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Abstract—Thermoelastic temperature, displacement, and 

stress in heat transfer during laser surface hardening are solved 

in Eulerian formulation. In Eulerian formulations the heat flux 

is fixed in space and the workpiece is moved through a control 

volume.  In the case of uniform velocity and uniform heat flux 

distribution, the Eulerian formulations leads to a steady-state 

problem, while the Lagrangian formulations remains transient. 

In Eulerian formulations the reduction to a steady-state 

problem increases the computational efficiency. In this study 

also an analytical solution is developed for an uncoupled 

transient heat conduction equation in which a plane slab is 

heated by a laser beam. The thermal result of the numerical 

model is compared with the result of this analytical model. 

Comparing the results shows numerical solution for uncoupled 

equations are in good agreement with the analytical solution. 

 

Keywords—Coupled thermoelasticity, Finite element, Laser 

surface hardening, Eulerian formulation. 
.  

I. INTRODUCTION 

HE primitive theoretical and experimental investigations 

of laser heating of materials date back to the 1960. 

Traditionally in these researches it was assumed that thermal 

and mechanical fields were uncoupled in the material [1-5]. In 

these investigations first the thermal fields due to laser 

irradiation on the surface were modeled and then the thermal 

results were used to find displacement field and stress profile. 

In recent years, considerable researches have been carried out 

on the numerical analysis of coupled thermoelasticity 

problems. Coupled thermoelasticity surround the phenomena 

which describe the elastic and thermal behavior of material. 

Many attempts have been done to solve the uncoupled 

thermoelasticity problems in steady or transient heat 

conduction states, but few investigations have been carried out 

successfully for coupled thermoelasticity problems [6]. 
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 This paper considers coupled thermoelasticity to find 

thermoelastic temperature, displacement, and stress profile in 

Eulerian formulation. 

 Quasi-steady-state process is a process that is steady in either 

a stationary or a moving configuration. For uniform velocity 

and heat flux distribution, laser surface-hardening become a 

quasi-steady-state process and the Eulerian formulations leads 

to a steady-state problem. But Lagrangian formulations for 

such process remain transient and need a transient analysis. 

For solving transient problems numerically time-increment 

approach is used with a great number of increments. Also it is 

necessary to use dense mesh throughout the model length. 

Because of these reasons the run-time of Lagrangian analysis 

is much more than the run-time of Eulerian analysis so the 

analysis of a quasi-steady-state process using an Eulerian 

formulations is computationally efficient [7]. 

II. GOVERNING EQUATIONS 

In this study, Galerkin's method is used to express the Euler 

energy balance equation in weak formulation. This equation is 

solved numerically using finite element discretization.  

At, t>0 a semi infinite homogeneous, isotropic, thermoelastic 

solid is subjected to a moving Gaussian rectangular laser beam 

as shown in Fig. 1 Only a layer is considered which extends 

through -b<y<b and 0<x<l. The l and b are long enough so 

that can be assumed the initial conditions don’t change on the 

boundary at y=+b ,y=-b ,and x=0, thus the layer is rigidly 

bonded along these bounds. The laser beam’s energy is 

absorbed in the plane of the free surface and diffuses through 

the workpiece. 

The governing equations for the dynamic coupled 

thermoelasticity in the absence of body forces can be written 

as follows [8]: 

 

(λ+µ)uj,ij+µui,jj-ρ iuɺɺ - iT,γ =0                                             (1) 

kT,ii- 0, =− jjouTTc ɺɺ γρ                                                     (2) 

 

where ui, λ, µ, ρ , T, To, γ, k and c are the components of 

displacement vector, Lame’s constants, density, absolute 

temperature, reference temperature, stress– temperature 

modulus, conductivity and specific heat at constant strain or 

volume that is equal to [9], 
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c= cp-3 αγ
ρ

oT
                                                                (3) 

where cp is specific heat at constant stress or pressure (notice 

that for uncouple thermoelasticity c=cp ) and α is linear 

thermal expansion coefficient.  

It is convenient to introduce the dimensionless variables as 

follows [6]: 
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where υ=k/ρcCs is the dimensionless unit length and 

Cs= ( 2 ) /λ µ ρ+ the velocity of propagation of the 

longitudinal wave. Eqs. (1) and (2) is taken the form 
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C is coupling parameter and is equal to, 
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For the two-dimensional domain, these equations reduce to: 
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where ˆ/i iD x= ∂ ∂  (i=1,2) and ∆ denotes the Laplacian. under 

plane strain assumptions λ  and γ  can be related to the Lame´ 

constants λ , µ and stress–temperature modulus, γ =(3λ+2µ)α 

, as [10],  

                       λ =λ       and      γ = γ                        (9) 

 

 
Fig. 1 Schematic of a material subjected to thermal load from moving 

Gaussian rectangular laser beam. 

