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Abstract—In this paper, an H1-Galerkin mixed finite element
method is discussed for the coupled Burgers equations. The optimal
error estimates of the semi-discrete and fully discrete schemes of the
coupled Burgers equation are derived.
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I. INTRODUCTION

W ITH the research and development of the mixed fi-

nite element methods and H1-Galerkin method, Pani

[2] (in 1998) proposed a new mixed finite element method

called H1-Galerkin mixed finite element procedure which

is applied to a mixed system in u and its flux q. The

approximating finite element spaces Vh and Wh are allowed

to be of differing polynomial degrees. Hence, estimations

have been obtained which distinguish the better approxima-

tion properties of Vh and Wh. Compared to standard mixed

methods, the proposed one is not subject to LBB consis-

tency condition. Although we require extra regularity on the

solution, a better order of convergence for the flux in L2-

norm is obtained. From then on, the method was applied

to the evolution integro-differential equation[3],[4],[5],[6], hy-

perbolic problems[9],[10],[11],[14],[16], fourth-order parabolic

equation[15], Sobolev equation[7],[8], Schrodinger equation[13]

and nonlinear evolution equations[17],[18],[12] and so on. In

this paper, we propose H1-Galerkin mixed finite element

scheme for the following coupled Burgers equation[1]

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ut − uxx − 2uux + (uv)x = f(x, t), (x, t) ∈ Ω× J,

vt − vxx − 2vvx + (uv)x = g(x, t), (x, t) ∈ Ω× J,

u(x, t) = 0, v(x, t) = 0, (x, t) ∈ ∂Ω× J̄ ,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1)

where Ω = [0, 1] ⊂ R1 with Lipschitz continuous boundary

∂Ω, J = (0, T ] is the time interval with 0 < T < ∞,

f(x, t), g(x, t) are two functions.

II. H1-GALERKIN MIXED FINITE ELEMENT METHOD

Denote the natural inner product on L2(I) as (·, ·). Let

H1
0 = {z ∈ H1(I) | z(0) = z(1) = 0}. Further, we call

the classical Sobolev spaces Wm,p(I), 1 ≤ p ≤ ∞ as Wm,p

School of Mathematical Sciences, Inner Mongolia University, Hohhot
010021, China. Correspondence to: E-mail: smslh@imu.edu.cn (H. Li); math-
liuyang@yahoo.cn (Y. Liu).

Manuscript received April 22, 2012.

with norm|| · ||m,p. When p = 2, we simply write Wm,p as

Hm with norm || · ||m.

With q = ux,σ = vx we reformulate the formulation (1) as

the first-order system:⎧⎪⎨
⎪⎩
ux = q, vx = σ,

ut − qx − 2uq + qv + uσ = f(x, t),

vt − σx − 2vσ + σu+ qv = g(x, t),

(2)

To derive the H1-Galerkin mixed finite element method,

we consider the following weak formulation of (1): find

{u, v; q, σ}:[0, T ] → H1
0 ×H1 satisfying:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ux, χx) = (q, χx), ∀χ ∈ H1
0 , (a)

(vx, wx) = (σ,wx), ∀w ∈ H1
0 , (b)

(qt, φ) + (qx, φx) + 2(uq, φx)− (qv, φx)− (uσ, φx)

= −(f, φx), ∀φ ∈ H1, (c)

(σt, ψ) + (σx, ψx) + 2(vσ, ψx)− (σu, ψx)− (qv, ψx)

= −(g, ψx), ∀ψ ∈ H1, (d)
(3)

For (3c,d), we have used integration by parts, and the

Dirichlet boundary conditions ut(0, t) = ut(1, t) =
0, vt(0, t) = vt(1, t) = 0.

