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A C1-Conforming Finite Element Method for
Nonlinear Fourth-Order hyperbolic Equation
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Abstract—In this paper, the C1-conforming finite element method
is analyzed for a class of nonlinear fourth-order hyperbolic partial
differential equation. Some a priori bounds are derived using Lya-
punov functional, and existence, uniqueness and regularity for the
weak solutions are proved. Optimal error estimates are derived for
both semidiscrete and fully discrete schemes.
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I. INTRODUCTION

IN this paper, the C1-conforming finite element method is
analyzed for the following fourth-order hyperbolic equation

utt + γΔ2u−Δu−Δut + f(u) = 0, (x, t) ∈ Ω× J, (1)

with boundary conditions

u(x, t) = 0,
∂u

∂ν
= 0, (x, t) ∈ ∂Ω× J, (2)

or
u(x, t) = 0,Δu = 0, (x, t) ∈ ∂Ω× J, (3)

and initial condition

u(x, 0) = u0(x), ut(x, 0) = u1(x) x ∈ Ω, (4)

where f(u) = u3−u and Ω is a bounded domain in Rd, d ≤ 2
with boundary ∂Ω, J = (0, T ] with 0 < T <∞.

In recent years, much attention has been given in the
literature to the numerical solution of fourth-order partial
differential equations. In [1], the finite element method was
studied for the fourth-order Cahn-Hilliard equation. In [2], the
stabilized finite element approximation for fourth order obsta-
cle problem was discussed. In [3], the approximation for the
fourth-order eigen-value problem with cubic Hermite elements
on anisotropic meshes was investigated. Chen [4] proposed
the expanded mixed finite element method for fourth-order
elliptic equations. In [5], [6], the mixed time discontinuous
finite element method was proposed for fourth-order parabolic
partial differential equations. Li [7], [8], [9], [10], discussed
some mixed finite element methods for fourth-order elliptic
problems and parabolic problems. In [11], a new nonconform-
ing element constructed by the Double Set Parameter method,
is applied to the fourth order elliptic singular perturbation
problem. In [12], the C1-conforming finite element method is
analyzed for the extended Fisher-Kolmogorov (EFK) equation,
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and some numerical results are given to illustrate the efficiency
of the method.

In this paper, our purpose is to discuss and analyze the
C1-conforming finite element method[12] for the fourth-order
hyperbolic equation. We derive some a priori bounds by using
Lyapunov functional, and prove the existence, uniqueness
and regularity for weak solutions, and obtain the optimal
error estimates for both the semidiscrete and fully discrete
schemes. Throughout this paper, C will denote a generic
positive constant which does not depend on the spatial mesh
parameter h and time discretization parameter Δt.

II. EXISTENCE, UNIQUENESS AND REGULARITY FOR
WEAK SOLUTIONS

In this section, we give existence uniqueness and regularity
results for the fourth-order hyperbolic equation.

Take L2-inner product of (1) with v ∈ H2
0 and apply

Green’s formula to obtain the following weak formulation

(utt, v) + γ(Δu,Δv) + (∇u,∇v) + (∇ut,∇v)
+(f(u), v) = 0, v ∈ H2

0 (Ω),
(5)

with u(0) = u0, ut(0) = u1.
To prove existence and uniqueness results, we will derive a
priori bound.

Lemma 2.1: Assume that u0 ∈ H2
0 and u1 ∈ H1. Then

there exists a positive constant C such that

||u(t)||2 + ||u(t)||∞ + ||ut||1 ≤ C(γ, ||u0||2, ||u1||1), t > 0.

Proof. We consider the Lyapunov functional Ξ(v) as

Ξ(v) =

∫
Ω

{γ
2
|Δv|2 + 1

2
|∇v|2 + 1

2
|∇vt|2 + F (v)}dx, (6)

where
F (v) =

1

4
(1− v2)2.