 

In Eulerian formulations the reference configuration is a 

control volume through that the workpiece moves. The 

derivative of variables (temperature and displacement) with 

respect to time in the moving body are given by,  
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 Where Ui = [u1 u2 T] and xj (j=1,2) is the material system co-

ordinate, which moving with a velocity v in space. Hence 

equations (10 can be expressed as 

 

i i
iU

dU U
.

dt t
∇

∂
= +

∂
v                                                      (11) 

 

And also the second derivative of displacement in the flowing 

body with respect to time is given by: 
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Where Vi = 





dt
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du 21 and 
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mx

∂
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∂
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Since the control volume has a steady-state temperature and 

displacement profile for, the equations (11,12) for a quasi-

steady-state process reduce to: 

 

i
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dt
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If the laser beam moves along y (or x2) direction, (13, 14) 

simplifies as follows: 

 

i
2 i
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Substituting (15) and (16), in Eq. (8) yields 

 

( ) ( ) ( )

2

1 1 1 2 2 1

2

1 2 1 2 2 2

* * 2 *

1 2 1 2 2 2

( ) ( ) ˆˆ ˆ 0
( 2 ) ( 2 ) ( 2 )

( ) ( ) ˆˆ ˆ 0
( 2 ) ( 2 ) ( 2 )

ˆˆ ˆ 0

D u D D u D T

D D u D u D T

CU D D u CU D u U D T

λ µ λ µµ
λ µ λ µ λ µ

λ µ λ µµ
λ µ λ µ λ µ

 + +   
∆ + + − =   + + +   

 + +   
+ ∆ + − =   + + +   


− − + ∆ − =



   (17)     

  

where U
*
 = v/Cs is the dimensionless velocity. In this work the 

product of coupling parameter and dimensionless velocity is 

named, effective coupling parameter Ce=CU
*
.  

The thermal and mechanical boundary conditions which are 

considered on the material are: 

 

T=0,           at            x=0                                         (18) 
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T=0,           at            y= b±                                      (19) 

u1 =  u2 =0,         at     x=0                                        (20) 

u1 =  u2 =0,         at     y= b±                                     (21) 

σx = σxy =0,        at    x=l                                          (22) 

q(y,t)=
2

3
exp 3

' '

Q y

wσ σ

   
−  

   

  at    x=l                         (23) 

 

where w is length of the Gaussian rectangular heat source and 

'σ  is the characteristic (beam) radius (defined as the radius at 

which the intensity of the laser beam falls to 5% of the 

maximum intensity[12]). 

Finite element method is chosen as a convenient method for 

solving Eulerian formulation’s equations and this modeling is 

performed with Fortran programming. The geometry is 

discretized into a number of 6 node triangle elements and the 

Galerkin finite element technique is used to obtain the 

solution. The displacements ( )

1̂

eu , ( )

2
ˆ eu  and temperature 

( )ˆ eT are approximated as 
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Here, Ni is the shape function approximating the displacement 

and temperature fields in the element (e). Terms, *ˆ
iu , *

îv and *ˆ
iT  

define the nodal values of displacement and temperature, 

respectively. Using Eq. (24) and applying the Galerkin finite 

element method to the governing Eq. (17) for the base element 

(e), yields: 
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Here, A
(e)

 is the surface of the element (e). With the aid of 

weak formulation: 
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On all the boundary condition except on heated surface the 

value of the variables (displacement and temperature) are 

specified. The heated surface is a free traction boundary thus, 

 

σx = σxy =0                                                                   (33) 

 

According to the Fourier's law of heat diffusion, on the heated 

surface, 
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and according to the dimensionless variables, 
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And notice that on the heated surface ny=0 and nx=1, then the 

Eqs. 28, 29 and 30 reduce to: 
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For Eulerian formulations finite element matrix equations 

reduce to: 
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where for quadratic triangle element (6 node triangle element), 

For the corner nodes: 

 

                              N1=(2L1-1)L1 ,      etc. 

 

For the mid-side nodes: 

 

           N4=4L1L2,              etc. 

 

The following exact integration was used to evaluate these 

integrations.  
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For the element on the heated surface {Fx}={Fy}=0, and 
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where Ni are the shape functions of the elements’ nodes which 

place on the heated surface. 

