2, . . . , m. (14)

Set X
∗ be a subset of X defined by

X
∗ = {ϕ ∈ X : ‖ϕ − ϕ0‖ ≤ rK

1 − r
},

where

ϕ0 = (ϕ011, ..., ϕ0ij , ..., ϕ0nm)T

and

ϕ0ij =
∫ t

−∞
Wij(t, s)Iij(s) ds +

∑
τk<t

Wij(t, τk)νijk,

i = 1, 2, . . . , n, j = 1, 2, . . . , m.

Then, it follows Lemma 2.5 that

‖ϕ0‖ = max
1≤i≤n,1≤j≤m

{
sup
t∈R

∣∣∣∣
∫ t

−∞
Wij(t, s)Iij(s) ds

+
∑
τk<t

Wij(t, τk)νijk

∣∣∣∣
}

≤ max
1≤i≤n,1≤j≤m

{
sup
t∈R

[ ∫ t

−∞
|Wij(t, s)||Iij(s)| ds

+
∑
τk<t

|Wij(t, τk)||νijk|
]}

≤ max
1≤i≤n,1≤j≤m

{
sup
t∈R

[ ∫ t

−∞
e2Ae−αij(t−s)Iij ds

+
∑
τk<t

e2Ae−αij(t−τk)νijk

]}

≤ max
1≤i≤n,1≤j≤m

{
Iije

2A

αij
+

γe2A

1 − e−αij

}
= K. (15)

Then for arbitrary ϕ ∈ X
∗, from (14) and (15) we have

‖ϕ‖ ≤ ‖ϕ − ϕ0‖ + ‖ϕ0‖ ≤ rK

1 − r
+ K =

K

1 − r
.

Now we prove that Φ is self-mapping from X
∗ to X

∗.
Firstly, we shall show that for arbitrary ϕ ∈ X

∗, then Φϕ ∈
X

∗. In fact

‖Φϕ − ϕ0‖
= max

1≤i≤n,1≤j≤m

{
sup
t∈R

∣∣∣∣
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s)

×wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
×

h−1
ij (ϕij(s))

]
ds

∣∣∣∣
}

≤ max
1≤i≤n,1≤j≤m

{
sup
t∈R

[ ∫ t

−∞
e2Ae−αij(t−s) ×[ ∑

Cgl∈Nr(i,j)

C
gl

ijLwkijaij‖ϕ‖
]
aij‖ϕ‖ ds

]}

≤ max
1≤i≤n,1≤j≤m

{
e2A

αij

[ ∑
Cgl∈Nr(i,j)

C
gl

ijLwkija
2
ij

]}
‖ϕ‖

= r‖ϕ‖ ≤ rK

1 − r
. (16)

Moreover, we get

sup
t∈R

|(Φijϕ)(t)|

= sup
t∈R

{∣∣∣∣
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
h−1

ij (ϕij(s))

+Iij(s)
]

ds +
∑
τk<t

Wij(t, τk)νijk

∣∣∣∣
}
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≤ max
1≤i≤n,1≤j≤m

{
e2A

αij

[ ∑
Cgl∈Nr(i,j)

C
gl

ijLwkijaij‖ϕ‖
]
×

aij‖ϕ‖
}

+ K

≤ rK

1 − r
+ K =

K

1 − r
= N (17)

and

inf
t∈R

|(Φijϕ)(t)|

= inf
t∈R

{∣∣∣∣
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
×

h−1
ij (ϕij(s)) + Iij(s)

]
ds +

∑
τk<t

Wij(t, τk)νijk

∣∣∣∣
}

≥ inf
t∈R

{∣∣∣∣
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
×

h−1
ij (ϕij(s)) + Iij(s)

]
ds

∣∣∣∣ −
∣∣∣∣ ∑

τk<t

Wij(t, τk)νijk

∣∣∣∣
}

≥ inf
t∈R

{ ∫ t

−∞
Wij(t, s)Θij ds

}

− sup
t∈R,k∈Z

{∣∣∣∣ ∑
τk<t

Wij(t, τk)νijk

∣∣∣∣
}

≥ inf
t∈R

{ ∫ t

−∞
e−βij(t−s)Θij ds

}
− sup

k∈Z

|γijk| e2A

1 − e−αij

≥ min
1≤i,j≤n

{
Θij

βij
− γe2A

1 − e−αij

}
= M,

i = 1, 2, . . . , n, j = 1, 2, . . . , m. (18)

