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Exact Pfaffian and /NV-Soliton Solutions to a
(3+1)-Dimensional Generalized Integrable Nonlinear
Partial Differential Equations

Magdy G. Asaad

Abstract—The objective of this paper is to use the Pfaffian
technique to construct different classes of exact Pfaffian solutions and
N-soliton solutions to some of the generalized integrable nonlinear
partial differential equations in (3+1) dimensions. In this paper, I will
show that the Pfaffian solutions to the nonlinear PDEs are nothing but
Pfaffian identities. Solitons are among the most beneficial solutions
for science and technology, from ocean waves to transmission of
information through optical fibers or energy transport along protein
molecules. The existence of multi-solitons, especially three-soliton
solutions, is essential for information technology: it makes possible
undisturbed simultaneous propagation of many pulses in both direc-
tions.

Keywords—Bilinear operator, G-BKP equation, Integrable non-
linear PDEs, Jimbo-Miwa equation, Ma-Fan equation, N-soliton
solutions, Pfaffian solutions.

I. INTRODUCTION

HE aim of this work is to use the Pfaffian technique,

along with the Hirota bilinear method to construct dif-
ferent classes of exact solutions to various of generalized
integrable nonlinear partial differential equations. The analysis
of traveling wave solutions to integrable nonlinear partial dif-
ferential equations plays a pivotal role in the study of nonlinear
physical phenomena. Solitons [1], [2], [3], are among the most
beneficial wave solutions for science and technology.

The derivation and solutions of integrable nonlinear partial
differential equations in two spatial dimensions have been the
holy Grail in the field of nonlinear science since the late
1970s. The prestigious Korteweg-de Vries (KdV) and nonlin-
ear Schrodinger (NLS) equations, as well as the Kadomtsev-
Petviashvili (KP) and Davey-Stewartson (DS) equations are
prototypical examples of integrable nonlinear partial differ-
ential equations in (1+1) and (2+1) dimensions respectively.
However, one question remains: Do there exist Pfaffian and
soliton solutions to generalized integrable nonlinear partial
differential equations in (3+1) dimensions?

Generally, it is a difficult task to find exact solutions of
nonlinear partial differential equations. Moreover, even if one
manages to find a strategy for solving one particular nonlinear
partial differential equation, in general, such a strategy may not
be applicable to other nonlinear partial differential equations.

In this paper, I obtained a set of explicit exact Pfaffian
and N-soliton solutions to the (3+1)-dimensional generalized
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integrable nonlinear partial differential equations, including a
generalized B-type KP equation, soliton equations of Jimbo-
Miwa type and the nonlinear Ma-Fan equation, A set of
sufficient conditions consisting of systems of linear partial
differential equations involving free parameters and continuous
functions is generated to guarantee that the Pfaffian solves
these generalized equations.

Examples of the Pfaffian and N-soliton solutions are ex-
plicitly computed. The numerical simulations of the obtained
solutions are illustrated and plotted for different parameters
involved in the solutions (see [1]).

A. Bilinear forms
The Leibniz rule for normal derivatives is given by

am o
— t t
otm axna(z’ )6($7 )

= alﬂoz(a:—k t+s)B(z+y,t+s)]|

- Os™m ayn Y Y, s=0, y=0.
Similarly, the usual Hirota derivatives (or D-operators) are
defined by [2]:

D*DZYa(x,t) - B(x,t)
- ﬁoz(x—i— t+s)B(x—y,t—s)|
- dsm ayn Y Y, s=0, y=0,
or equivelently, by
Di"Dya(t, x) - B(t, )

= (at - 8t’)m (81 - aw’)n Oé(t, I)B(tlv I/) ‘t':t x'=x.

Writing out the last equation for the case of one variable, we
can obtain Hirota derivatives:

3

Dra(x)-Bw) = 5

Further, we get a nice property of D-operators that normal
derivatives don’t have:

alx +y)B(x —y) [y=o.

D}yp-o=0 fornis odd.
The following properties are easily seen from the definition:
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D{'¢ - ¢ =0, for odd.m.

D¢ - 1p = DI peth — pife).

Dl¢-p= QDgn_l(Lpﬁ - ), for odd.m.

DeDyip - p = 2De(py - ) = 2Dy (¢ - ).