Let Vh and Wh be finite dimensional subspaces of H1
0 and

H1, respectively, with the following approximation properties:

for 1 ≤ p ≤ ∞ and k, r positive integers

inf
vh∈Vh

{||v − vh||Lp + h||v − vh||W 1,p}
≤Chk+1||v||Wk+1,p , v ∈ H1

0 ∩W k+1,p,

inf
wh∈Wh

{||w − wh||Lp + h||w − wh||W 1,p}
≤Chr+1||w||W r+1,p , w ∈W r+1,p.

The semidiscrete H1−Galerkin mixed finite element for

(3) consists in determining {uh, vh; qh, σh}:[0, T ] → Vh ×
Wh such that:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(uhx, χ
h
x) = (qh, χh

x), ∀χh ∈ Vh, (a)

(vhx , w
h
x) = (σh, wh

x), ∀wh ∈ Vh, (b)

(qht , φ
h) + (qhx , φ

h
x) + 2(uhqh, φhx)− (qhvh, φhx)

− (uhσh, φhx) = −(fh, φhx), ∀φh ∈Wh, (c)

(σh
t , ψ

h) + (σh
x , ψ

h
x) + 2(vhσh, ψh

x)− (σhuh, ψh
x)

− (qhvh, ψh
x) = −(gh, ψh

x), ∀ψh ∈Wh, (d)

(4)

For use in the error analysis, we define the elliptic projection

ũh, ṽh ∈ Vh by

(ux − ũhx, χ
h
x) = 0, (vx − ṽhx , ω

h
x) = 0, χh, ωh ∈ Vh. (5)
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Further, we also define a Ritz projection q̃h, σ̃h ∈Wh of q, σ
as the solution of

A(q − q̃h, φh) = 0, A(σ − σ̃h, ψh) = 0, φh, ψh ∈Wh. (6)

where A(z, w) = (zx, wx) + λ(z, w). Here λ is chosen

appropriately so that A is H1−coercive, i.e.,

A(w,w) ≥ μ0||w||21, w ∈ H1

where μ0 is a positive constant. Moreover, it is not hard to

check that A(·, ·) is bounded.

With η = u− ũh,τ = v − ṽh,ρ = q − q̃h, δ = σ − σ̃h, the

following estimates are well known [19]: for j = 0, 1

‖η‖j+‖ηt‖j ≤ Chk+1−j [‖u‖k+1+‖ut‖k+1], ‖ũh‖0,∞ ≤ C(u)
(7)

‖τ‖j+‖τt‖j ≤ Chk+1−j [‖v‖k+1+‖vt‖k+1], ‖ṽh‖0,∞ ≤ C(v)
(8)

‖ρ‖j ≤ Chr+1−j‖q‖r+1, ‖ρt‖j ≤ Chr+1−j‖qt‖r+1 (9)

‖δ‖j ≤ Chr+1−j‖σ‖r+1, ‖δt‖j ≤ Chr+1−j‖σt‖r+1 (10)

III. ERROR ESTIAMTES FOR SEMI-DISCRETE SCHEME

For a priori error estimates, we decompose the errors as

u − uh = u − ũh + ũh − uh = η + ς; v − vh = v − ṽh +
ṽh − vh = τ + θ; q − qh = q − q̃h + q̃h − qh = ρ + ξ;

σ − σh = σ − σ̃h + σ̃h − σh = δ + γ From (3)-(6), we then

obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ςx, χ
h
x) = (ρ, χh

x) + (ξ, χh
x), ∀χh ∈ Vh, (a)

(θx, w
h
x) = (δ, wh

x) + (γ, wh
x), ∀wh ∈ Vh, (b)

(ξt, φ
h) + (ξx, φ

h
x) + 2(uq − uhqh, φhx)

− (qv − qhvh, φhx)− (uσ − uhσh, φhx)

= −(ρt, φ
h) + λ(ρ, φh), ∀φh ∈Wh, (c)

(γt, ψ
h) + (γx, ψ

h
x) + 2(vσ − vhσh, ψh

x)

− (σu− σhuh, ψh
x)− (qv − qhvh, ψh

x)

= −(δt, ψ
h) + λ(δ, ψh), ∀ψh ∈Wh, (d)