 

III.    ANALYTICAL MODEL 

An analytical model, based on the renowned transient heat 

conduction equation, was used to describe the temperature 

distribution as a function of time and step T(r,t) in the material 

under the action of a laser beam that move with different 

moving pattern: 
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where ρ, cp and K are, the density, specific heat and thermal 

conductivity of the material. The internal heat generation term 

f(r,t), at the right side of Eq. (52), is identified as the energy 

distribution of the laser beam. 

If ρ, cp and K are temperature and position independent, Eq. 

(52) is taken in the form,  
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Where κ = K/ ρ cp is the thermal diffusivity. 

In the case of three-dimensional transient problem, given by 

equation (53), the solution for T(r,t) is expressed in terms of 

the three-dimensional Green’s function [11],  
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where ( ')F r  is the initial temperature distribution. 
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The three-dimensional Green’ function can be obtained from 

the product of the three one-dimensional Green’ function as in 

rectangular coordinates:  

 

1( , , , | ', ', ', ) 1( , | ', ) 

2( , | ', ) 3( , | ', ) 

G x y z t x y z G x t x

G y t y G z t z

τ τ
τ τ

=

× ×
         (55) 

 

In the case of two-dimensional transient problem the two-

dimensional T(r,t) is expressed in terms of the two-dimensional 

Green’s function. The two-dimensional Green’ function can be 

obtained from the product of the two one-dimensional Green’ 

function as, 

 

1( , , | ', ', ) G x y t x y τ = 1( , | ', ) G x t x τ × 2( , | ', ) G y t y τ   (56) 

 

where each of the one-dimensional Green’s functions depends 

on the extent of the region (i.e. , finite, semi infinite, or 

infinite) and the boundary conditions, where the one-

dimensional infinite medium Green’s function obtain as [11], 

  

 [ ]
2

1/ 2
'

' ( )
( , | , ) 4 ( )

4 ( )

y y
G y t y t

t
τ πα τ

α τ
−  −

= − − 
− 

exp            (57) 

 

And the semi infinite medium when the boundary at x=l is of 

the second kind (insulate) Green’s function obtains as [11]:  

 

[ ] 1/ 2'

' 2 ' 2

( , | , ) 4 ( ) .

( ) ( )

4 ( ) 4 ( )

G x t x t

x x x x

t t

τ πα τ

α τ α τ

−

+

= −

    − +
− −     − −     

exp exp

     (58) 

                            

Substituting 1 G and 2G in Eq. (56) yields the two-

dimensional Green’s function, for 'x =0, 
 

[ ]
' 2 2

1' ' ( )
( , , | , , ) 2 4 ( )

4 ( )

y y x
G x y t x y t

t
τ πα τ

α τ
−  − +

= − × − − 
exp  (59) 

  

And also the three dimensional Green’s function obtain as, for 

'x =0, 
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2 2 2
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( , , , | ', ', ', )

( ') ( ')
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t
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Then the 2 dimensional temperature distribution obtain,  
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and 3 dimensional temperature distribution obtain, 

 

0

2 2 2
1.5

( , , , ) ( ', )

( ') ( ')
.2[4 ( )] ' '

4 ( )

t w

o

w

T x y z t T f y
K

y y z z x
t dy dz d

t

α
τ

πα τ τ
α τ

∞

−∞
−

−

= +

 − + − +
− −  − 

∫ ∫∫

exp

 (62)  

       

In this equation, ( ', )f y τ is the beam intensity distribution, 

which for a beam with Gaussian distribution that move along a 

straight line is taken the form, 

 
2

3 '-
 ( ', ) exp -3

' '

Q y
f y

w

ντ
τ

σ σ

   
=   

   
                            (63) 

 

IV.   NUMERICAL EXAMPLE 

To compare the results of the method presented in this paper, a 

rectangular (30 mm along the direction of laser moving and 10 

mm thickness) of AISI 1045 steel was considered as shown in 

Fig. 1 Laser processing parameters that used in the comparison 

studies are Q=450W, w=10mm and ' 1.5mmσ = . 

At the beginning a study was performed to compare the result 

of two dimensional uncouple analytical equation (Eq.61) with 

the result of the three dimensional uncouple analytical 

equation (Eq.62) to ensure that the thermal field for this 

intensity distribution can be analyzed in two dimensional. 

Figure 2 shows the dimensionless temperature changes with 

time at a point on the heated surface, which was obtained from 

two and three dimensional uncoupled analytical equations 61 

and 62. As shown in Fig. 2 the two dimensional analysis result 

is in good agreement with the three dimensional analysis result 

so, the thermal field can be analyzed as a two dimensional heat 

conduction problem. 