_ %

De(ph - w) = o€ Yw + D (Y - w).

exp(eDe)(p - ) = p(z + €)P(z — ).

The relation between the normal derivative and the Hirota
D-operators can be found in Ref. [2], here we list some of
them:
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We would like to express integrable nonlinear partial differ-
ential equations in the Hirota Bilinear form as

P(D)p - =0, “)

where P(D) is a polynomial in D, ¢ is a new dependent
variable for the bilinear form of the given partial differen-
tial equation. So, the first step of our work is to develop
appropriate transformations of nonlinear partial differential
and difference equations which require that the differential
equations are in quadratic form in dependent variables. For
example, let us consider the KdV equation
du ou  O3u

Introducing the following dependent variable transformation:

u = 2(10g @)zzv (6)

Eq. (5) becomes
2(108 @)t + 3[2(10g ©)aa)” + 2(l0g P)az = 0. (7)

The second step in our work is to use Hirota D-operators
to find the bilinear form of the considered equation by a
polynomial of Hirota D-operator. For example, we proceed
to bilinearise the KdV Eq. (5). Using Egs.(1), (2) and (3) in
Eq. (7), the KdV Eq. (5) becomes

D,Dip- ¢ D2p- ¢\’
2 +3 2
© ©

2
Dis0-99_3<D§s0~s0> _0
@2 02 -

+ ®)

Cancelling the second and fourth terms, this is simplified to
(DzDi + D) =0, ©)
or equivalently
Do (Dy + D3)g -9 =0. (10)
Eq. (10) is the Hirota bilinear form of the KdV equation.

B. Pfaffians

In this work, we will use the Pfaffian identities to search
for exact solutions of the generalized B-type Kadomtsev—
Petviashvili equation. In what follows, we will introduce three
useful lemmas about the Pfaffian expansions and derivatives
formulation. Let us recall some basics about the Pfaffian. Let
A = det(d;,5)1<i,j<on be the determinant of an 2N x 2N
skew-symmetric matrix, then the Pfaffian associated with A
is denoted conventionally by [9], [4]:

Pf (0;j)1<ij<on = (a1,00,..,00n)
| 612 01,3 - 012N

023 - 022N

doN—1,2N
When N = 1,2, the Pfaffian read
(a1,a2) = (512,
(0417 g, (3, a4) = 51,253,4 - 51,352,4 + 51,452,3~

Lemma 1: Let A be the determinant of an m x m skew-
symmetric matrix,

A =det(a;;) (1<4,5<m=2n), (11)
then the Pfaffian of order n, can be obtained from the above
determinant, and is denoted

Pf (a;j)i<ij<on = (1,2, ...,2n), (12)
and the right-hand side of (12), can be expanded as

n

(1,2,...,2n) = ZG sgn(o) [[(o(2i —1),0(2i)),  (13)

i=1

where the summation is taken over all permutations
1 2 ... 2n
c=1\{ . . ;
11 12 e 12

i1 < iQ, i3 < i4,
and sgn(o) = (—1)"(),
We have several expansion theorems on Pfaffian. Here we
describe two of them which are relevant to the present paper.
Lemma 2: Let n be a positive integer, then

(a‘17a27 1727 ,277,)
2n

with

) 2.277,71 < i2na Z.1 < Z.3 < .. < Z.271,71a

. A
= Y (1) (a1,02,1,5)[(2,3, ..., j, ...2n)
=2
. A
+ (17]) (a‘17a272737 e s 2”)}
_(a’17a2) (a17a271727"'72n)a (14)
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and

(bl,b27CI7C2, 172, ...,QTL)

2n 2n
= Z z (_]‘)j+k_1 (b17b27j7k)
i=1k=j+1
A A
x(c1,¢2,1,2, 00,7, k6, ..20), (15)

provided that
(bj,cr) =0, for j, k=1,2.

Proof: see [11]. [ |
We shall use the equation (14) and the equation (15) to
express the derivatives of the Pfaffain by the Pfaffians of lower
order. Identities for determinants and Pfaffians are of great
interest in many branches of mathematics. In the next lemma
we present two Pfaffian identities which correspond to the
Jacobi’s determinant identity.
Lemma 3: Let m and n be positive integers, then

(a1, a2, ..., a2m,1,2,....,2n) (1,2, ...,2n)
2m

= (_l)s (a170s71,2,4..,2n) X

s=2
(a1, a2, .., Gy ey Gy 1,2, 0, 200), (16)
and
(aly A2y ...y A2m—1, 1a 27 37 ceey 2n — 1) (17 27 (a3} 277‘)
2m—1
= > (1) (as 1,20 — 1) x
s=1
(al,ag,...,gs,...,a2m_1,1,...,2n). (17)
Proof: see [11]. [ |

We shall use the equation (16) with m = 2 to get the desired
identity.