(11)

Theorem 3.1: Assuming that uh(0) = ũh(0),vh(0) =
ṽh(0),qh(0) = q̃h(0), σh(0) = σ̃h(0), we have

‖u− uh‖2 + h2‖u− uh‖21 ≤ Ch2min(k+1,r+1),

‖v − vh‖2 + h2‖v − vh‖21 ≤ Ch2min(k+1,r+1),

‖q − qh‖2 + h2‖q − qh‖21 ≤ Ch2min(k+1,r+1),

‖σ − σh‖2 + h2‖σ − σh‖21 ≤ Ch2min(k+1,r+1).

Proof: Since estimates of ρ,δ,η and τ are given, respec-

tively, it is sufficient to estimate ξ,γ,ς and θ. Choosing χh = ς
in (11a) and wh = θ in (11b), using the Cauchy-Schwarz’s

inequality and Young’s inequality, we have

‖ςx‖ ≤ C(‖ρ‖+ ‖ξ‖), ‖θx‖ ≤ C(‖δ‖+ ‖γ‖). (12)

Using Poincaré inequality, we have

‖ς‖ ≤ C(‖ρ‖+ ‖ξ‖), ‖θ‖ ≤ C(‖δ‖+ ‖γ‖). (13)

Take φh = ξ in (11c) and use (13) to obtain

(ξt, ξ) +A(ξ, ξ)

≤C(‖ρ‖2 + ‖ρt‖2 + ‖ξ‖2)
+ C‖q‖0,∞(‖η‖+ ‖ρ‖+ ‖ξ‖+ ‖τ‖+ ‖δ‖+ ‖γ‖)‖ξ‖1
+ C‖uh‖0,∞(‖ρ‖+ ‖ξ‖+ ‖δ‖+ ‖γ‖)‖ξ‖1
+ C‖σ‖0,∞(‖η‖+ ‖ρ‖+ ‖ξ‖)‖ξ‖1
+ C‖vh‖0,∞(‖ρ‖+ ‖ξ‖)‖ξ‖1.

(14)

Take ψh = γ in (11d) and use (13) to have

(γt, γ) +A(γ, γ)

≤C(‖δ‖2 + ‖δt‖2 + ‖γ‖2)
+ C‖σ‖0,∞(‖τ‖+ ‖δ‖+ ‖γ‖+ ‖η‖+ ‖ρ‖+ ‖ξ‖)‖γ‖1
+ C‖vh‖0,∞(‖δ‖+ ‖γ‖+ ‖ρ‖+ ‖ξ‖)‖γ‖1
+ C‖q‖0,∞(‖τ‖+ ‖δ‖+ ‖γ‖)‖γ‖1
+ C‖uh‖0,∞(‖τ‖+ ‖δ‖+ ‖γ‖)‖γ‖1.

(15)

Add (14) and (15) to get

d

dt
[‖ξ‖2 + ‖γ‖2] +A(ξ, ξ) +A(γ, γ)

≤C(‖ξ‖2 + ‖γ‖2) + C(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2

+ ‖δt‖2 + ‖η‖2 + ‖τ‖2) + μ0

2
(‖ξ‖21 + ‖γ‖21).

(16)

Integrate (16) with respect to time t to get

‖ξ‖2 + ‖γ‖2 +
∫ t

0

[A(ξ, ξ) +A(γ, γ)]ds

≤C
∫ t

0

(‖ξ‖2 + ‖γ‖2)ds+ C

∫ t

0

(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2

+ ‖δt‖2 + ‖η‖2 + ‖τ‖2)ds+ μ0

2

∫ t

0

(‖ξ‖21 + ‖γ‖21)ds.
(17)

For (17), we use the Gronwall lemma and A(w,w) ≥ μ0‖ξ‖21
to get

‖ξ‖2 + ‖γ‖2 +
∫ t

0

(‖ξ‖21 + ‖γ‖21)ds

≤C
∫ t

0

(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2 + ‖δt‖2 + ‖η‖2 + ‖τ‖2)ds.
(18)