Note that F ′ = f . Differentiating (6) with respect to t and
using (5), we obtain

d

dt
Ξ(u) = γ(Δu,Δut) + (∇u,∇ut) + (∇ut,∇utt)

+(f(u), ut) = −
1

2

d

dt
||ut||2,

(7)

Integrating (7) from 0 to t, we obtain

Ξ(u) = Ξ(u(0)) + 2||ut(0)||2 − 2||ut||2
≤ Ξ(u(0)) + 2||ut(0)||2,

||ut||2 =
1

2
Ξ(u(0)) + ||ut(0)||2 −

1

2
Ξ(u)

≤ 1

2
Ξ(u(0)) + ||ut(0)||2.

(8)
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Since F (u) ≥ 0, using Poincaré inequality, we obtain

||u||2 + ||ut||1 ≤ C(γ, ||u0||2, ||u1||1). (9)

Apply the Sobolev imbedding theorem to obtain

||u||∞ ≤ ||u||H2 ≤ C(γ, ||u0||2, ||u1||1). (10)

In the following subsequent sections, we will discuss the
global existence, uniqueness and regularity.

Theorem 2.2: Let u0 ∈ H2
0 (Ω), u1 ∈ H1(Ω). There exists

a unique u = u(x, t) in Ω× (0, T ] with

u ∈ L∞(J ;H2
0 (Ω)), ut ∈ L∞(J ;H1(Ω)).

such that u satisfies the initial condition u(0) = u0, ut(0) =
u1 and the equation (5) in the sense that

(utt, v) + γ(Δu,Δv) + (∇u,∇v) + (∇ut,∇v)
+(f(u), v) = 0, v ∈ H2

0 (Ω), t ∈ (0, T ].
(11)

Proof. Use the similar method to [12] to obtain the existence
of equation (5). Below, we will prove the uniqueness of weak
solutions.

Suppose u and w are two solutions of (5). Taking σ = u−w,
we can obtain

(σtt, v) + γ(Δσ,Δv) + (∇σ,∇v) + (∇σt,∇v)
+(f(u)− f(w), v) = 0, v ∈ H2

0 (Ω).
(12)

Setting v = σt and using the boundedness of ||u||∞ and
||w||∞, we have

1

2

d

dt
(||σt||2 + γ||Δσ||2 + ||∇σ||2) + ||∇σt||2

= −(f(u)− f(w), σt)
= −(f ′(ξ)σ, σt)

= −(f ′(ξ)
∫ t

0

σt(s)ds, σt)

≤ C(
∫ t

0

||σt(s)||2ds+ ||σt||2).

(13)

Integrating (13) from 0 to t, we obtain

||σt||2 + γ||Δσ||2 + ||∇σ||2 +
∫ t

0

||∇σt||2ds

≤ C
∫ t

0

||σt(s)||2ds.
(14)

Using the Gronwall Lemma, we have ||σt||2 =
0 and

∫ t

0
||σt(s)||2ds = 0, which imply σt = 0.

Note that σ(0) = u(0)− w(0) = 0 to have σ =
∫ t

0
σtdt = 0.

III. ERROR ESTIMATES FOR SEMIDISCRETE SCHEMES

In this section, we apply Galerkin procedure for the fourth-
order hyperbolic equation and obtain the semidiscrete scheme
and a priori error estimates.

Let S0
h, 0 < h < 1 be a family of finite dimensional sub-

space of H2
0 with the following approximation property[14]:

For v ∈ H4(Ω)∩H2
0 (Ω), there exists a constant C independent

of h such that

inf
χ∈S0

h

||v − χ||j ≤ Ch4−j ||v||4, j = 0, 1, 2. (15)

The corresponding semidiscrete Galerkin approximation of
(1)-(4) is defined to be a function uh : [0, T ] → S0

h such
that

(uhtt, vh) + γ(Δuh,Δvh) + (∇uh,∇vh)
+(∇uht,∇vh) + (f(uh), vh) = 0, vh ∈ S0

h,
(16)

with uh(0) = u0,h, uht(0) = u1,h.
To obtain optimal rate of convergence, following wheeler[13],
we introduce ũ be as an auxiliary projection of u defined by

A(u− ũ, vh) = 0, vh ∈ S0
h, (17)

where the bilinear form is introduced by

A(v, w) = γ(Δv,Δw) + (∇v,∇w) + (∇vt,∇w), v, w ∈ H2
0 ,

for our subsequent use note that A(·, ·) satisfies the following
properties:
(i) Boundedness: There is a positive constant M such that

|A(v, w)| ≤M ||v||2||w||2, v, w ∈ H2
0 .