II. PFAFFIAN SOLUTIONS
A. The (3+1)-D BKP Eq

It is known that one of the most interesting problems in
the Sato description of the KP hierarchy or its extensions, is
that of describing lower-dimensional integrable systems whose
solutions form a subset of the solution space for the KP
hierarchy [8].

The process by means of which such systems are singled
out is known as a reduction of the KP hierarchy, or of one
of its extensions. The spectrum of such reductions ranges
from (2+1)-dimensional systems, through (1+1)-dimensional
ones, all the way to integrable ordinary differential equations.
Interesting integrable systems arise at many different stages
throughout the reduction process.

The hierarchy of (2+1)-dimensional systems whose solu-
tions only make up a subset of the KP solution space, but
which still appear as an integrable hierarchy in its own right.

The BKP Hierarchy. A well-known example of such a sub-
hierarchy is the so-called BKP hierarchy [7]. Its name derives
from the fact that, whereas gl(co) can be identified with the

infinite-rank Kac-Moody algebra A.,, the Lie algebra that
underlies the BKP hierarchy is of B-type, (Bs) [10].

In this work, we investigate a generalized B-type KP
equation [1]:

8 M 5} <8u 8u) Py _0%u

ayat ~ ayos  ox \away ) TP T2 =0

which can be written in terms of the Hirota bilinear operator.

When z = =z, the above equation possesses the same
nonlinearity as the Sawada-Kotera equation:
ou 13} Pu,  Ou
215 (u3 i Z 7
ot + 53x(u +u81:2)+ ox® 0
and the model equation for shallow water waves:
ou Pu ou ou [ Ou ou
— - —3u— — —dz' + — =0.
ot oo ot e ) w™ tap T

In fact, the Sawada-Kotera equation and the model equation
for shallow water waves belong to a class of the B-type KP
equations. Moreover, the B-type KP hierarchy is obtained
from the standard KP hierarchy by imposing an extra condition
between the Lax operator and its adjoint. A well known
standard reduction of this hierarchy is the Sawada-Kotera
equation.

We consider the following (3+1)-dimensional non-linear
equation [1]:

0%u 0*u 0 (8u 8u> Pu _0%u

223y ) T35 T35 = O (18)

oyot  dydx® "oz

Under the dependent variable transformation:

UZQ%(IHT)7 (19)

the above equation (18) is mapped into the Hirota bilinear
equation:

(DyDy — D3D, +3D2 +3D2) -7 = 0. (20)

We can rewrite the equation (20) in terms of 7 as follows

( 0%t o*r 0%t 827'>
.

Byot  9yors om0 a2
_&@ 03T Ot 031 Ot

ot oy 9150y  “0yor? oz
0*r 0*r or\? or\?
-3+ -3{=—) -3|5 ) =0. 21
0z2 Jyox (8&6) (82) @b
We would like to present a sufficient conditions which
guarantees that the Pfaffian solves the equation (21).

1) Sufficient conditions: We can introduce now the follow-
ing Pfaffian:

Tn = Pf(aij)1<ij<2n, 22

aj; = Ci+ / D, fi(z)-fi(z)dz, i,j=1,2,..,2n, (23)
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where (C;; = —C; for i # j) are constants and all f; satisfy
the linear differential equations:
. . ) . ) 3 £
Of L\ O O\ 0% 0L P o,

oy~ tox_y 0z “Pox’ ot 023’

where

M =a’+1, and Ay = a, (25)

where «a is free parameter and f; has the boundary condition

fi(—=o0) =0 for i =1,2,...,2n and . is defined by
-1
of; [
ﬁxjizl =: / fi(z)dx. (26)

In what follows, as an application of the Pfaffian tech-
niques, we shall construct a class of exact Pfaffian solutions
to the (3+1)-dimensional generalized B-type Kadomtsev—
Petviashvili equation.