Now, we shall prove that Φϕ is almost periodic. In fact, let
τ ∈ T , q ∈ Q, where the sets T and Q are determined in
Lemma 2.3. By Lemma 2.5, we have

|(Φijϕ)(t + τ) − (Φijϕ)(t)|
=

∣∣∣∣
∫ t+τ

−∞
Wij(t + τ, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
×

h−1
ij (ϕij(s)) + Iij(s)

]
ds +

∑
τk<t+τ

Wij(t + τ, τk)νijk

−
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
h−1

ij (ϕij(s))

+Iij(s)
]

ds −
∑
τk<t

Wij(t, τk)νijk

∣∣∣∣

≤
∫ t

−∞
|Wij(t + τ, s + τ) − Wij(t, s)|∣∣∣∣ − ∑

Cgl∈Nr(i,j)

Cgl
ij (s + τ)wij

( ∫ +∞

0

kij(σ) ×

h−1
ij (ϕgl(s + τ − σ)) dσ

)
h−1

ij (ϕij(s + τ))

+Iij(s + τ)
∣∣∣∣ ds +

∫ t

−∞
|Wij(t, s)|

∣∣∣∣
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s + τ)wij

( ∫ +∞

0

kij(σ) ×

h−1
ij (ϕgl(s + τ − σ)) dσ

)
h−1

ij (ϕij(s + τ))

+
∑

Cgl∈Nr(i,j)

Cgl
ij (s)wij

( ∫ +∞

0

kij(σ) ×

h−1
ij (ϕgl(s − σ)) dσ

)
h−1

ij (ϕij(s))

+Iij(s + τ) − Iij(s)
∣∣∣∣ ds

+
∑
τk<t

|Wij(t + τ, τk+q) − Wij(t, τk)||νij(k+q)|

+
∑
τk<t

|Wij(t, τk)||νij(k+q) − νijk|

≤ Cε, i = 1, 2, . . . , n, j = 1, 2, . . . , m, (19)

where

C = max
1≤i,j≤n

{
1

αij

∑
Cgl∈Nr(i,j)

(2ΓC
gl

ijLwkij

+Lwkije
2A)a2

ijN +
e2A + 2ΓIij

αij

+
e2A

αij

∑
Cgl∈Nr(i,j)

C
gl

ijLwkija
2
ij

+
γΓ

1 − e−
αij
2

+
e2A

1 − e−αij

}
.

It follows from (16) − (19) that Φϕ ∈ X
∗.

For arbitrary ϕ ∈ X
∗, ψ ∈ X

∗, we can get

‖Φϕ − Φψ‖
= max

1≤i≤n,1≤j≤m

{
sup
t∈R

∣∣∣∣
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s)

×wij

( ∫ +∞

0

kij(σ)h−1
ij (ϕgl(s − σ)) dσ

)
h−1

ij (ϕij(s)) ds

−
∫ t

−∞
Wij(t, s)

[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (ψgl(s − σ)) dσ

)
×

h−1
ij (ψij(s)) dσ

]]
ds

∣∣∣∣
}

≤ max
1≤i≤n,1≤j≤m

{
e2A

αij

[ ∑
Cgl∈Nr(i,j)

C
gl

ijLwkija
2
ij

]}
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× max
1≤i≤n,1≤j≤m

{
sup
t∈R

|ϕij(t) − ψij(t)|
}

= r‖ϕ − ψ‖ < ‖ϕ − ψ‖. (20)

Then from (20), it follows that Φ is a contraction operator
in X

∗. So, Φ has exactly a unique nonzero fixed point ϕ∗ in
X

∗ such that Φϕ∗ = ϕ∗. It is easy to verify that ϕ∗ satisfies
(7). Thus, system (1) has exactly one nonzero almost periodic
solution. This completes the proof.

Theorem 3.2 Assume that the conditions in Theorem 3.1
hold. If r < λ, then the unique nonzero almost periodic
solution of (1) is exponentially stable.