Choosing φh = ξt in (11c) and using (13), we have

(ξt, ξt) +
1

2

d

dt
A(ξ, ξ)

≤C(‖ρt‖2 + ‖ρ‖2 + ‖ξ‖2) + C‖uh‖0,∞(‖ρ‖+ ‖ξ‖
+ ‖δ‖+ ‖γ‖)‖ξt‖1 + C‖q‖0,∞(‖η‖+ ‖ρ‖+ ‖ξ‖+
‖τ‖+ ‖δ‖+ ‖γ‖)‖ξt‖1 + C‖vh‖0,∞(‖ρ‖+ ‖ξ‖)‖ξt‖1
+ C‖σ‖0,∞(‖η‖+ ‖ρ‖+ ‖ξ‖)‖ξt‖1 + μ1‖ξt‖2

(19)
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Take ψh = γt in (11d) to get

(γt, γt) +
1

2

d

dt
A(γ, γ)

≤C(‖δt‖2 + ‖δ‖2 + ‖γ‖2) + C‖σ‖0,∞(‖η‖+ ‖ς‖
+ ‖τ‖+ ‖θ‖)‖γt‖1 + C‖vh‖0,∞(‖ρ‖+ ‖ξ‖
+ ‖δ‖+ ‖γ‖)‖γt‖1 + C‖uh‖0,∞(‖δ‖+ ‖γ‖)‖γt‖1
+ C‖q‖0,∞(‖τ‖+ ‖θ‖)‖γt‖1 + μ2‖γt‖2

≤C(‖δt‖2 + ‖δ‖2 + ‖γ‖2) + C‖σ‖0,∞(‖η‖+ ‖ρ‖
+ ‖ξ‖+ ‖τ‖+ ‖δ‖+ ‖γ‖)‖γt‖1 + C‖vh‖0,∞(‖ρ‖+ ‖ξ‖
+ ‖δ‖+ ‖γ‖)‖γt‖1 + C‖uh‖0,∞(‖δ‖+ ‖γ‖)‖γt‖1
+ C‖q‖0,∞(‖τ‖+ ‖δ‖+ ‖γ‖)‖γt‖1 + μ2‖γt‖2.

(20)

Add (19) and (20), integrate with respect to time t and use

the Gronwall lemma to get

μ3

∫ t

0

[‖ξ‖2 + ‖γ‖2]ds+ ‖ξ‖21 + ‖γ‖21

≤C
∫ t

0

(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2 + ‖δt‖2 + ‖η‖2 + ‖τ‖2)ds.
(21)

Combining (12), (13), (18) and (21), we have

‖ς‖2 ≤ ‖ς‖21 ≤C(‖ρ‖2 + ‖ξ‖2)

≤C‖ρ‖2 + C

∫ t

0

(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2

+ ‖δt‖2 + ‖η‖2 + ‖τ‖2)ds.
(22)

‖θ‖2 ≤ ‖θ‖21 ≤C(‖δ‖2 + ‖γ‖2)

≤C‖δ‖2 + C

∫ t

0

(‖ρ‖2 + ‖ρt‖2 + ‖δ‖2

+ ‖δt‖2 + ‖η‖2 + ‖τ‖2)ds.
(23)

Using (18), (21)-(23), (7)-(10) with the triangle inequality, we

obtain the conclusion.