(ii) Coercivity: There is a constant α0 > 0 such that

A(v, v) ≥ ||v||2, v ∈ H2
0 .

With η = u− ũ, the following estimates are well known [12],
[13]: for j = 0, 1, 2

||∂
lη

∂tl
||j ≤ Ch4−j

l∑
k=0

||∂
kη

∂tk
||4. (18)

Assuming quasi-uniformity condition on the triangulation, it
is easy to check that

||η(t)||W j,∞ ≤ Ch4−j ||u||4,∞, j = 0, 1. (19)

For a priori error estimates, we decompose the errors as

u− uh = u− ũ+ ũ− uh = η + ξ

Theorem 3.1: There exists a positive constant C indepen-
dent of h such that
||ut − uht||+ ||∇(ut − uht)||L2(J;L2(Ω)) + ||u− uh||L∞(J;Hj(Ω))

≤Ch4−j(||u||L∞(H4) + ||ut||L2(H4) + ||utt||L2(H4)), 0 ≤ j ≤ 2

Moreover, assuming quasi-uniformity condition on the trian-
gulation Th, there exists a positive constant C independent
of h such that

||u− uh||L∞(J;H2(Ω))

≤ Ch4(||u||L∞(H4) + ||ut||L2(H4) + ||utt||L2(H4)).

Proof. Substracting (16) from (5) and using auxiliary projec-
tion, we obtain the following equation in ξ

(ξtt, vh) + γ(Δξ,Δvh) + (∇ξ,∇vh) + (∇ξt,∇vh)
= −(ηtt, vh)− (f(u)− f(uh), vh).

(20)

Choosing vh = ξt in (20), and using the Cauchy-Schwarz’s
inequality and the Poincaré’s inequality, we have

1

2

d

dt
(||ξt||2 + γ||Δξ||2 + ||∇ξ||2) + ||∇ξt||2

=(ηtt, ξt)− (f ′(θu)(η + ξ), ξt)

≤C(||ηtt||2 + ||ηt||2 + ||ξt||2 + ||ξ||2)
≤C(||ηtt||2 + ||ηt||2 + ||ξt||2 + ||∇ξ||2).

(21)
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Integrating (21) from 0 to t, we obtain

||ξt||2 + γ||Δξ||2 + ||∇ξ||2 +
∫ t

0

||∇ξt||2ds

≤ C
∫ t

0

(||ηtt||2 + ||ηt||2 + ||ξt||2 + ||∇ξ||2)ds.
(22)

Using the Gronwall’s lemma, we have

||ξt||2 + γ||Δξ||2 + ||∇ξ||2 +
∫ t

0

||∇ξt||2ds

≤ C
∫ t

0

(||ηtt||2 + ||ηt||2)ds.
(23)

Substituting the estimates of ||ηtt||, ||ηt|| and using the
Poincaré’ inequality, we obtain the following superconver-
gence result for ||ξ||2

||ξt||+ ||∇ξt||L2(J;L2(Ω)) + ||ξ||L∞(J;H2(Ω))

≤ Ch4(||ut||L2(H4) + ||utt||L2(H4)).
(24)

From the Sobolev embedding theorem, we have

||ξ||L∞ ≤ C||ξ||2.

and hence,

||ξ||L∞(J;L∞(Ω))

≤ Ch4(||ut||L2(H4) + ||utt||L2(H4)).
(25)

We apply the triangle inequality to get the the conclusion.

IV. FULLY DISCRETE SCHEMES AND ERROR ESTIMATES

In this Section, we briefly describe a fully discrete scheme
for approximating the solution u of (1) and discuss a priori
error bounds.