2) Pfaffian solutions:

Theorem 4: (Sufficient condition) Let f;, i = 1,2,...,2n,
satisfy (24), then the Pfaffian defined by (22) solves the
Hirota bilinear equation (20) and the function v = 21In(7,),
solves the (3+1)-dimensional generalized B-type Kadomtsev—
Petviashvili equation (18).

Proof: See Appendix A. |

3) N-soliton solutions: The system (24) has solution in the
form

M=

fi = dij exp(&ij) 27
j=1
Cij = kijm+ Mk'y+ dokijz + kit + €, (28)
where d;;, k;;, and 5?]- are free parameters and p is arbitrary

natural number. In particular we have the following specific
solutions

fi = exp(&), (29)
& = kix Mk lyd+ dokiz Rt +€), (30)

where k; and f,? are free parameters and A1, Ay are given in
the equation (25). In order to investigate the solutions of (20),
we choose special values for (C;;)nxn and the functions f;.
For example, let

fi = exp(&), (€20)
& = kix+/\1ki_1y+)\2kiz+kit+§?, (32)

we obtain
(i,5) = Cij + kit k] fif (33)

Let us consider the two-soliton and three-soliton expression of
the equation (20). For the two-soliton solution we may choose

012 = 034 = 1, 013 = 014 = 023 = 024 =0. Therefore,

no= 1BH-(3)E Y+,
T o= 1+ :1 _T_ :z exp(&1 + &2)
+Z: J_r 24 exp(&; + &)

(k1 k3) (k1 — ka)

(k1 + k2) (kl + k3) (k1 4 ka)

o (ke = k) (ko — ko) (ks —ka)

* (ko + ka) (ko + k) (ks + ka) GXP{Z} %)
Putting

ki — ki1

=& +&iv1 + 0;, where exp(d;) = (34)

k - khLl7

we may rewrite T, as

7o =1+ exp(m) + exp(ns) + ki3 exp(ni +13),  (35)

where

_. (kz - kl) (kz - km) (kj - kl) (kj — km)
C (ki Ky (ki + k) (B + K (kg + ki)
In a similar way we can obtain the three-soliton expression

for equation (20), we may choose Ci1o = Csy4 = Css =
1, otherwise C;; = 0, the

lm
ki (36)

3 = [(16)(23)(45)—(16)(24)(35)+(16)(25)(34)]
—[(13)(26)(45)—(14)(26)(35)+(15)(26)(3
+[(12)(36)(45)—(14)(25)(36)+(15)(24)(3
—[(12)(35)(4 6) — (1 3)(25)(4 6)+ (1 5)(23)(4
+[(12)(34)(56) —(13)(24)(56)+ (1 4)(23)(5

we may rewrite 73 as

73 = 1+ exp(m) + exp(n3)
+exp(ns) + ki3 exp(m +13)
+k75 exp(m +15) + k34 exp(ns + 15)
+ k135 exp(n1 +ms + ns), 37
where
klmn _ kplkmnk‘ . (38)

©jp VY]

Therefore, if we put k}" =: exp(K/J"), the N-soliton solution
of the equation (20) might be expressed as:

(2N)

™~ =Y exp( ZM% i+ Y K ww),  (39)

i<j<l<m

where ) denotes the summation over all possible combina-
tions of iy = 0,1, po =0,1,..., pony =0,1,and Zli]jikm
is the sum over all ¢, j, I, m (i < j <1 < m) chosen from
{1,2,...,2N} . Furthermore, the equation (18) has the solution
u=2—(ln1y).

or
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B. The (3+1)-D nonlinear Ma-Fan Eq

In this subsection, I would like to discuss the existence
of the Pfaffian solutions to the following (3+1)-dimensional
nonlinear Ma-Fan equation [12]:

8%u 0t 0 (8u 8u) 8%u

020t 0230y "0z \ Oz dy 922

oz =0 (0)

which belongs to a class of generalized BKP equations, and
can be written in terms of the Hirota bilinear operator.
When z = 1y, this equation reduces to the B-type
Kadomtsev—Petviashvili equation [2], and so it is also a
generalized BKP equation.
Under the dependent variable transformation

0
u = 2%(ln¢), 41)

the above (3+1)-dimensional nonlinear Ma-Fan equation is
mapped into the Hirota bilinear equation [12]:
(DyD. — DD, +3D2) ¢ - ¢ = 0. (42)