IV. FULLY-DISCRETE ERROR ESTIMATES

For the backward Euler procedure, let 0 = t0 < t1 < · · · <
tM = T be a given partition of the time interval [0, T ] with

step length Δt = T/M , for some positive integer M . For a

smooth function φ on [0, T ], define φn = φ(tn) and ∂̄tφ
n =

(φn − φn−1)/Δt.
Let Un, V n, Qn and Zn, respectively, be the approxima-

tions of u, v, q and σ at t = tn which we shall define through

the following scheme. Given {Un−1, V n−1;Qn−1, Zn−1} in

Vh ×Wh, we now determine {Un, V n;Qn, Zn} in Vh ×Wh

satisfying⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Un
x , χ

h
x) = (Qh, χh

x), ∀χh ∈ Vh, (a)

(V n
x , w

h
x) = (Zn, wh

x), ∀wh ∈ Vh, (b)

(∂tQ
n, φh) + (Qn

x , φ
h
x) + 2(UnQn, φhx)− (QnV n, φhx)

− (UnZn, φhx) = −(fn, φhx), ∀φh ∈Wh, (c)

(∂tZ
n, ψh) + (Zn

x , ψ
h
x) + 2(V nZn, ψh

x)− (ZnUn, ψh
x)

− (QnV n, ψh
x) = −(gn, ψh

x), ∀ψh ∈Wh, (d)
(24)

we now split the errors

u(tn)− Un = u(tn)− ũh(tn) + ũh(tn)− Un = ηn + ςn

v(tn)− V n = v(tn)− ṽh(tn) + ṽh(tn)− V n = τn + θn

q(tn)−Qn = q(tn)− q̃h(tn) + q̃h(tn)−Qn = ρn + ξn

σ(tn)− Zn = σ(tn)− σ̃h(tn) + σ̃h(tn)− Zn = σn + γn

Using (5)-(6) and (24), we obtain the following error equation⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ςnx , χ
h
x) = (ρn + ξn, χh

x), ∀χh ∈ Vh, (a)

(θnx , w
h
x) = (δn + γn, wh

x), ∀wh ∈ Vh, (b)

(∂tξ
n, φh) + (ξnx , φ

h
x) + 2(unqn − UnQn, φhx)

− (qnvn −QnV n, φhx)− (unσn − UnZn, φhx)

= −(πn + ∂tρ
n, φh) + λ(ρn, φh), ∀φh ∈Wh, (c)

(∂tγ
n, ψh) + (γnx , ψ

h
x) + 2(vnσn − V nZn, ψh

x)

− (σnun − ZnUn, ψh
x)− (qnvn −QnV n, ψh

x)

= −(εn + ∂tδ
n, ψh) + λ(δn, ψh), ∀ψh ∈Wh, (d)

(25)

where πn = qt(tn)− ∂tq(tn), ε
n = σt(tn)− ∂tσ(tn).

Theorem 4.1: With Q0(0) = q̃h(0),Z0(0) = σ̃h(0) and 1 ≤
J ≤M , we have

‖qJ −QJ‖+ ‖σJ − ZJ‖+ ‖uJ − UJ‖+ ‖vJ − V J‖
+h‖uJ − UJ‖1 + h‖vJ − V J‖1 ≤ Chmin(r+1,k+1)

Proof: Take χh = ςn and wh = θn in (25a,b) to get

‖ςnx ‖ ≤ C(‖ρn‖+ ‖ξn‖), ‖θnx‖ ≤ C(‖δn‖+ ‖γn‖). (26)

Using the Poincare inequality, we have

‖ςn‖ ≤ C(‖ρn‖+ ‖ξn‖), ‖θn‖ ≤ C(‖δn‖+ ‖γn‖). (27)

Choose φh = ξn and ψh = γn in (25c,d) and add the two

equations to get

(∂tξ
n, ξn) + (∂tγ

n, γn) + (ξnx , ξ
n
x ) + (γnx , γ

n
x )

=− 2(unqn − UnQn, ξnx ) + (qnvn −QnV n, ξnx )

+ (unσn − UnZn, ξnx )− (πn + ∂tρ
n, ξn) + λ(ρn, ξn)

− 2(vnσn − V nZn, γnx ) + (σnun − ZnUn, γnx )

+ (qnvn −QnV n, γnx )− (εn + ∂tδ
n, γn) + λ(δn, γn).