Let 0 = t0 < t1 < t2 < · · · < tM = T be a
given partition of the time interval [0, T ] with step length
tn = nΔt,Δt = T/M , for some positive integer M . We use
the following notation related to functions defined at discrete
time levels. For a smooth function φ on [0, T ], define

φn = φ(tn), φ
n+ 1

2 =
1

2
(φn+1+φn), ∂tφ

n+ 1
2 =

φn+1 − φn
Δt

,

∂tφ
n =

φn+1 − φn−1

2Δt
, ∂2t φ

n+ 1
2 =

∂tφ
n+ 1

2 − ∂tφn−
1
2

Δt
,

φn;
1
4 =

1

4
(φn+1 + 2φn + φn−1) =

1

2
(φn+

1
2 + φn−

1
2 ),

G(χ, ψ) =
F (χ)− F (ψ)

χ− ψ → f(χ), (ψ → χ).

Let Un be the approximations of u at t = tn which we shall
define through the following scheme. Given Un−1 in Vh, we
now determine a pair Un in Vh satisfying

(
2

Δt
∂tU

1
2 , vh) + γ(ΔU

1
2 ,Δvh)

+ (∇U 1
2 ,∇vh) + (∇∂tU

1
2 ,∇vh)

+ (G(U1, U0), vh) = (
2

Δt
ut(0), vh), ∀ vh ∈ S0

h.

(26)

(∂2tU
n+ 1

2 , vh) + γ(ΔUn; 1
4 ,Δvh) + (∇Un; 1

4 ,∇vh)
+ (∇∂tUn,∇vh) + (G(Un+1, Un−1), vh) = 0, vh ∈ S0

h, n ≥ 1,
(27)

where ut(0) = u1.
Theorem 4.1: There exists a positive constant C such that

||Un+ 1
2 ||∞ + ||Un+ 1

2 ||2 ≤ C(||U0||2, ||F (U0)||, ||u1||, 1)

Proof. Choosing vh = ∂tU
n = Un+1−Un−1

2Δt =
∂tU

n+1
2 +∂tU

n− 1
2

2
= Un+1

2 −Un− 1
2

Δt in (27), we can get

1

2Δt

(
||∂tUn+ 1

2 ||2 − ||∂tUn− 1
2 ||2 + γ(||ΔUn+ 1

2 ||2

− ||ΔUn− 1
2 ||2) + ||∇Un+ 1

2 ||2 − ||∇Un− 1
2 ||2

+ 2Δt||∇∂tUn||2 + (G(Un+1, Un−1), Un+1 − Un−1)
)
= 0

(28)

Using the definition G(Un+1, Un−1), we obtain

||∂tUn+ 1
2 ||2 + γ||ΔUn+ 1

2 ||2 + ||∇Un+ 1
2 ||2

+ 2Δt||∇∂tUn||2 + (F (Un+1), 1)

=||∂tUn− 1
2 ||2 + γ||ΔUn− 1

2 ||2 + ||∇Un− 1
2 ||2 + (F (Un−1), 1)

(29)

so, we can get

||∂tUn+ 1
2 ||2 + γ||ΔUn+ 1

2 ||2 + ||∇Un+ 1
2 ||2 + (F (Un+1), 1)

≤||∂tUn− 1
2 ||2 + γ||ΔUn− 1

2 ||2 + ||∇Un− 1
2 ||2 + (F (Un−1), 1)

≤||∂tU
1
2 ||2 + γ||ΔU 1

2 ||2 + ||∇U 1
2 ||2 + (F (U0), 1)

(30)

Choosing vh = ∂tU
1
2 in (26), we can get

4||∂tU
1
2 ||2 + 2γ(||ΔU1||2 − ||ΔU0||2)

+ 2(||∇U1||2 − ||∇U0||2) + 2Δt||∇∂tU
1
2 ||2

+ 2(G(U1, U0), U1 − U0) = 4(ut(0), ∂tU
1
2 )

(31)

Using Cauchy-Schwartz inequality and Young inequality, we
can get

4||∂tU
1
2 ||2 + 2γ||ΔU1||2 + 2||∇U1||2

+ 2Δt||∇∂tU
1
2 ||2 + 2(F (U1), 1)

=2γ||ΔU0||2 + 2||∇U0||2 + 2(F (U0), 1) + 4(ut(0), ∂tU
1
2 )

≤2γ||U0||22 + 2(F (U0), 1) + 4||u1||2 + ||∂tU
1
2 ||2.