1) Sufficient conditions: In this subsections, I will use the
Pfaffian identities to search for exact solutions to the (3+1)
dimensional nonlinear Ma-Fan equation (40). Let us introduce
the following Pfaffian

On = Pf (@i )1<ij<2n, (43)

Qij = C” + / D, ¢l . 1/)]d1 i,7=1,2,...,2n, (44)

where C;; = (—C}; for i # j) are constants and all ¢;, 1 <
1 < 2n, satisfy the linear differential equations:

Yiy = ]wz‘(x)d% 1/%,7:—04]1/)11(37)6137

i
Ox3’

Yig =P (45)

where

6=1, (46)
«a

with « being an arbitrary constant, and all 1); satisfying the
boundary condition ;(—o0) =0 for i = 1,2, ..., 2n.

2) Pfaffian solutions:

Theorem 5: (Sufficient condition) If ¢;(z,y, z,t), 1 < i <
2n, satisfy (45), then the Pfaffian defined by (43) solve the
Hirota bilinear equation (42) and the function u = 2(In¢),
solve the (3+1)-dimensional Ma-Fan equation (40).

Proof: See [5]. |

3) N-soliton solutions: The system (45) has a solution in
the form:

p
> dijexp(&ij),
J=1

fij = k'”’ﬂ + ki_jly + Oéki zZ+ ﬁk‘ 1 +§ (47)

where d;;, k;;, and {?j are free parameters and p is arbitrary
natural number. In particular, we have the following solutions

Y = exp(&),

& = kit kly+ak 2+ BRI +HE), 48)
where k; and f? are free parameter, and «, [ are satisfy the
equation (46). In order to explore solutions of (42), we choose
special values for (Cj;)nxr and the functions ;. For example,
introduce

i = exp(&),

& = kit ktytoak e+ BRI AE), (49)
and then we obtain
k.
() = Cis + 332 kﬂ iy, (50)

Let us consider two-soliton and three-soliton solutions of the
equation (42). For a two-soliton solution. We may choose
012 = 034 = 1, C13 = 014 = 023 = 024 =0. Therefore,

$2=(12)(34)—(13)(24)+(14)(23),
Putting
ki — kit
=:& + &1+ 0;, where exp(d;) = m, (51
equivalently, we have
po=1+eM + ™ + kigemts, (52)
where
an — (kz kl) (k, km) (k] kl) (k] km) (53)

(ki + kl) (kz + km) (kj + kl) (kj + km).
In a similar way, we can obtain a three-soliton solution for
the equation (42). We may choose C12 = (34 = (56 =
1, otherwise C;; = 0, and the ¢ function now is

¢3 =1+ exp(m) + exp(n3) + exp(1s)
ki exp(in + 1) + ki3 exp(i + ns)
+k34 exp(is +15) + ki35 exp(m + s +115), (54)
where
k= KDk (55)
Therefore, if we put k" =: exp(K[7™"), the N-soliton solution
of the equation (42) can be expressed as
(2N)
dn =Y exp( Zmz i+ Y, K aw), (56)
i<j<l<m
where ) denotes the summation over all possible combina-
tions of gy = 0,1, e =0,1,..., peny =0,1,and Zlijjikm
is the sum over all ¢, j, I, m (i < j <1 < m) chosen from

{1,2,...,2N} . Furthermore, the nonlinear Ma-Fan equation
0

(40) has the N-soliton solution u = 28—(111 ON)-
T
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C. The (3+1)-D soliton Eq of Jimbo-Miwa type

The Jimbo-Miwa equation is the second equation in the
well known KP hierarchy of integrable systems, which is
used to describe certain interesting (3+1)-dimensional waves
in physics but not pass any of the conventional integrability
tests [13], [14]. The equation arose in physics in connection
with the nonlinear weaves with a weak dispersion.