Proof: Let x(t) be arbitrary solution of (7) with the
initial condition x(t0 + 0, t0, x0) = x0, and y(t) =
(y11(t), · · · , yij(t), · · · , ymn(t))T be the unique almost peri-
odic solution of (7) with the initial condition y(t0+0, t0, y0) =
y0. Then from (14), we have

x(t) − y(t)
= W (t, t0)(x0 − y0)

+
∫ t

t0

W (t, s)
[
−

∑
Cgl∈Nr(i,j)

Cgl
ij (s) ×

wij

( ∫ +∞

0

kij(σ)h−1
ij (xgl(s − σ)) dσ

)
h−1

ij (xij(s)) ds

+
∑

Cgl∈Nr(i,j)

Cgl
ij (s)wij

( ∫ +∞

0

kij(σ) ×

h−1
ij (ygl(s − σ)) dσ

)
h−1

ij (yij(s)) dσ

]
ds. (21)

It follows from Lemma 2.5, (20) and (21) that

‖x − y‖
≤ e2Ae−λ(t−t0)‖x0 − y0‖

+ max
1≤i≤n,1≤j≤m

{
e2A

αij

[ ∑
Cgl∈Nr(i,j)

C
gl

ijLwkija
2
ij

]}
∫ t

t0

e−λ(t−t0)‖x(s) − y(s)‖ds

≤ e2Ae−λ(t−t0)‖x0 − y0‖
+r

∫ t

t0

e−λ(t−s)‖x(s) − y(s)‖ds,

that is

‖x − y‖eλt ≤ e2Aeλt0‖x0 − y0‖
+r

∫ t

t0

eλs‖x(s) − y(s)‖ds.

By Gronwall-Bellman’s Lemma, we have

‖x − y‖ ≤ e2A‖x0 − y0‖e(r−λ)(t−t0).

So, the almost periodic solution y(t) is exponentially stable
since r − λ < 0. Thus the unique almost periodic solution of
(1) is exponentially stable. This completes the proof.

IV. AN EXAMPLE

Consider the following CGSICNNs:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′
ij(t) = −aij(xij(t))

[
bij(xij(t)) +

∑
Cgl∈Nr(i,j)

Cgl
ij (t)

×wij

( ∫ +∞
0

kij(s)xgl(t − s) ds

)
xij(t)

−Iij(t)
]
, t �= τk,

Δxij( τk ) = αijkxij(τk) + 1−e4−4e4

30e8 ,
i = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Z,

(22)

where

(aij)2×2 =
[

3 + sin u 3 + cos u
3 − sinu 3 − cos u

]
,

(bij)2×2 =
[

0.5e4u e4u
1.5e4u 2e4u

]
,

(Cij)2×2 =
[

0.5 1.5
1.5 0.5

]
,

(Iij)2×2 =
[

0.45 + 0.05 sin t 0.45 − 0.05 sin t
0.45 + 0.05 cos t 0.45 − 0.05 cos t

]
,

ωij =
1
32

|u|, Kij(t) = e−e4t, i, j = 1, 2,

and (H2) holds with A = 2. Obviously,

āij = 4, aij = 2, i, j = 1, 2; b̄′11 = b′11 = 0.5e4,

b̄′12 = b′12 = e4, b̄′21 = b′21 = 1.5e4, b̄′22 = b′22 = 2e4,

ΣCgl∈N1(i,j)C
gl

11 = ΣCgl∈N1(i,j)C
gl

12 = ΣCgl∈N1(i,j)C
gl

21

= ΣCgl∈N1(i,j)C
gl

22 = 4, Lb = 2e4, Lω =
1
32

,

Ī11 = Ī12 = Ī21 = Ī22 = 0.5, I11 = I12 = I21 = I22

= 0.4, 1 ≤ αijk ≤ e2

2
− 1, k ∈ Z, α11 = a11b

′
11 − 2A

= e4 − 4, α12 = a12b
′
12 − 2A = 2e4 − 4, α21 = a21b

′
21

−2A = 3e4 − 4, α22 = a22b
′
22 − 2A = 4e4 − 4,

β11 = a11b
′
11 = 2e4, β12 = a12b

′
12 = 4e4,

β21 = a21b
′
21 = 6e4, β22 = a22b

′
22 = 8e4.

By a direct calculation, we get

min
1≤i,j≤2

Θij = 0.4 − 2
e4

,

M =
0.4 − 2

e4

8e4
− e4

1 − e4−4e4

1 − e4−4e4

30e8
> 0,

K =
0.5e4

e4 − 4
+

1
30e4

, r =
2

e4 − 4
< 1,

then K
1−r < 1 and r < αij , i, j = 1, 2.

Now, we can see that all conditions are hold, according
to Theorem 3.1 and Theorem 3.2, system (22) has one unique
nonzero almost periodic solution which is exponentially stable.
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