(32)

Noting that F (U1), F (U0) ≥ 0, we get

3||∂tU
1
2 ||2 + 2γ||ΔU1||2 + 2||∇U1||2

≤ 2γ||U0||22 + 2(F (U0), 1) + 4||u1||2.
(33)

Substitute (33) into (30) and use Poincaré inequality and
F (Un+1) ≥ 0 to get

||∂tUn+ 1
2 ||2 + ||Un+ 1

2 ||22
≤ C(γ||U0||22 + (F (U0), 1) + 4||u1||2) <∞.

(34)

Use the Sobolev Imbedding theorem to get

||∂tUn+ 1
2 ||2 + ||Un+ 1

2 ||2∞
≤ C(γ||U0||22 + (F (U0), 1) + 4||u1||2) <∞.

(35)
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For fully discrete error estimates, we now split the errors

u(tn)− Un = (u(tn)− ũ(tn)) + (ũ(tn)− Un) = ηn + ξn

Use (5), (17), and (27), we then obtain

(
2

Δt
∂tξ

1
2 , vh) + γ(Δξ

1
2 ,Δvh) + (∇ξ 1

2 ,∇vh)

+ (∇∂tξ
1
2 ,∇vh) + (f(u(t 1

2
))−G(U1, U0), vh)

=− (
2

Δt
∂tη

1
2 + 2τ0, vh) + (∇ε0,∇vh), ∀ vh ∈ S0

h.

(36)

(∂2t ξ
n+ 1

2 , vh) + γ(Δξn;
1
4 ,Δvh) + (∇ξn; 14 ,∇vh)

+ (∇∂tξn,∇vh) + (f(u(tn))−G(Un+1, Un−1), vh)

=− (∂2t η
n+ 1

2 + τn, vh) + (∇εn,∇vh), vh ∈ S0
h, n ≥ 1,

(37)

where

τ0 =
1

2
u

1
2

tt +
1

Δt
(ut(0)− ∂tu

1
2 ) = O(Δt),

τn = (utt)
n; 1

4 − ∂2t u(tn) = O(Δt2),

and

ε0 = u
1
2

t − ∂tu
1
2 = O(Δt2), εn = (ut)

n; 1
4 − ∂tun = O(Δt2).

Theorem 4.2: Assume that U0 = ũh(0). Then there exists
a positive constant C independent of h and Δt such that for
j = 0, 1, 2 and J = 0, 1, · · · ,M

||u(tJ+ 1
2
)− UJ+ 1

2 ||j ≤ C(h4−j +Δt2). (38)

Moreover, assume the quasi-uniformity condition on the tri-
angulation Th to obtain the following estimate:

||u(tJ+ 1
2
)− UJ+ 1

2 ||∞ ≤ C(h4 +Δt2). (39)

Proof. Set vh = ∂tξ
n = ∂tξ

n+1
2 +∂tξ

n− 1
2

2
in (37) and have used

integration by parts on spaces to obtain

(∂2t ξ
n+ 1

2 , ∂tξ
n) + γ(Δξn;

1
4 ,Δ∂tξ

n) + (∇ξn; 14 ,∇∂tξn)
+ (∇∂tξn,∇∂tξn) + (f(u(tn))−G(Un+1, Un−1), ∂tξ

n)

= −(∂2t ηn+
1
2 + τn, ∂tξ

n) + (∇εn,∇∂tξn).
(40)

Note that

(∂2t ξ
n+ 1

2 , ∂tξ
n) =

1

2Δt
(||∂tξn+

1
2 ||2 − ||∂tξn−

1
2 ||2),

(Δξn;
1
4 ,Δ∂tξ

n) =
1

2Δt
(||Δξn+ 1

2 ||2 − ||Δξn− 1
2 ||2),

(∇ξn; 14 ,∇∂tξn) =
1

2Δt
(||∇ξn+ 1

2 ||2 − ||∇ξn− 1
2 ||2).

||f(u(tn))−G(Un+1, Un−1)||
≤||f(u(tn))− f(un; 1

4
)||+ ||f(un; 1

4
)−G(u(tn+1), u(tn−1))||

+ ||G(u(tn+1), u(tn−1))−G(Un+1, u(tn−1))||
+ ||G(Un+1, u(tn−1))−G(Un+1, Un−1)|| ≤ CΔt2.