 

 
Fig. 2 The dimensionless temperature histories of a point on the 

heated surface 

 

Fig. 3 shows a comparison of the dimensionless temperature 

changes along y direction on the heated surface. Fig. 4 shows a 

comparison of changes of the dimensionless displacement in X 

direction along scan path on the heated surface.  The results 

are plotted for different effective coupling parameters 
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Fig. 3 Comparison of the dimensionless temperature on the heated 

surface 

 

The case of Ce=0 corresponds to the uncoupled solution. The 

coupled results are presented for Ce=1e-5.As shown the 

Eulerian formulations thermal results, are in good agreement 

with the analytical result in the case of uncoupled solution 

(Ce=0). 

 

 
Fig. 4 Comparison of the dimensionless displacement in x direction 

on the heated surface 

 

As shown in Figs. (3) and (4) the coupled temperature and 

displacement are more than the temperature and displacement, 

which are driven from uncoupled theory (Ce=0). So the 

coupling acts as a power generator in the system.  

Fig. 5 shows the contours of the dimensionless stress Sx and 

corresponding values for different effective coupling 

parameter (a) Ce=0 (b) Ce=1e-5 in the heated region and 

again the case of Ce=0 corresponds to the uncoupled solution.  

 

(a) 

 

(b) 

 
Fig. 5 Contours of the dimensionless stress Sx for effective coupling 

parameters (a) Ce=0 (b) Ce=1e-5 in the heated region. 

 

During the heat-up the local severe temperature gradients in 

the vicinity of the heat affected zoon causes thermal expansion 

of the material in this region but this material is constrained by 

the surrounding material. The constraint leads to compressive 

stresses in X and Y directions in this region and near the 

heated surface which exceeding yield stress within the target 

material.  

Fig. 6 shows the contours of the dimensionless stress Sy and 

corresponding values for different effective coupling 

parameter (a) Ce=0 (b) Ce=1e-5. As shown in Fig. 6 the local 

severe temperature gradients in the vicinity of the heated 

region produces compressive stresses in Y direction. However, 

the thermal stress state changes to the tensile stress as the 

distance from the centre line increases. 

  
(a) 

 
(b) 

 
Fig. 6 Contours of the dimensionless stress Sy for effective coupling 

parameters (a) Ce=0 (b) Ce=1e-5 in the heated region. 
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 Coupling parameter for AISI 1045 steel 

In this section, the coupling parameter for surface treatment of 

1045 steel was studied. Realistic effects like temperature 

dependent thermal and mechanical properties, phase 

transformation are included in this study. 

The temperature-dependent mechanical properties of AISI 

1045 steel from Ref. [11] were chosen and the temperature-

dependent thermal properties of AISI 1045 steel are accepted 

from Ref. [13]. The thermal expansion coefficient α was 

accepted from ref [15]. The beginning of the austenitic 

transformation temperature range 830 
o
C was considered and 

the end of austenitic transformation temperature range 950 
o
C 

was considered [16, 12]. The volume changes of the austenitic 

transformation were considered by equivalent linear thermal 

expansion coefficient and 2.5 × 10
-3

 were adopted which is a 

little less than the thermal expansion coefficient (2.8 ×  10
-3

) 

that was used in Ref. [17] to avoiding negative specific heat at 

constant strain. Fig. 7 shows the changes of specific heat at 

constant strain with time which is computed from Eq. (3). 

In Fig. 8 the changes of effective Coupling parameter versus 

temperature for laser velocity of 40 mm/sec is shown. 

 

 
Fig. 7 Specific heat at constant strain of AISI 1045 versus 

temperature 

 

 
Fig. 8 Effective Coupling parameter for surface hardening of 1045 

steel versus temperature 

 

                                   V.   CONCLUSIONS 

A finite element model is developed for the calculation of 

thermoelastic temperature, displacement and stress fields in a 

thermoelastic solid which subjected to thermal load from a 

moving laser beam. The thermal and mechanical fields are 

assumed to be coupled. For constant velocity and heat flux 

distribution, the Eulerian formulations leads to a steady-state 

problem. The Eulerian formulations thermal results are in good 

agreement with the analytical result in the case of uncoupled 

solution (Ce=0). The result show that coupled temperature and 

displacement are more than the temperature and displacement, 

which are driven from uncoupled theory (Ce=0). So the 

coupling acts as a power generator in the system.  
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