(28)

Noting that (∂tξ
n, ξn) ≥ 1

2∂t‖ξn‖2, (∂tγ
n, γn) ≥ 1

2∂t‖γn‖2,

and using (27), we have

1

2
∂t‖ξn‖2 + 1

2
∂t‖γn‖2 + ‖ξnx‖2 + ‖γnx‖2

≤C(‖ρn‖2 + ‖ηn‖2 + ‖δn‖2 + ‖τn‖2) + C(‖πn‖2
+ ‖εn‖2) + C(∂t‖ρn‖2 + ∂t‖δn‖2) + C(‖ξn‖2 + ‖γn‖2).

(29)

Noting that ∂t‖ξn‖2 = (‖ξn‖2 − ‖ξn−1‖2)/Δt, ∂t‖γn‖2 =
(‖γn‖2 − ‖γn−1‖2)/Δt, and combining (29), we have

‖ξn‖2 − ‖ξn−1‖2 + ‖γn‖2 − ‖γn−1‖2
+ 2Δt(‖ξnx‖2 + ‖γnx‖2). ≤ CΔt(‖ρn‖2 + ‖ηn‖2
+ ‖δn‖2 + ‖τn‖2) + CΔt(‖πn‖2 + ‖εn‖2)
+ CΔt(∂t‖ρn‖2 + ∂t‖δn‖2) + CΔt(‖ξn‖2 + ‖γn‖2).

(30)
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Sum (30) from n = 1 to J (1 ≤ J ≤ M) and use Gronwall

lemma to get

(1− CΔt)(‖ξJ‖2 + ‖γJ‖2) + 2Δt

J∑
n=1

(‖ξnx‖2 + ‖γnx‖2)

≤C(‖ξ0‖2 + ‖γ0‖2) + CΔt
J∑

n=1

(‖ρn‖2 + ‖ηn‖2

+ ‖δn‖2 + ‖τn‖2) + CΔt

J∑
n=1

(‖πn‖2 + ‖εn‖2)

+ CΔt

J∑
n=1

(∂t‖ρn‖2 + ∂t‖δn‖2).
(31)

Use

∂t‖ρn‖2 ≤ h2(r+1)

Δt

∫ tn

tn−1

‖qt‖2r+1ds,

∂t‖δn‖2 ≤ h2(r+1)

Δt

∫ tn

tn−1

‖σt‖2r+1ds

‖πn‖2 ≤ CΔt

∫ tn

tn−1

‖qtt‖2r+1ds,

‖εn‖2 ≤ CΔt

∫ tn

tn−1

‖σtt‖2r+1ds,

and (7)-(10) to obtain

(‖ξJ‖2 + ‖γJ‖2) + 2Δt
J∑

n=1

(‖ξnx‖2 + ‖γnx‖2)

≤Ch2min(r+1,k+1)(‖u‖2L∞(Hk+1) + ‖ut‖2L∞(Hk+1)

+ ‖v‖2L∞(Hk+1) + ‖vt‖2L∞(Hk+1) + ‖q‖2L∞(Hr+1)

+ ‖σ‖2L∞(Hr+1) + ‖qt‖2L2(Hk+1) + ‖σt‖2L2(Hk+1))

+ CΔt2(‖qtt‖2L2(L2) + ‖σtt‖2L2(L2)).

. (32)

Using (26)-(27), we have

‖ςJ‖1 + ‖θJ‖1
≤Chr+1(‖q‖L∞Hr+1 + ‖σ‖L∞Hr+1)

+ Chmin(r+1,k+1)(‖u‖L∞(Hk+1) + ‖ut‖L∞(Hk+1)

+ ‖v‖L∞(Hk+1) + ‖vt‖L∞(Hk+1) + ‖q‖L∞(Hr+1)

+ ‖σ‖L∞(Hr+1) + ‖qt‖L2(Hk+1) + ‖σt‖L2(Hk+1))

+ CΔt(‖qtt‖L2(L2) + ‖σtt‖L2(L2)).

(33)

We apply the triangle inequality to get the conclusion.
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