In this subsection, I would like to discuss the non-linear
soliton equations [12]:

20yt + Vzzay + 3VeaVy + 3VzVye — 30, = 0, 57

which can be written in terms of the Hirota bilinear operator.
In fact, the above soliton equations belong to a class of 3+1
dimensional soliton equations of Jimbo-Miwa type presented
in [12].
Under the dependent variable Cole-Hopf transformations
(12]
v =2(Inw),, (58)

the above (3+1)-dimensional nonlinear Jimbo-Miwa type
equation is mapped into two Hirota bilinear equations:

(2DDy + D3D, — 3D?) w - w = 0, (59

1) Sufficient conditions: In what follows we would like
to discuss Pfaffian solutions to the (3+1)-dimensional soliton
equations of Jimbo-Miwa type (57). Let us take the following
Pfaffian

wpn, = Pf (14,5)1<i,j<2n, (60)

uu-:cw/Dw G Gde g =1.2.20,  (6])

where C;; = (—C}; for ¢ # j) are constants and all (;, 1 <
1 < 2n, satisfy the linear integro differential equations:

Gy = 20 / @)z, G = V3aCin,

103
2 Oz3’
where a being an arbitrary nonzero parameter, and all (; satis-
fying the boundary condition (;(—o0) =0 fori = 1,2, ..., 2n.

2) Pfaffian solutions:

Theorem 6: If (;(x,y,2,t), 1 < i < 2n, satisfy (62),
then the Pfaffian defined by (60) solves the Hirota bilinear
equation (59) and the function v = 2(Inw,, ), solves the (3+1)-
dimensional soliton equation of Jimbo-Miwa type (57).

Proof: See [6]. |

3) N-soliton solutions: The system (62) has the solution

in the form

Gijp = — (62)

p
G = Zpijeﬂij,
j=1
Oij = lijz+20°15" y + V202 — 13t+19?J,(63)

where p;;, l;;, and 19% are free parameters and p is an arbitrary
natural number. In particular, we have the following specific
solutions

Ci = 61911
1.
Vi = Liz+ 2%y + V2alz — 51315 +99, (64)
where [; and 19 are free parameter, and « is an arbitrary
constant. In order to investigate those solutions of (59), we

choose special values for (Cj;)nxn and the functions ;. For
example, letting

Ci = eﬂiv
1
Vi = iz 4 2017y + V2aliz — §z§t +99, (65)

we obtain

i,j) = Ci hizle 66
(4,4) l ) GGy (66)
Let us consider two-soliton and three-soliton solutions for the
Eq. (59). For a two-soliton solution, we may choose C1o =
034 = 17 013 = 014 = 023 = 024 = 0. Then

wy = (12)(34) - (13)(24) +(14)(23),
Putting
ki —k;
0; = 0; + Vi1 + 0;, where ¥ = L 67)
ki — kit
we may rewrite wy as
wy =14 e 4 e 4 1351105, (68)

where

Im _ (lz - ll) (l’b - lm) (lJ B ll) (l] B lm) (69)
Y (li+ll) (li+lm) (lj +ll) (lj +lm).
In a similar way, we can obtain a three-soliton solution for
the equation (59). We may choose C1o = (34 = Cs6 =
1, otherwise C;; = 0, and then we may rewrite w3 as

w3y = 1+e +e% e +
e 4155
Higge% 0 113501 0105, (70)
where
hmn = zsz;;"zm". )
Therefore, if we put lf;" = e’ then the N-soliton solution

of the equation (59) is expressed as

(2N)

wN—Zepoﬂzz Baii+ Y LEPBR), (72)

i<j<l<m

where ) denotes the summation over all possible combina-
tions of B = 0,1, B2 =0,1,..., fay =0,1,and Y20,
is the sum over all 4, j, I, m (i < j < I < m) chosen

from {1,2,...,2N}. Furthermore, the equation (57) has the

N-soliton solution v = 2%(111 Wy ).
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III. CONCLUSION

In Subsection II-A2, I have built an Pfaffian formulation
for the (3+1)-dimensional generalized B-type Kadomtsev—
Petviashvili equation:

Uty — Uggry — SUzzlly — SUglpy + gy + 3, = 0.

The facts used in our construction are the Pfaffian identities.
Theorem 4, give the main results on Pfaffian solutions, which
say that

u = 2%(1117'71), Th = Pf (ai,j)lsid'ggn,

Where the elements of 7, are defined by a;; = Cj; +
f D, fi(z)-f;(z)dz, C;; =constant, i,j = 1,2, ...
fl- satisfying

Of _\ Of 0fi _\ 0fi 0fi _ 0

- ox3’

oy Yor_, 0z ox’ ot

where A\; and )\, are free parameters defined in the equation
(25), solves the above (3+1)-dimensional generalized B-type
Kadomtsev-Petviashvili equation. Examples of Pfaffian solu-
tions made, along with a few plots [1]. In Theorem 4, we
considered only a specific sufficient conditions: (24), though
there is a free parameters A; and Ao in the conditions. It
would be great to look for more general conditions involving
combined equations for Pfaffian solutions.