(41)

Multiplying by 2Δt and summing from n = 1 to J , we find
that

||∂tξJ+
1
2 ||2 + ||ΔξJ+ 1

2 ||2

+||∇ξJ+ 1
2 ||2 +Δt

J∑
n=1

||∇∂tξn||2

≤ C
[
||∂tξ

1
2 ||+ ||Δξ 1

2 ||2 + ||∇ξ 1
2 ||2 +Δt

J∑
n=1

||∂tξn+
1
2 ||2

+Δt
J∑

n=1

(||f(u(tn))−G(Un+1, Un−1)||2

+||∂2t ηn+
1
2 + τn||2 + ||∇εn||2)

]
. (42)

Use the Gronwall lemma and (41) to obtain

||∂tξJ+
1
2 ||2 + ||ΔξJ+ 1

2 ||2 + ||∇ξJ+ 1
2 ||2 +Δt

J∑
n=1

||∇∂tξn||2

≤C
[
||∂tξ

1
2 ||+ ||Δξ 1

2 ||2 + ||∇ξ 1
2 ||2 + ||∂2t ηn+

1
2 ||2

+ ||τn||2 + ||∇εn||2
]
+ CΔt4

≤C
[
||∂tξ

1
2 ||+ ||Δξ 1

2 ||2 + ||∇ξ 1
2 ||2 + ||∂2t ηn+

1
2 ||2

]
+ CΔt4.

(43)
For the estimation of the first three terms on the right-hand

side of the above inequality, we now choose wh = ∂tξ
1
2 in

(36) to obtain

(
2

Δt
∂tξ

1
2 , ∂tξ

1
2 ) + γ(Δξ

1
2 ,Δ∂tξ

1
2 ) + (∇ξ 1

2 ,∇∂tξ
1
2 )

+||∇∂tξ
1
2 ||2 + (f(u(t 1

2
))−G(U1, U0), ∂tξ

1
2 )

= −( 2

Δt
∂tη

1
2 + 2τ0, ∂tξ

1
2 ) + (∇ε0,∇∂tξ

1
2 ). (44)

Therefor, multiply by Δt and use the Cauchy-Schwartz in-
equality and the Young inequality to obtain

2||∂tξ
1
2 ||2 + γ||Δξ1||2 + ||∇ξ1||2 +Δt||∇∂tξ

1
2 ||2

≤ Δt2||f(u(t 1
2
))−G(U1, U0)||2 + ||∂tξ

1
2 ||2 + ||∂tη

1
2 ||2

+
Δt

2
||∇∂tξ

1
2 ||2 + C(Δt)2||τ0||2 + CΔt||∇ε0||2. (45)

So, we can get

||∂tξ
1
2 ||2 + γ||Δξ1||2 + ||∇ξ1||2 + Δt

2
||∇∂tξ

1
2 ||2

≤ CΔt4 + ||∂tη
1
2 ||2. (46)

Noting that

||∂tηn+
1
2 ||2 ≤ 1

Δt

∫ tn

tn−1

||ηt(s)||2ds

≤ Ch8||ut||2L∞(0,Δt,Hr+1(Ω))

and, using (46) and (43), we have

||∂tξJ+
1
2 ||2 + ||ΔξJ+ 1

2 ||2 + ||∇ξJ+ 1
2 ||2

+Δt
J∑

n=1

||∇∂tξn||2 ≤ C(h8 +Δt4). (47)

Using (47), the Poincaré inequality and the triangle inequality
completes the proof of the theorem 4.2.
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