Moreover, based on the theory of the Bordered determinants
and the relation between a Pfaffian and a determinant. We
would like to discuss the relation between the generalized
(3+1)-dimensional B-type K P equation (GBKP) and the
generalized (3+1)-dimensional A-type K P equation (GK P).
Using integration by parts, each Pfaffian entry (7, j) is

,2n, with

- fi(@)de

LLU =

Ci; + /Z D, fi(x)

[ofi,
Cij+2/ oz fidx — fifj.

Therefore, the square of the N-soliton solution 75 can be
written as the determinants

afl

TJQ\/: Cij+2 fJ

—oo 1<i,j<2N

This determinant is nothing but the Grammian solution of the
GK P equation, 7 p. Hence, we have

2
TGKP = TGBKP-

Where GK P stand for the generalized A-type Kadomtsev-
Petviashvili equation. We choose a lower limit of the above
integrals to be x = —oo, but this is not an essential restriction,
the result is the same for any other choice of the lower limit.
In Subsections 1I-B2 and II-C2, I have built an Pfaffian
formulation for the (3+1)-dimensional nonlinear Ma-Fan equa-
tion:
— 3 (ugty), + 3z =0,

Uty — Ugzaxy

and the (3+1) dimensional soliton equations of Jimbo-Miwa
type:

20yt + Vzaay + 3VpzVy + 3z Uy — 30, = 0.

The facts used in our construction are the Pfaffian identities
and the same technique used in the Subsection II-A2.

APPENDIX A
PROOF OF THEOREM 4

Proof: Let us express the Pfaffian 7,, by means of Lemma

™ = (1,2,...,2n) = (e), (73)

where a;; = (4,7) and (dy,, dp,) = 0, where m is integer. To
compute the derivatives of the entries (¢,7) and the Pfaffian
T,, We introduce new Pfaffian entries

0" fi
Oxm’

o"fi

(dna Z) = (dfrmi) = 8??1’ forn >0, (74

by using the equation (23) and the equation (24) we can get

9 afi fi

_fza

%(Z?j) = f] (d07d13i7j)7 (75)
o0 of, . of;
673/(2"7) = )\1895,1 / {f] iz ]

_ Of; . Ofi ] _

- )\1 |:flal‘,1 f] 81‘71:| -

)\1 (d—17 d07 Z,]) ) (76)

0
@(7’7]) = )‘2 (d07d17i7.j) (77)
.. _ O >f; af; 0*fi  0fi 9%
a9 = Jiges i - {% 022 Oz 0x?

= (dOadBJ».j)_2(d17d27i7j)' (78)

Therefore, from the above results (75)-(78) we have the
following differential formulae for 7,

9
ox
0Ty,
Oy
O
0z
or

= (d07d17.)7 (79)
/\ (d 17d07 )7 (80)

:/\2 (d07d17.)’ (81)
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- = (d07d37.) - 2(d17d27.)>

ot

(82)
8%r,
3 = (do.da,e), (83)
8%t,
o =N (do,da,e). (84)
83 n
= (di,da,0) + (do, ds, »). (85)
0%7,
aygx =M (d_1,dy,0), (86)
031,
W = /\1 [(dflad%.) + (dOadlv .) } ’ (87)
0?7, ot
aygt - 6yg:]nv3 = 73)\1 [(d(h d27 .) + (d—17 d07d17 d27 .)] 5

(88)

where we have used the abbreviated notation ¢ = 1,2, ..., 2n.
We can now compute that

0%, B o*r, N 0%, N 362Tn .

| Oyot  Oyox® 022 Ox?

- _3)\1 (d717d07d17d27.) (.)7

or, 01, 01, Oy,
__Waiy 03 Ty] =3\ (dflvd()u ') (d17d27 ') ,
[ 937, Ot 0%t, 0%1, 73(87}1)2 73(%)2
| dydx? Ox 0x2 Oyox 0z oz

= 3)\1 [(do,dl,.) (d_l,dzy.) — (do,dg,.) (d_l,dl,O) ] .

Substituting the above derivatives of 7 ,, into the LHS of the
equation (21), we arrive at

T R R

_ 97 O
ot Oy

8%7, O, 0%7, 827, ] .
n

03, O,
ox3 Oy
0%, Ot 0%r, 0%,
oydx? dx  ° 0x? dydx
3Py gy
0z ox
= =3\ [(d-1,do,d1,d2,e) (8) — (d—1,dp,®) (d1,d2,®)
+ (d07 da, .) (dflﬂ di, .) - (d()a di, .) (dflv da, .)]

_ 0 (89)

where we have made use of the equation (16) with m = 2.
This shows that the Pfaffian 7,, = (1,2, ..., 2n) with the condi-
tions (24) solves the generalized bilinear B-type Kadomtsev—
Petviashvili equation (20), which ends the proof. |

ACKNOWLEDGMENT

First, I wish to thank A. Ariston for all his guidance.
Additionally, I would like to acknowledge all of those people
who helped make this conference possible. This work was
supported in part by the Alexandria University, Alexandria,

Egypt.

REFERENCES

[11 M. G. Asaad and W. X. Ma, “Pfaffian solution to a (3+1)-dimensional
generalized BKP equation and its modified counterpart”, Appl. Math.
Comput., 2012, 218, 5524-5542.

[2] R. Hirota, “The Direct Method in Soliton Theory”, Cambridge Univer-
sity Press, 2004.

[3] W.X. Ma, A. Abdeljabbar and M. G. Asaad, “Wronskian and Grammian
solutions to a (3 + 1)-dimensional generalized KP equation”, Appl. Math.
Comput., 2011, 217, 10016-10023.

[4] M. G. Asaad, W. X. Ma, “Extended Gram-type determinant, wave
and rational solutions to two (3+1)-dimensional nonlinear evolution
equations”, Appl. Math. Comput., 2012, 219, 213-225.

[5] M. G. Asaad, “Pfaffian solutions to a (3+1)-dimensional Ma-Fan equa-
tion and its bilinear Backlund Transformation”, to appear, 2013.

[6] M. G. Asaad, A. Abdeljabbar, “Application of the Pfaffian technique
to two (3+1)-dimensional soliton equations of Jimbo-Miwa type“, ro
appear, 2013.

[7]1 E. Date, M. Jimbo, M. Kashiwara and T. Miwa, “A new hierarchy of
soliton equations of KP-type”, Physica D., 1981, 4, 343-365.

[8] B. Grammaticos, Y. Kosmann-Schwarzbach, T. Tamizhmani, “Discrete
Integrable Systems”, Springer, Berlin Heidelberg, 2004.

[9] R.E. Caianiello, “Combinatorics and Renormalization in Quantum Field
Theory”, New York: Benjamin, 1973.

[10] V. G. Kac, “Infinite Dimensinal Lie Algebras”, Cambridge Univ. Press,
New York, 1995.

[11] R. Hirota, “Soliton solutions to the BKP equations - 1. The Pfaffian
technique”, J. Phys. Soc. Jpn., 1989, 58-7, 2285-2296.

[12] W. X. Ma, E. G. Fan, “Linear superposition principle applying to Hirota
bilinear equations”, Comput. Math. Appl., 2011, 61, 950-959.

[13] M. Jimbo, T. Miwa, “Solitonand infinite-dimensional Lie algebras”,
Publ. Res. Inst. Math. Soc. Kyoto Univ., 1983, 19, 943-1001.

[14] B. Dorrizzi, B. Grammaticos, A. Ramani, P. Winternitz, “Are all the
equations of the KP hierarchy integrable?”, J. Math. Phys., 1986, 27,
2848-2852.

Magdy G. Asaad was born in Alexandria, Egypt. He received his B.S.
degree in Mathematics at the Alexandria University, Alexandria, Egypt in
2005. He received his Ph.D. degree in Mathematics at the University of South
Florida, Florida, USA in 2012. He works on nonlinear analysis and nonlinear
partial differential equations. Magdy taught several undergraduate courses as
a instructor of record at USF and taught many undergraduate and graduate
courses as assistant professor at Alexandria University.

582



